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We begin by introducing a “nice” class of simplicial complexes which are called shellable. Recall

that a simplicial complex A of dimension (d — 1) is pure if all the facets of A have dimension

1. SHELLABLE SIMPLICIAL COMPLEXES

(d—1) ie., |F| =d for all facets.

Definition 1.1. A pure simplicial complex A is shellable if the facets of A can be listed
Fi,F,,...,F, such that for all 1 < j < ¢ < n there exists some v € F; \ F; and some

ke{l,...,i—1} with F; \ Fy = {v}.

Example 1.2. The simplicial complex A =

is shellable since

The simplicial complex A =

is not shellable since

z1 € F\G,

T4 € Fy \ F; and {.’1,‘4} = FQ\Fl
T5 € F3\F1 and {.1‘5} = F3\F2
5 € F3 \F2 and {.Tg,} =F3 \ Fs.

but {z1} # F\ G (or G\ F)
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z9 € F\ G, but {z2} #F\ G (or G\ F)
z5 € G\ F, but {z5} #G\ F (or F'\ G).

An equivalent definition for a shellable complex is given below.

Definition 1.3. A pure simplicial complex A is shellable if the facets of A can be given a
linear order F1,--- , F, such that < F; > N < F1,

., F;j_1 > is generated by a nonempty set of
maximal proper faces F; fori =1,...,n

Example 1.4. Consider the simplicial complex

X1 F1 X3

Then we have

< Fy >N < Fy >=< {x2,23} > — a maximal proper face of F,

< F3>N< F,Fy >=<{x3},{z3,24} >=< {z3, 24} > — a maximal proper face of F3

Example 1.5. We now look at the simplicial complex:

For this example, we have

< F >N<G>=<{z3} > «— not a maximal proper face of F or G.

Note that the maximal proper faces are F' are {z1,z2}, {z2, 23}, {z3,z1}.
Recall that if A is a simplicial complex, then the Stanley-Reisner ideal is

In = ({zi @i, [ {ziy, ..., 34,1 ¢ A})
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The quotient ring R/Ia is the Stanley-Reisner ring. The Stanley-Reisner ring of a shellable
simplicial complex is a special type of ring; it is an example of a Cohen-Macaulay ring which is

defined in the next section.

2. COHEN-MACAULAY RINGS

To define a Cohen-Macaulay (CM) ring, we need the notions of (Krull) dimension and regular

sequences.

2.1. Dimension. Recall that a prime ideal of a ring S is an ideal P C S such that whenever
ab € P then either a € P or b € P. A chain of prime ideals is a strictly increasing sequence of
prime ideals, i.e.

RBRCPC---CP,CS

We say n is the length of the chain.
Definition 2.1. The (Krull) dimension of R, denoted dim R, is

dimR =sup{n | Py C P. C -+ C P, is a chain of prime ideals in R}
Example 2.2. If R = k[z1,...,z,), then dimR =n

Example 2.3. Let I = (2123, 124, T2x3, Tox4) = (21,22) N (z3,74) in R = k[z1, T2, 3, 14]. We
will compute the dimension of R/I.
First, recall that P is a prime ideal in R/ if and only if there exists a prime ideal ] C P C R
such that P = P/I. Also, note that if P is any prime ideal with I C P, then either
(1) 21,29 € P or
(2) T3,T4 € P.
Set Po = (:E1,£E2)/I, P1 = (:E1,.T2,.’I?3)/I, and PQ = (xl,x2,$3,$4)/1. Then ’Po g ’Pl g PQ 1s
a chain of prime ideals in R/I, so it follows that dim R/I > 2.
Suppose there is a chain Qy € Q1 C --- € Q, C R/I withn > 3. So Q; = Q;/I for some

-=

prime ideal I C @); C R. Thus, we have a chain
QEAUc - CQnER.
Suppose we are in case (1), i.e., 1,22 € Qo. Then
0)C (1) TR G- C Qn.

is a chain of length n +2 > 3+ 2 = 5 in R. This contradicts the fact that dim R = 4. A similar

argument for case (2) will give us a similar conclusion. Thus dim R/T % 2. Hence, dim R/I = 2.
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2.2. Regular sequence. A zero divisor of a ring R is an element a € R such that a # 0 and
there exists 0 # b € R such that ab = 0.

Definition 2.4. Let I C R = k[z1, -+ ,2,]. An element F' € R is a regular element on R/I if

F = (F +1) is not a zero divisor of R/I. Equivalently, F' is regular on R/I if whenever F'G € I,
then G € 1.

Example 2.5. Consider any z; € R = k[z1,...,z,]. Then z; is regular on R = R/(0) since R

i1s a domain.

Example 2.6. Suppose I = (zyz) C k[z,y,2]. Then zy is not regular on R/I since Ty # 0 €
R/T andz#0 € R/I but 7y(z) =72yz =0 in R/I.

Example 2.7. Let I = (z1,22) N (z3,24) C k[z1,%2,23,24] = R. We show that (z1 + z3) is
regular on R/I.

Suppose (z1 + 23)G € J = (z1,22) N (z3,74). So (z1 + 23)G € (x1,22) and (z1 + z3)G €
(z3,24). Both (z1,22) and (z3,x4) are prime ideals. Also (z1 + z3) ¢ (x1,22) and (x3,24). So
Ge (:L'l,.TQ) N (:L'3,£134) =1.

Definition 2.8. A sequence Fi, ..., F,, of R is called a regular sequence on R/I if
(1) F is regular on R/I, and
(2) F; is regular on R/(I, Fy,--- , F;_1).
Example 2.9. If R = k[z1,...,zy] and I = (0), then z1,...,z, is a regular sequence on R/I
since
(1) 77 is regular on R/(0).
(2) z; is regular on R/(x1,...,zi—1) = K[zi, -, Tp]-
Theorem 2.10. All mazimal regular sequence have same length, and any regular sequence can

be extended to a maximal reqular sequence.

Definition 2.11. The depth of R/I, denoted depth (R/I), is the length of the longest maximal

sequence on R contained in m = (1, z2,...,Ty)-

Theorem 2.12. For any ideal I C k[z1,...,z,] = R, depth(R/I) < dim(R/I).
Definition 2.13. A ring R/I is Cohen-Macaulay if depth(R/I) = dim(R/I).

Example 2.14. R = k[z1,...,z,] is Cohen-Macaulay since depth(R/I) = dim(R/I) = n.

Example 2.15. If I = (z1,22) N (x3,24) C R = k[x1,...,24], then R/I is not Cohen-Macaulay.
We saw that dim R/I = 2 and z; + z3 is regular on R/I. So 1 <depth(R/I). We want to show
that depth(R/I) = 1.
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Take any G € m = (x1, z2, T3,%4). Need to show G cannot be regular on R/(I,z1 + z3). We

can write G as

G = G1(x1, T2, 73, T4)71 + Go(T2, 73, Z4)T2 + G3(73, T4)T3 + Ga(T4)Z4-

Suppose G # (0) in R/(I,z1 + x3). This implies that G ¢ (I,z; + z3). Note that (z1) # (0) €
R/(I,71 + z3). But Gz1 = G122 + Gow179 + G3w371 + Gw47T1.

Now

27 = z1(21 4+ 13) — 2133 € (2173, T124, ToT3, ToTy, T1 + T3)
T1To = To(x1 + x3) — Tox3 € (X123,%1T4,T2T3, ToXg, T1 + T3)
xz3w1 € (7123, 2T1%4, T2T3, T2T4, T2 + 23)

2471 € (1173,T1T4,T2T3, ToZy, T1 + T3)-

So Gz € (I,z1 + z3) but G ¢ (I,z1 + z3). Thus G is not regular. Therefore we cannot extend
the length of the regular sequence. So depth(R/I) = 1.

We now relate Cohen-Macaulay with the notion of shellable introduced at the beginning of
this talk.

Theorem 2.16. Suppose that A is a shellable simplicial complez. If R/IA is the associated
Stanley-Reisner ring, then R/Ia is Cohen-Macaulay.

Example 2.17. Let A be the simplicial complex

X1l X3

Then In = (2123, %124, Tox3, T3x4). This simplicial complex A is not shellable since R/Ia is

not Cohen-Macaulay as shown in Example 2.15.

Problems from Lecture 4

1. Let A be a pure simplicial complex. Prove that A is shellable if and only if the facets
of A can be ordered Fi,..., F; such that for all 1 < j <i <'s, there is a v € F;\F; and
k < with F; N F; C F; N Fy, = F;\{v}.



2. Suppose that Fi,..., Fy,, are elements of R that form a regular sequence on R/I where

I is ideal R. Show that Ffl, ..., Flm is also a regular sequence on R/I for all positive
integers t1,...,tn.
3. This example shows that the order of the sequence {Fi,...,F,} is important when

defining a regular sequence. Let R = k[z1,x2,x3] with k a field. Set Fi = z1, F» =
29(1 — z1) and F3 = z3(1 — z1). Show

(a) F1,F», F3 is a regular sequence on R.

(b) Fy, F3, F is not a regular sequence on R.



