Unit Vectors

What is probably the most common mistake involving unit vectorsis ssimply leaving their
hats off. While leaving the hat off a unit vector isa nasty communication error in its own
right, it also leads one to wor se mistakes such as treating vectors asif they were scalars.

The mathematicians have come up with a special kind edrealled a unit vector which comes
in very handy in physics. By definition a unit vectashmagnitude 1, with no units. By
convention, a unit vector is represented by a lettekedawith a circumflex. The circumflex is
an accent mark that appears above the letter. It ld@kan inverted “v” and is typically

referred to as a “hat”. So for instance read #hat”) is a unit vector. Let's suppose, just to
make this discussion more concrete, thatat 36.0 (counterclockwise from the +x direction,

in the x-y plane). Now the fact that a unit vedtas a magnitude 1, with no units, means that if
you multiply a unit vector by a scalar, the resultingteebas a magnitude equal to the value-
with-units of the scalar. So for instance, if you tiply the vectorf by 5.00 m/s, you get a

velocity vector5.00?? which has a magnitude of 5.00 m/s and points in the saeidn as

<

the unit vectorr . Thus, in the case at hanﬁoomf, means 5.00 m/s at 38.0
Q

<

There is a special set of three unit vectors thagxeeptionally useful for problems involving
vectors, namely the Cartesian coordinate axis unipvectThere is one of them for each
positive coordinate axis direction. These unit vectnesso prevalent that we give them special
names. For a two-dimensional x-y coordinate system we thee unit vectof pointing in the

+x direction, and, the unit vectgrpointing in the +y direction. For a three-dimemsibx-y-z
coordinate system, we have those two, and one morely#me unit vectotk pointing in the +z
direction.

Any vector can be expressed in terms of unit vectorsisi@er, for instance, a vectér with
componentg\, Ay, andA,. The vector formed by the produstt has magnitud@ﬁq and is in
the +x direction ifAy is positive and in the —x directionAf is negative. This means tgti is
the x-component vector &k . Similarly, AjJ is the y-component vector @, and,Ak is the
z-component vector oA . ThusA can be expressed as:

A = AL +AF + Ak



The vectorA =A% +A/j + Ak is depicted in the diagram just above, along withvéfetors
A, A3, andAk drawn so that is clear that the three of them add up.to

The Magnitude of a Vector in Terms of its Components

Check out (in the diagram above) the right trianglhex-y plane—the right triangle that has
sides of lengti®, andAy, and, a hypotenuse of lengty,.

From Pythagorean’s theorer, > = A* + A *, so:
Ay = AS+AT
Now focus your attention on the vertical trianglet thas sides of length,, andA; , and, a

hypotenuse of length. Applying the Pythagorean theorem to this triangle yields
A? = A%+ A which means that

Substituting the expression f8g, that we just found above, into this expressionAfgives us
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That is, the magnitude of a vector is equal to the square@folo¢ sum of the squares of its
components.

Adding Vectors Expressed in Unit Vector Notation

Adding vectors that are expressed in unit vector notatieasy in that individual unit vectors
appearing in each of two or more terms can be factaredTithe concept is best illustrated by
means of an example.

Let
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A=At +AF+Ak and B =B +B,J +Bk.

Then
A +B =A% +AJ + Ak + B +B,J + Bk

which can be rearranged to read
A +B =A% +Bd4 +AJ +B,J +Ak + Bk
Adding parenthesis does not change the sum:
A +B = (Ad +Bd&) + (AJ +B,7) + Ak +Bk).
Now we can factor out the units vectors:
A+B = (Ac +BYT + (Ay +By)J + (A + BZ)T‘
We see that the sum of vectors that are expressedtivector notation is simply the sum of the

X components timef, plus, the sum of the y components tinfleplus, the sum of the
z components timek.



The Position Vector
Consider a particle whose position, on a three-dimeatiBartesian coordinate system, is

(x,¥,2) . The position vector for that particle is a vectattextends from the origin of the
coordinate system to the particle. Hence, the posiaitor for the particle is just

— N\
r =xT +yJ +zk

The Relative Position Vector

Consider particle 1, at {xy,, Z), whose position vector is given by
F=xT+yJ+ zllli

and particle 2, at (xy,, z,), whose position vector is given by
F, =XT +y,J +22'I§

Now suppose we need to find a vector that extends fronelpaktto particle 2. Graphically
depicted, we are looking for the vect@y in the diagram:
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From the diagram it is clear tha is the vector sum af, andr,,:
F;l + l:12 = l:2

We can solve fof,, by subtracting the vectay from both sides.



Fr,=r 0

Substituting our expressions above forandr, and solving yields:
F, = 06T +y,3 +2k) - (x T +y S +zk)
F, = (G=X)T+(¥,-y,)3 +(z,-2)k

Note that the x-component of the veckgr is simply the x-coordinate of particle 2 minus the

x-coordinate of particle 1. Likewise for the y and z congydgs. Thus, one can jump directly
from the coordinates of the particles, (¥, z) and (%, Y., z,) to the relative position vector,

F, = (%=X )T+(Y,-y,)T + (-7 )'II , the vector that gives the position of particle 2
relative to particle 1.

Finding a Unit Vector in the Same Direction as a Given Vector

Consider the vector R
r =xt +yJ +zk

The unit vectorr in the same direction as the vecfois simply the vector divided by its
magnitude.
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We can, as discussed in an earlier section of thistehaexpress the magnitude of the vector is
given by the square root of the sum of the squares oditgonents,

r = /X2+y2+22

and then use it in the expressiEn:FL which can be expanded as:
r

xt +y] + Zk
r

F=
r= 51‘ + Xj\ + ET‘
r r r
The result makes it clear that each componenteoiitit vector is simply the corresponding

component, of the original vector, divided by thagmituder = /x> + y* + z* of the original
vector.



