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Preface

Grobner basis theory has become a fundamental field in algebra which pro-
vides a wide range of theoretical and computational methods in many areas
of mathematics and other sciences. Bruno Buchberger defined the notion
of Grébner basis in 1965 [Bu65]. An intensive research in this theory,
related algorithms and applications developed, and many books on this
topic have appeared since then. Among them, the books of Adams and
Loustaunau [AL94], Becker, Kredel, Weispfenning [BKW93|, Cox, Little,
O’Shea [CLOO05], [CLOO07], and Eisenbud [E95] give a fine introduction to
Grobner basis theory and its applications. Many computer algebra systems
like CoCoA, Macaulay2, Magma, Maple, Mathematica, or Singular have
implemented various versions of Buchberger’s algorithm.

This book aims to provide a concise but rather comprehensive introduc-
tion to the theory of Grobner bases and to introduce the reader to different
current trends in theoretical applications of this theory. The complexity
level of the presentation increases gradually. The first three chapters and
part of Chapter 4 are self-contained and lead to a quick insight into the
basics of Grobner basis theory. They require only a very basic knowledge of
algebra. Therefore, this first part of the book would also be appropriate for
those readers who are only familiar with elementary algebraic concepts. The
second part of Chapter 4 and the last two chapters discuss more advanced
topics related to the theory together with applications of it and require a
reasonable knowledge in commutative and homological algebra.

Our purpose in writing this book was to provide young researchers
and graduate students in commutative algebra and algebraic geometry with
methods and techniques related to the Grobner basis theory. Although it
was not our goal to illustrate the algorithmic and computational attributes
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< Preface

of the Grobner basis theory, the usage of the computer in testing examples
is indispensable. Users of computer algebra systems may consult specialized
monographs like [GP02], [Mac01] or [KR00], [KRO05].

We give now a brief summary of the book’s content. Chapter 1 presents
polynomial rings in finitely many indeterminates over a field together with
their basic properties and studies ideals in this class of rings. The last two
sections are devoted to monomial ideals and standard operations on them.
Chapter 2 provides a short but comprehensive exposition of the Grobner
basis notion and Buchberger’s criterion and algorithm. In Chapter 3 we
discuss first applications based on the Elimination Theorem. Chapter 4 is
devoted to the extension of the Grobner basis theory to submodules of free
modules over polynomial rings. The chapter begins with a quick introduc-
tion to module theory. The more general concepts discussed here lead to a
proof, due to Schreyer, for the celebrated Hilbert’s Syzygy Theorem. Chap-
ter 5 opens the series of applications of Grébner basis theory in commutative
algebra and combinatorics. In this chapter we discuss semigroup rings and
toric ideals which are intensively studied nowadays from different points of
view. Chapter 6 intends to introduce the reader to more advanced topics
and to subjects of recent research. The topics treated in this section are
not presented in the largest possible generality. Instead, one of the main
goals of this last chapter of this monograph is to inspire and to enable the
reader, who is interested in further developments and other aspects of the
theory, to read more advanced monographs and articles on these subjects,
for example, the monograph of Sturmfels [St95] which influenced the writ-
ing of this chapter substantially, the book [MSO05] of Miller and Sturmfels,
the influential monograph [S96| of Stanley and the book of Hibi [Hi92]. A
compact and detailed presentation of determinantal ideals can be found in
the article of Bruns and Conca [BCO03|. A reader who is interested in fur-
ther results on monomial ideals should consult the book [VO01] of Villarreal
and the book [HH10] of Herzog and Hibi. Further references to research
articles are given in the text of Chapter 6. In the first section of the chapter
Grobner bases are used to study Koszul algebras. In particular, it is shown
that algebras whose defining ideal has a quadratic Grébner basis are Koszul.
Large classes of algebras whose defining ideal has a quadratic Grobner basis
are provided by algebras generated by sortable sets. This is the topic of the
next section. The theory of sortable sets is then applied in the following
sections to study generalized Hibi rings and Rees algebras. Next we outline
the approach to the theory of determinantal ideals via Grobner basis with
the conclusion that these ideals are all Cohen-Macaulay. Then we give a
short introduction to Sagbi bases and apply the theory to show that the
coordinate ring of the Grassmannian of m-dimensional vector K-subspaces
of K" is a Gorenstein ring and compute its dimension. The last two sections
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of the chapter deal with binomial edge ideals and some aspects of algebraic
statistics.

The book contains over one hundred problems with a moderate level of
difficulty which illuminate the theory and help the reader to fully understand
the results discussed in the text. Some of them complete the proofs. Other
problems are more complex and encourage the reader to re-examine the
simple but essential ideas, to establish connections, and to become interested
in further reading.

We wish to express our thanks to Marius Vladoiu for the careful reading
of earlier drafts of this book.

Viviana Ene and Jiirgen Herzog






Chapter 1

Polynomial rings and
ideals

Grobner basis theory allows explicit calculations in polynomial rings. In
this chapter we introduce polynomial rings in several variables defined over
a field K, prove some of their basic properties and study the ideals in these
rings. In this book all rings under consideration are commutative and have
a unit element.

1.1. Polynomial rings

1.1.1. Definition of the polynomial ring. Let K be a field. We define
the polynomial ring S = K{z1,...,x,]| in n variables over K. The underlying
set of this ring has the structure of a K-vector space. The basis elements of
this K-vector space are expressions of the form

ey -zt with  a; € N,

where we denote by N the set of nonnegative integers. These expressions
are called monomials. Thus an arbitrary element in S is a finite linear
combination of monomials with coefficients in K. The elements in S are
called polynomials.

It is customary to omit the factors in a monomial whose exponents are
0, and to view 1 as the monomial with all a; = 0. For example, with this
convention, z3x9z3 € K[z, w9, z3] is written as x3z3. Each monomial is of

course also a polynomial.

1



2 1. Polynomial rings and ideals

Here is an example of a polynomial:

1 12
1.1 = —xyaiey — bafal + —
(L.1) f ZTITRTZ = OTIT3 + o
in the polynomial ring Q[x1, x2, x3].
We write x? for the monomial with exponent vector a = (ay,...,ay).

Then a polynomial f € S can be written as f = >, yn cax® with ca € K
and all but finitely many c, = 0. We set supp(f) = {x*: ca # 0}, and call
this (finite) set of monomials the support of f. Observe that supp(f) = 0
if and only if f = 0.

In order to give S a ring structure we have to explain how to add and
to multiply polynomials. Let f,g € S be two polynomials. Since S has the
structure of a K-vector space the sum f + ¢ is already defined. Indeed, if

[ =2 acnn CaX® and g = Yy daXx?, then

frg= ) (ca+tda)x™
acN"™
For example, if g = 556:{’333 + z122 + 1 and f is the polynomial in Exam-
ple (1.1), then f+ g = %xw%@% + x129 + %
A polynomial of the form ¢x® with ¢ € K is called a term. We first
define the multiplication of terms by setting

ex? - dxP = cdx@tP,

Since any polynomial is a finite sum of terms and since the multiplication
should satisfy the distributive law, the multiplication of any two polynomials
is determined. For example, let f = 2$% + xox3 and g = CC%LL“g — 3$2x§ be
polynomials in Q[x1, x2, x3]. Then
fg = (2a% + wowy)(aizs — 3wa?)
= 23:‘11373 — 6xtwon: + wivex: — 3w3ad

= 23:‘11373 — batwex: — 3w3al.

In general, if f =,y caX® and g = ), cyn dax?, then

fg= Z( Z Cadp)x5.

geN" a+b=g

The reader easily checks that S with the addition and multiplication so
defined is indeed a ring.

A K-algebra is a ring containing the field K as a subring. Our polyno-
mial ring S is a K-algebra, since we may identify the constant polynomials
in S with the field K. The nonzero constant polynomials are those whose
support is the set {1}.
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Let A and B be K-algebras. A ring homomorphism ¢: A — B is called
a K-algebra homomorphism, if ¢(a) = a for all a € K. In other words,
the restriction ¢|x of ¢ to K is the identity map.

The polynomial ring has the following nice universal mapping property.

Theorem 1.1. Let R be a K-algebra, and let aq, ..., o, be arbitrary ele-
ments in R. Then there is a unique K-algebra homomorphism

p: S— R

with the property that p(x;) = a; fori=1,...,n.

Proof. Suppose there exists a K-algebra homomorphism ¢: S — R with
o(z;) = a; fori=1,...,n,and let f =} _cax® be an arbitrary polyno-
mial in S. Then, since ¢ is a K-algebra homomorphism, it follows that

(1.2) p(f) = Y plea)p(x®) = Y cad®

acNn acN”n

This calculation shows that if such a K-algebra homomorphism exists, then
it is uniquely determined. Hence we have no other choice but to define ¢
as in (1.2). The map ¢ is therefore defined by substituting the variables x;
in the polynomials by the «;. This substitution is compatible with the ring
operations and is the identity on the constant polynomials. Therefore, ¢ is
a K-algebra homomorphism. (I

The K-algebra homomorphism ¢ defined in the proof of Theorem 1.1 is
called the substitution homomorphism.

The set of monomials in K[z;] is {2} = 1,21,27,...}. This set of mono-
mials is naturally ordered according to the exponents of 1. For n > 1 there
is a priori no order of the monomials given. But at least we can define a
natural partial order given by the total degree of the monomials which is
defined as follows. Let x* = z{'--- 2% be a monomial. Then we set

n
degx® = |a|, where |a]= Zai,
i=1

and define the degree of an arbitrary polynomial to be the number
deg f = max{degx®: x* € supp(f)}.

The monomials in the support of the polynomial f in Example (1.1) have
different degrees. The highest degree among them is 8, and hence deg f = 8
in this example.
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A polynomial f is said to be homogeneous of degree 4, if all monomials
in the support of f are of degree i. Let f = ), yn cax® be an arbitrary

polynomial. We set
fi = Z CaXa.

aeN", |a|=i
Then f; is homogeneous of degree i and is called the i-th homogeneous
component of f. One has f = >, fi, and this decomposition into ho-
mogeneous components is unique. It follows that

S = é S;,
j=0

where S is the K-subspace of S consisting of all homogeneous polynomials
in S of degree j.

Let R be an arbitrary commutative ring. A nonempty subset I C R is
called an ideal, if f +gec I and hf € I for all f,g € I and h € R.

Ideals naturally occur as kernels of ring homomorphisms. Let ¢: R — R’
be a ring homomorphism. The kernel of ¢ is defined to be the ideal

Ker(p) = {r € R: ¢(r) =0}.
It is easily verified that Ker(y) is indeed an ideal in R.
In geometric context, ideals appear as sets of all the polynomials van-
ishing on a given subset of K", as we will explain later, in Section 3.3.

Given an arbitrary subset G C R, we define I = (G) to be the set of
all linear combinations of elements in G, that is, the set of all finite sums
>oi_, gifi with f; € G and ¢g; € R. This set I is indeed an ideal, and is called
the ideal generated by the set G. If G is a finite set, say, G = {f1,..., fm},
then we write I = (f1,..., fm) and say that I is generated by fi,..., fm.

Anideal I in the polynomial ring S = K|[x1, ..., x,] is said to be graded,
if I is generated by homogeneous polynomials.

Proposition 1.2. Let I C S be an ideal. The following conditions are
equivalent:

(a) I is a graded ideal;
(b) if f € I, then all homogeneous components f; of f belong to I;
(c) I =@D;2,Ij where I; =1NS;.

Proof. (a) = (b): Let G be a homogeneous system of generators of I, and
let f € I be an arbitrary polynomial. Then there exists ¢gi,...,gm in G
and hi,...,hy, € S such that f = >, hig;. Let a; = degg;; then the
jth homogeneous component f; of f is equal to Y ;" k;g;, where k; is the
(j — a;)th component of h;. In particular, f; € I.
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(b) = (c): Let f € I. Then f; € I, and hence f; € I NS;. This
shows that I = Z;io I;. Since the decomposition of a polynomial into
homogeneous components is unique, we see that Z;‘io I; = EB;-”;O I;.

(¢) = (b): Obvious.

(b) = (a): Let G be an arbitrary system of generators of I, and for each

g € G let gj be the jth homogeneous component of g. Then F = {g; : g €
G,7=0,1,...} is a homogeneous system of generators of I. O

1.1.2. Some basic properties of polynomial rings. The polynomial
ring R[z] in one variable over a ring R is known from basic courses in algebra.
A polynomial f € R[] is an expression of the form f = Y"1  r;z’, where
n > 0 is an integer and r; € R for ¢ = 0,...,n. The degree of a polynomial
f # 0, denoted by deg f, is the number max{i: r; # 0}. If f =0, we set
deg f = —o0.

We now consider the special case that R = K|x1,...,x,_1] and consider
the polynomial ring R[x,] in one variable over this ring R. Since R is a K-
algebra, R[z,] is a K-algebra as well. As before we set S = K|z1,...,zy].

Theorem 1.3. There is a natural isomorphism S = R[xz,] of K-algebras.

Proof. Let f € S. Then f can be uniquely written as f =), fixl with
f; € R. Thus we may view f also as an element of R[z,]. The K-algebra
isomorphism S — R[x,] is then just the expansion of f with respect to the
powers of x, as described above. One has to verify that this assignment is
compatible with the K-algebra structures on both sides. O

This simple result has the following nice consequence.

Corollary 1.4. The polynomial ring S = K(x1,...,2,] is a factorial do-
main.

Proof. By using Theorem 1.3, we may identify S with R[x,], where R =
K[zy,...,xp_1]. Proceeding by induction on n, we may assume that R is a
factorial domain. Thus as a consequence of the lemma of Gauss on primitive
polynomials, known from the algebra courses, the assertion follows. O

Another important consequence of Theorem 1.3 is

Corollary 1.5 (Hilbert’s basis theorem). The ring S = Klz1,...,xy] is
Noetherian. In other words, each ideal in S is finitely generated.

The more general version of Hilbert’s basis theorem says that the poly-
nomial ring R[z| over R is Noetherian, if R is Noetherian. Corollary 1.5
follows from this fact and Theorem 1.3 by using induction on the number



6 1. Polynomial rings and ideals

of the variables. A different proof of Corollary 1.5 will be given later in
Section 2.2 by using Grobner basis arguments.

1.2. Ideals

1.2.1. Operations on ideals. In the previous section we have already
introduced ideals. Here we discuss some algebraic operations on ideals. Let
R be an arbitrary commutative ring, and let I and J be ideals in R. The
sum and product of the two ideals is defined as follows:

I+J={f+g: felgeJ},
and
1J=(G), where G={fg: fel,geJ}.
The product 1.J is by its definition an ideal. But obviously the sum I + J is
an ideal, too. Let I, J, K be ideals. Then:
(i) IJ=Jland I +J =J + I,
(i) [J)K =I(JK)and (I+J)+ K =1+ (J+ K);
(iii) (J+ K)=1J+IK.
Observe that the intersection I N J of the ideals I and J is again an
ideal, and the following rules hold:
(iv) IJ CINJ;
vy INJ+INKCIn(J+K).
The ideal quotient of the ideals I and J is defined to be the ideal
I:J={feR: fgelforall ge J}.
The following rules hold:
(Vi) I:JK=(1:J): K;
(vil) I:(J+K)=(UI:J)n(I: K);
(viii) I: K+J:KC(I+J): K.
An ideal P C R,P # R, is called prime if it satisfies the following
condition: for any z,y € R, if zy € P, then x € P or y € P. An ideal
M C R, M # R, is called maximal if it is a maximal element (with respect

to inclusion) of the set of all ideals properly contained in R. By Problem 1.14,
the ring S = K|z1,...,2,] has a unique graded maximal ideal, namely

(xl, e ,Qj‘n).
Let I ¢ S = K|x1,...,zy,] be a graded ideal and m = (x1,...,x,) the
graded maximal ideal of S. The ideal I is called saturated, if [ : m = 1.

We introduce the ideal 5% to be I : m™ = (2, I : m’, and call it the
saturation of /. This naming is justified by the next result.
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Proposition 1.6. Let I,J C S be graded ideals. Then the following hold:

(i) I is saturated;
(i) if I C J, then I%a* C Js;
(iii) if I and J are saturated, then I N J is saturated;

Proof. (i) Suppose that fm € I : m®. Then there exists an integer k such
that fm € I : mF. In other words, f € (I :mF):m=17:mkt1 C T :m™>.

(ii) Is obvious.

(iii) Suppose that fm* C I n.J for some k. Then fmF C I and fm”* C J.
Since I and J are saturated, it follows that f € I and f € J, and hence
felnld. O

Finally, we consider the radical VT of an ideal I. We define
VI={feR: fFel forsome integer k > 0}.

VT is indeed an ideal. To see this, let f,g € /I and h € R. Then f*¥ € I
and ¢! € I for some integers k,I > 0. Therefore, (hf)* = h*f* ¢ I. This
shows that hf € v/I. Furthermore, (f + g)F+ = Zfié (kjl) fighti=t e 1,
because for each i = 0, ..., k+1 either f* € I or g*+'=% € I. This shows that
f+ge VI

An ideal T is said to be a radical ideal if I = v/I. Since VVI = \/f,
it follows that v/T is a radical ideal. In fact, it is the smallest radical ideal
which contains 1.

1.2.2. Residue class rings. Let I C R be an ideal, and f an element in
R. Theset f+I={f+h: h € I} is called the residue class of f modulo
I, and f is called a representative of the residue class f + 1. Observe that
f+1=g+1,if and only if f — g € I. Thus different representatives of a
residue class differ only by an element of I.

The set of residue classes modulo I is denoted by R/I. We give R/I a
ring structure by defining the addition and multiplication on R/I as follows:

f+D+@+D=(+g+1 and (f+D(g+1)=(fg)+1.

The reader checks easily that the definitions do not depend on the particular
chosen representatives and that R/I with the so-defined addition and mul-
tiplication is indeed a ring. The natural map e: R — R/I with e(f) = f+1
is a surjective ring homomorphism, called the canonical epimorphism,
and one has Ker(e) = I.

It is well known from the basic algebra courses that the following equi-
valences hold.
(i) P C R is a prime ideal if and only if R/P is a domain.
(ii) M C R is a maximal ideal if and only if R/M is a field.
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1.2.3. Monomial ideals and Dickson’s lemma. Let S = K[xy,..., 2]
be the polynomial ring over a field K. A monomial ideal in S is an ideal
generated by monomials. This class of ideals is of interest to us, because
Grobner basis theory reduces difficult algebraic calculations to calculations
with monomial ideals, which are essentially of combinatorial nature.

Given two monomials u = z{* ---z% and v = z}' --- 2% in S, then u
divides v, if a; < b; for all i. In this case we write u|v. Since S is factorial,
for any two polynomials f,g € S, there exists the greatest common divisor
ged(f, g) and the least common multiple lem(f, g). We have

min{aq,b1 } o

ged(u,v) = x; xfin{“”’b”}

and

max{an,bn}

lem(u,v) =z . .

,b
max{anbn)

The following characterization of monomial ideals is of fundamental im-
portance.

Theorem 1.7. Let I C S be an ideal. The following conditions are equiva-
lent:

(a) I is a monomial ideal;
(b) for any f € I, one has supp(f) C I.

Proof. (a) = (b): Let M be a set of monomial generators of I, and let
f € I. Then there exist uy,...,unm € M and fi,..., fin € S such that f =
oty fiug. It follows that supp(f) C (Ui~ supp(fiu;). Thus if u € supp(f),
then there exists i such that u € supp(fiu;). Since each v € supp(fiu;) is
of the form wu;, it follows that v = wu; for some 7 and some monomial w.
Hence u € 1.

(b) = (a): Let G be any system of generators of I. Then the set
supp(f) is contained in I and is a set of monomial generators of I. [J
feg

Corollary 1.8. Let I C S be a monomial ideal, and M a set of monomials
in I. Then M is a set of generators of I, if and only if for each monomial
v € I there exists u € M such that u|v.

Proof. Assume M is a set of generators of I. Let v € I be a monomial.
There exist ui,...,un € M and fi,..., f;, € S such that v = >/", fiu;.
Therefore v € | J;"; supp(fiu;), and hence v € supp(fiu;) for some i. This
implies that u; divides v.

Conversely, suppose that for each monomial v € [ there exists u € M
such that u|v. Let f € I be an arbitrary polynomial. Since I is a monomial
ideal, Theorem 1.7 implies that supp(f) C I. Let supp(f) = {v1,...,vm}
and f =", ¢v; with ¢; € K. By assumption, v; = wju; with u; € M and
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w; a monomial in S. It follows that f = > " c;wju;. This shows that M
generates . O

Next we will show that each monomial ideal has a finite set of monomial
generators. To this end we first need to prove

Theorem 1.9 (Dickson’s lemma). Let M be a nonempty set of monomials
in S. Then with respect to the partial order given by divisibility, the set M
has only a finite number of minimal elements.

Proof. We prove Dickson’s lemma by induction on n, the number of vari-
ables of S. If n = 1, then M consists of certain powers of x1, and the set
of minimal elements of M is the set {z{}, where a is the smallest number
such that z{ € M.

Now let n > 1, and let A/ be the set of monomials x° € K|z1,...,Z,_1]
such that xz¢ € M for some d > 0. By induction hypothesis, the set A/™®
of minimal elements of N is finite, say A™® = {x° ... x%}. For each x%
there exists a; > 0 such that x%z% € M. Let a = max{a,...,q,}, and
for each b with 0 < b < a let NV, = {x® € K[x1,...,2,-1] : x°2% € M}.
Again by induction hypothesis, /\/bmin is a finite set. We denote the set of
monomials x°z% with x¢ € N1 by AVingb “and claim that

a—1
MM C fxCrgar o xCrgdry g U Npmingb,
b=0
Since the right-hand side of this inclusion is a finite set, the assertion of the
theorem follows from this claim.

In order to prove the claim, let u = xcxfb be a monomial in M. If d > a,
then some monomial in {x a8, ... x%z%} divides u. If 0 < d < a, then
u is divisible by a monomial in A Crlnmxfb, as desired. ]

Now we give a direct proof of the Hilbert’s basis theorem (Corollary 1.5)
for monomial ideals.

Corollary 1.10. Let I be a monomial ideal. Then each set of monomial
generators of I contains a finite set which generates I.

Proof. Let M be a set of monomial generators of I. By Dickson’s lemma,
the set of minimal elements of M is finite. This finite set is a set of monomial
generators of I. O

Let I be a monomial ideal. A set of monomial generators of I is called
minimal if any proper subset of it is not a set of generators of I. By the
preceding corollary, each minimal set of monomial generators of I is finite.
Moreover, we have
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Proposition 1.11. Let I be a monomial ideal. Then there exists a unique
minimal set of monomial generators of I.

Proof. The existence of a minimal set of monomial generators of I fol-
lows from Corollary 1.10. Now let {uy,...,u,} and {v1,...,vs} be minimal
monomial set of generators of I. Since I = (v1,...,vs) and since u; € I,
it follows from Corollary 1.8 that v;|u; for some j. Similarly, ug|v; for
some k, and hence ug|u;. Since {uj,...,u,} is a minimal monomial set
of generators of I, we see that i = k, and hence u; = v;. This implies
{u1,...,uy} C{v1,...,vs}. Similarly, {v1,...,vs} C {ur,...,ur}. O

Henceforth, the unique minimal set of monomial generators of I will be
denoted by G(I).

As another consequence of Dickson’s lemma we have
Proposition 1.12. FEach ascending sequence of monomial ideals
LCLC - CLC---

in S terminates, that is, there exists an integer k such that I, = Iy, for all

{>k.

Proof. Let M = J;Z; G(I;). According to Dickson’s lemma, the set Mmin
is finite. Hence there is an integer & such that M™® C U?Zl G(I). Now

let £ > k and let w be a monomial in I;. Then there exists v € M™" which
divides w. This implies that u € U?zl I; = I}, as desired. O

1.2.4. Operations on monomial ideals. Let I and J be monomial ideals.
Then I + J and I.J are again monomial ideals with G(I + J) C G(I) UG(J)
and G(IJ) C G(I)G(J), where G(I)G(J) ={uv : uwe G(I), ve G(J)}.

For example, let I = (z172,7223) and J = (2222, 1273). Then by Pro-
blem 1.5,

I+J= (fcl:zrg,:zrgzng,x%azg,xgzng) and G(I+J)={x122,x013},
and
IJ = (2323, v1203xs, viasas, x523) and  G(IJ) = {aix3, x1a3x3, w503},
The intersection of two monomial ideals can be computed as follows.

Proposition 1.13. Let I and J be monomial ideals with G(I) = {u1,...,u,}
and G(J) ={v1,...,vs}. Then

INJ = ({lem(us,vj) : i=1,...,7, j=1,...,s}).
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Proof. We first observe that NJ is a monomial ideal. Indeed, let f € IN.J.
Then Theorem 1.7 implies that supp(f) € I and supp(f) € J, since both I
and J are monomial ideals. It follows that supp(f) € I N J, and so, again
applying Theorem 1.7, we see that I N J is a monomial ideal.

Now let w € I N J be a monomial. Then by Corollary 1.8 there exists
u; € G(I) and v; € G(J) such that u;|u and vj|u. Therefore, lem(u;, v))|u,
and hence u € ({lem(u;,v;) : ¢ =1,...,r, j =1,...,s}). On the other
hand, since lem(u;, v;) is a multiple of w; and a multiple of v;, it follows that
lem(u;,vj) € INJ. O

The ideal quotient of two monomial ideals can also be easily computed.

Proposition 1.14. Let I and J be monomial ideals with G(I) = {u1,...,u,}
and G(J) = {vi,...,vs}. Then I : J =(\;_;I: (v;), and

I:(vj) = ({ui/ ged(us,vy) i =1,...,1}).

Proof. Similarly, as in the proof of Proposition 1.13, one deduces from The-
orem 1.7 that the ideal quotient of two monomial ideals is again a monomial
ideal.

The fact that I : J = (\;_, I : (v;) follows from Problem 1.7. Now let u €
I: (vj). Then wv; € I, and hence there exists ¢ such that u;|uv;. This implies
that u;/ ged(u;,v;) divides w. In other words, u € ({u;/ged(u;,vj) @ @ =
1,...,7}).

On the other hand, we have w;/ ged(u;,v;) € I : (v;) for all ¢, since u;
divides (u;/ ged(ui, vj))v;. O

By using Proposition 1.13 and Proposition 1.14 we are now able to
compute the ideal quotient of two monomial ideals. For example, let I =
(7123, z903) and J = (z17923,73). Then

I:J = (2123, 2923) : (z12023, 23)

= (z123, 2923) : (z12023) N (2123, T023) : (23)

= (x9,23)N (xl,xg) = (:clazg,azlxg,xg).

Finally, we want to discuss how to compute the radical of a monomial
ideal. We say that a monomial x* is squarefree if a; < 1 fori=1,...,n.
A monomial ideal I is called a squarefree monomial ideal if all elements
in G(I) are squarefree monomials. According to Problem 1.19, a mono-
mial ideal P is a prime ideal if and only if P is generated by a subset of
the variables. Thus monomial prime ideals are a special class of squarefree
monomial ideals. Since by Problem 1.20 an intersection of squarefree mono-
mial ideals is again a squarefee monomial ideal, it follows in particular that
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the intersection of monomial prime ideals is a squarefree monomial ideal.
The converse is true as well. Indeed, we have

Proposition 1.15. Let I be a squarefree monomial ideal. Then I is a finite
intersection of monomial prime ideals.

Proof. Let G(I) = {ui,...,u,}. We prove the assertion by induction
onr. If r =1, then I = (w1) = (24, - xiy) = ﬂ?zl(xij). Now as-
sume r > 1 and that u; = x;, ---x;,. Then by Proposition 1.13 we have
I = ﬂ?zl(xij,UQ, ..., uy). By induction hypothesis, (ua,...,u,) = ()i, P,
where each P; is a monomial prime ideal. We then get [ = ﬂ;l:l i ((zi;)+
P). O

Corollary 1.16. Let I be a monomial ideal. Then I is a radical ideal if
and only if I is a squarefree monomial ideal.

Proof. Assume that [ is a squarefree monomial ideal. Then by Propo-
sition 1.15, I is a finite intersection of monomial prime ideals. Hence by
Problem 1.13, I is a radical ideal.

Conversely, assume that [ is not squarefree. Then there exists an element
u=xil - -xfr € G(I) with iy < --- <y, a; > 0 for all 4 and a; > 1 for some
j. Let @ = max{ay,...,a,}. Then (z;, ---2; )% € I. Hence z;, ---x; € /1.
On the other hand, since u = zf!---2{" € G(I), one has z;, ---x;, & I.

Therefore, I is not a radical ideal. ' O

Let u = x® be a monomial. We set \/u = [[", a;0 Ti- For example, if
u = r17522, then /u = z12374.

Theorem 1.17. Let I be a monomial ideal. Then

VI =u: ueG)).

Proof. Let J = (yJu : u € G(I)). Then I C J and J is a radical ideal
according to Corollary 1.16. Let f € v/I. Then f™ € I for some integer
m > 0, and so f™ € J. Since J is a radical ideal it follows that f € J. This
shows that /T c J.

As in the proof of Corollary 1.16, it follows that for each u € G(I) there
exists an integer oy, > 0 with (y/u)® € I. This implies that J C v/T. O

Problems

In the following problems, K is a field and S denotes the polynomial ring
Klzy,...,zp].
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Problem 1.1. Let A and B be subsets of S. We set AB = {fg: f € A,
g € B}. For any two polynomials f, g € S, show that
(i) supp(f + g) < supp(f) Usupp(g);

(ii) supp(fg) C supp(f)supp(g).
Give examples for which these inclusions are strict.

Problem 1.2. Let A be an n X n-matrix with entries a;; in K and let a; =
2721 aj;xj. Furthermore, let ¢: S — S be the substitution homomorphism
with ¢(z;) = a;. Show that ¢ is an isomorphism if and only if A is invertible.

Problem 1.3. Let f,g € S be two polynomials. Express the i-th homoge-
neous component of fg in terms of the homogeneous components of f and
the homogeneous components of g.

Problem 1.4. Show that the two ideals (z1 + x2,73) and (z1 + z2,2?)
coincide.

Problem 1.5. Let I = (f1,..., f,) and J = (g1, ..., gs) be two ideals. Show
that

I"‘J:(fl,...,fr,gl,...,gs)
and

IJ=(figj: i=1,....,r,j=1,...,5).

Problem 1.6. Give an example of ideals I, J, K for which the inclusions
IJCINnJand INJ+INK CIN(J+ K) are strict.

Problem 1.7. Let I and J be ideals and suppose that J = (g1,...,9m)-
Show that I :J =", I: (g)-

Problem 1.8. Let I be a graded ideal. Show that I*# and /I are again
graded ideals.
Problem 1.9. Let I C S be a graded ideal. Prove the equality %' =

n

(T a)

i=1

Problem 1.10. Let R be an arbitrary ring and I an ideal of R. An element
f € Riscalled R/I-regular if, for any g € R, f(g+1) = 0 implies g+1 = 0,
that is, fg € I implies g € I. f1,...fm € R is an R/I-sequence if f; is
R/(I, fi1,..., fi—1)-regular for all « > 1. Show that the following conditions
are equivalent:

(a) fi,..., fm is an R/I-sequence;
(b) (Ivfla"'afifl): (fl) = (Ivfla--'afifl) for all ¢ > 1.

Problem 1.11. Show that the intersection of radical ideals is a radical
ideal.
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Problem 1.12. Let I = (xy,z2,yz). Show that [ is saturated and that I*
is not saturated.

Problem 1.13. Let I = ﬂ?zl P;, where each P; is a prime ideal. Then I is
a radical ideal. (In fact, in a Noetherian ring the converse is also true, but
need not be proved here).

Problem 1.14. Prove that the ideal (21, ..., x,) is the only graded maximal
ideal of the ring K[z1,...,zy,].

Problem 1.15. Let [ be a graded radical ideal different from m = (z1,...,x,).
Prove that I is saturated.

Problem 1.16. Let I be an ideal in K|z,y] generated by k + 1 K-linearly
independent homogeneous polynomials of degree k. Is I a monomial ideal?

Problem 1.17. Let I, J and K be monomial ideals. Show that
INJ+K)=(INJ)+(INK).
Problem 1.18. Let I be a monomial ideal and let J = (x1,...,2,). Show

that I : J # I if there exist integers a; > 0 such that zi" € G(I) for
i1 =1,...,r. Is the converse true as well?

Problem 1.19. Show that a monomial ideal P is a prime ideal if and only
if P is generated by a subset of the variables.

Problem 1.20. Let I, J be squarefree monomial ideals. Prove that I N J
is a squarefee monomial ideal.



Chapter 2

Grobner bases

Given polynomials f,g € Q[z] with g # 0, there exist uniquely determined
polynomials ¢ and 7 in Q[z] such that f = gg+r and degr < degg. The
polynomial r is called the remainder of f with respect to g.

This fundamental fact, known from high school, can be generalized to
polynomial rings over an arbitrary field. Indeed, there is an algorithm,
known as the Euclidian algorithm, to compute ¢ and r. The algorithm
works as follows: if deg f < degg, then ¢ = 0 and r = f. If deg f > degy,
let ax™ with a € K be the leading term of f and bx™ with b € K the leading
term of g. Then the degree of ry = f — (a/b)x"™ "¢ is less than deg f. If
degr; < degg, then ¢ = (a/b)z™™ and r = r;. Otherwise one applies
the same reduction to r; and arrives, after a finite number of steps, to the
desired presentation.

We would like to have a similar division algorithm for polynomials in
several variables. In Section 2.3 we will give such an algorithm. Apparently
there are two problems to overcome. The first is, that it is not clear what
the leading term of such a polynomial should be. For example, what should
be the leading term of f = x2z9 + 123? To define a leading term we must
have a total order on the monomials. The second is, that one has to say
what it means that the remainder is “small” compared with the divisor. We
will deal with these problems in the following sections.

2.1. Monomial orders
2.1.1. Examples and basic properties of monomial orders. Let X
be a set. A partial order on X is a binary relation < over X which is

15
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reflexive, antisymmetric and transitive, i.e., for all a,b, and ¢ in X, we
have:

e a < a (reflexivity);

e if a <band b <a, then a = b (antisymmetry);

e if a <band b < ¢, then a < ¢ (transitivity).
It is common to write a < b if a < b and a # b. We also write a > b (a > b),

if b<a (b<a). A typical example of a partially ordered set is the set of all
subsets of a given set ordered by inclusion.

A partial order < on X is called a total order, if for any two elements
a,b e X one hasa <borb<a.

Let K be a field and S = K[x1,...,z,]. We now define a total order
on Mon(S), the set of all monomials in S, which respects the multiplicative
structure on this set.

Definition 2.1. A monomial order on S is a total order < on Mon(S)
with the properties:

(i) 1 <wu for all u € Mon(S);
(ii) if u < v and w € Mon(S), then uw < vw.

A monomial order satisfies the following two conditions.

Proposition 2.2. Let < be a monomial order on S. Then the following
holds:

(1) if u,v € Mon(S) with u|v, then u < v;

(ii) of ui,ug,... is a sequence of monomials with u; > ug > ---, then
there exists an integer m such that u; = uy, for all i > m.

Proof. (i) If u|v, then there exists a monomial w such that v = uw. Since
1 < w, it follows that © < wu = v.

(ii) Let M = {uq,uq,...}. By Dickson’s lemma this set has, with respect
to divisibility, only a finite number of minimal elements, say w;,, ..., u;, with
11 <1y < --- <1ip. Let j be any integer > i,. Then there exists an integer
1 < k < r such that w; |u;. By (i), this implies that u; < u;. Hence
Ujy, > Uj, > Uj > Uiy, and so u;, = uj. Therefore we may choose m =i,. [

Next we consider some standard monomial orders on S. Let x?,xP be
two monomials in S.

The lexicographic order: x® < xP, if either Soiiai < >t by or

oa; =" b;, and the left-most nonzero component of a—b is negative.
=1 =1 p
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The pure lexicographic order: x® < xP, if the left-most nonzero com-
ponent of a — b is negative.

The reverse lexicographic order: x* < xP, if either Y. a; < 1" | b;
or Y. a; =y, b;, and the right-most nonzero component of a — b is
positive.

Observe that for each of these three orders we have x1 > x9 > -+ > x,,.

The difference between the lexicographic and the reverse lexicographic
order is subtle. Consider, for example, the monomials of degree 3 in 3
variables in lexicographic order,

xi’ > $%$2 > x%xg > xlxg > Tr1T2x3 > xlxg > x%’ > x%xg > xgx?), > x%,
and in reverse lexicographic order,
x:{’ > a:%xg > 33190% > azg > l‘%ﬂjg > Tr1T2x3 > :L“%$3 > a:lxg > azgxg > azg

A good rule to memorize the lexicographic order and the reverse lexico-
graphic order is the following: w > v in the lexicographic order if uw has
“more from the beginning” than v; and v > v in the reverse lexicographic
order if u has “less from the end” than v.

2.1.2. Construction of monomial orders. We describe a few techniques
to create new monomial orders from given ones. For the standard monomial
orders described in the previous subsection we have x, < z,_1 < --- < x7.
There are situations where one would like to have a different order of the
variables. This is easily achieved: let < be an arbitrary monomial order
with , < zp—1 < --- < 1 and let 7: [n] — [n] be a permutation of the set
of integers [n] = {1,...,n}. We define a new monomial order <, as follows:

x2 <, xP o x™@ <x™®)
where for ¢ = (c1,...,¢,) € Z" we set 7(c) = (Cr(1)s - -+ Ca(n))-
This new monomial order satisfies
Tr(n) <z Trn—1) <z """ <x Tx(1)-
The pure lexicographic order may be viewed as a product order. For
i=1,...,rlet S; = K[x;1,...,%s] be a polynomial ring over K, and let
S =KI[T11,. -, T1s), 721, - - Trs, |

be the polynomial ring over K in all the variables z;;. Furthermore, let
<; be a monomial order on S;. We define the product order < on S as
follows: let u,v € Mon(S). There are unique monomials u;,v; € S; such
that v = uquy - - - u, and v = vivy - - - v.. We set

U<V S U=Vl ..., Up—] = Vh—q, Up <p U for some k.
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For example, let S1 = K[x1, 23], So = K(y1,y2,v3], S = K[x1, 22,1, Y2, y3]-
Let <4 be the lexicographic order on S, <o the reverse lexicographic order
on So and < the product order of <7 and <5. Then

2 2 2 5
T1T3Yy > T1TRY1Y3 > T1T2Ys-

Let < be any monomial order. We choose a vector w = (wq,...,w,) €
R™ with nonnegative entries, called weight vector. Then we define the
new monomial order < as follows:

x2 <wxP, if a-w<b-w, orelse a-w=b-w and x®<xP’.

Herec-d = E?zl c;d; is the standard scalar product on R™.

For example, if < is the pure lexicographic order and we choose w =
(1,1,...,1) as weight vector, then <y is the lexicographic order.

For later applications the following example is important.

Proposition 2.3. Let < be any monomial order on K[x1,...,x,]|. Fiz an
integer 1 <t < n and choose the weight vector w = (1,1,...,1,0,0,...,0)
with the first t entries being 1 and the remaining last entries being 0. Then
the order <y has the following property: if w,v are monomials such that
xjlu for some j <t, and x; does not divide v for any j <t, then v <y u.

Proof. Let u = x® and v = xP. Then a; # 0 for some j < ¢, hence a-w > 0,
while on the other hand, b; = 0 for all j < ¢. Therefore, b -w = 0. This
yields the desired conclusion. O

2.2. Initial ideals and Grobner bases

2.2.1. The basic definitions. We now come to the main topic of this
book. Let as before S = K[x1,...,x,]| be the polynomial ring over the field
K, and let < be a monomial order on S.

If f # 01is a polynomial in S, we set in-(f) to be the largest monomial
u € supp(f) with respect to <, and call it the initial monomial of f.
The coefficient ¢ of in.(f) in f is called the leading coefficient of f with
respect to <, and cin.(f) is called the leading term of f.

For convenience we set in.(0) = 0 and let in.(0) < in.(f) for all
f#0.

For example, let f = 2z%x3 + 3z123. Then in.(f) = zixs, if < is the
lexicographic order, and in.(f) = 173, if < is the reverse lexicographic
order.

For the initial monomial of a product or a sum of polynomials we have
the following rules.



2.2. Initial ideals and Grébner bases 19

Lemma 2.4. Let < be a monomial order on S and let f1,..., fr be nonzero
polynomials in S. Then

(i) inc(fife-- fr) = inc(f1) inc(f2) -+ - inc(fr);
(ii)) inc(fi + fo+ -+ fr) <max{in.(f1),in<(f2),...,inc(fr)};
(iii) Let ¢j be the leading coefficient of f;. Equality holds in (ii) if and
only if Zj cj # 0, where the sum is taken only over those j for
which inc(f;) > in<(fi) for all i.

Proof. (i) Since for all u € supp(f;) we have in(f;) > u, it follows that

inc(f1) in<(f2) - inc(fr) = wviug -~ u,
for all u; € supp(f;). Equality holds if and only if u; = in.(f;) for i =
1,...,r. Since all monomials in supp(fifs--- fr) are of the form ujusg - - u,
with w; € supp(f;), and since in.(f1)in<(f2)---in(f,) belongs to the
support of f1fo--- f., the assertion follows.
(ii) Observe that supp(fi +-- -+ fr) € U;_; supp(f;). This implies that

inc(fi+--+f) < max{u: uc USHPP(fz‘)}
i=1

= maX{in< (f1)7 in<(f2)a R in<(f1”)}'
(iii) Let u be the maximal initial monomial appearing among the f;.
Assuming that Zj c; # 0, where the sum is taken over those j for which
inc(fj) = u, it follows that u € supp(fi + --- + f»). Therefore,

in (fi+ -+ fr) > u=max{in(f1),in<(f2),...,in(fr)}.
Thus, by (ii), equality holds.

Conversely, if Z;?:l cj =0, then u & supp(fi + fo+ -+ f-), and hence
inc(fi+ fot -+ fr) # max{inc(f1),in<(f2), ..., in<(fr)}. 0

Let I C S be a nonzero ideal. The initial ideal of I is the monomial
ideal

inc(I) = (in<(f) : fel, f#0).
If I = (0), then we set in-(I) = (0).
Notice that in.(I) is generated by the initial monomials of all nonzero

polynomials in 7. In general the initial monomials of a set of generators do
not generate in(I). Consider, for example, the ideal

I=(f,g) with f=ux29—2324, g= —a:% + x123.

With respect to the reverse lexicographic order < we have in.(f) = z1x9
and in.(g) = z2. On the other hand, h = zof + 719 = 323 — vox374 € [
and in. (h) = x3z3. Thus we see that in-(h) & (in<(f), in<(g)).
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A priori in.(]) is generated by infinitely many initial monomials. Nev-
ertheless, since in.(I) is a monomial ideal, as we know from Corollary 1.10,
there exists g1,...,9m € I such that

inc(I) = (in<(g1),...,in<(gm)).
The observation leads to the most important concept studied in this book.

Definition 2.5. Let I C S be an ideal, and let < be a monomial order on S.
A sequence g1, . .., gm of elements in I with in<(I) = (in<(g1),...,in<(gm))
is called a Grobner basts of I with respect to the monomial order <.

The argument that we used to see that a Grobner basis of I always exist
does not tell us how to actually find a Grobner basis. In case that [ is a
principal ideal, say I = (g), one sees immediately that g is a Grobner basis
of I.

The Buchberger algorithm, which will be discussed in the next chapter,
gives an efficient method to compute a Grébner basis of an ideal. For many
abstract arguments, however, it just suffices to know that a Grébner basis
always exists. First remarkable examples of such reasoning are the next
theorems.

2.2.2. Macaulay’s theorem. The following theorem is fundamental in
Grobner basis theory and it will be used several times later in the book.

Theorem 2.6 (Macaulay). Let < be a monomial order on S, and let I C S
an ideal. Then the monomials in S which do not belong to in(I) form a
K -basis of S/1I.

Proof. Suppose the monomials in S which do not belong to in.(I) are
K-linearly dependent modulo I. Then there exists a nonzero polynomial
f € I with supp(f) "Mon(in (1)) = 0, where Mon(in<(I)) denotes the set
of monomials in in. (7). This contradicts the fact that in.(f) € in(I).

It remains to be shown that residue classes of the monomials in S which
do not belong to in.(I) generate the K-vector space S/I. To this end
we will show that for any f € S there exists g € S with f+1 =g+ 1
and supp(g) N Mon(in<(I)) = 0. Suppose this is not the case, and let
f € S be a polynomial with smallest initial monomial for which we cannot
find a polynomial g as above. Let ¢ be the leading coefficient of f. Then
f — cinc(f) has a smaller initial monomial, and hence there exists g € S
with supp(g) N Mon(in<(I)) = 0 and such that (f —cino(f))+ 1 =g+ I.
Thus f+1 = (cinc(f)+g)+ 1. If in(f) & in(I), we may replace g by
cinc(f) 4 g, contradicting the choice of f. If in(f) € in-(I), then there
exists h € I with leading coefficient 1 and in<(h) = in(f). It follows that
f—ch has a smaller initial monomial than f. Thus we can find a polynomial
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g € S with supp(g) N Mon(inc(I)) = @ and (f —ch) + 1 = g+ I. Since
f+1I=(f—ch)+ I, this contradicts again the choice of f. O

On a polynomial ring with more than one variable there exist infinitely
many different monomial orders; see Problem 2.4. However, as an applica-
tion of Macaulay’s theorem we show

Proposition 2.7. FEvery ideal I C S has only finitely many distinct initial
ideals.

Proof. Let I C S be an ideal, and let Sy be the set of initial ideals of I.
Assume that Sy is an infinite set. Let 0 # f; € I. To each initial ideal
J € Sy belongs a monomial v € supp(f1) with v € J. Since supp(f1)
is a finite set, there exists u; € supp(fi) such that the set S; = {J €
So: wp € J} is infinite. In particular, J # (u;) for at least one (in fact,
infinitely many) J € S;. Thus Theorem 2.6 implies that the monomials
which do not belong to (u;) are linearly dependent modulo I. Hence there
exists 0 # fo € I with supp(f2) N (u1) = 0. As before there exists uy €
supp(f2) such that So = {J € S1: wuy € J} is an infinite set. Since uy ¢
(up) it follows that (uq) is strictly contained in (uj,u2). Again, since Sy
is infinite, J # (uy,u2) for some J € Sy, and as before we can construct
an element ug ¢ (u1,u2). Proceeding in this way we construct an infinite
strictly ascending sequence (u1) C (u1,us) C (u1,ug,us) C -+ of monomial
ideals, contradicting Proposition 1.12. O

2.2.3. Hilbert’s basis theorem. In the previous section we have seen
that a system of generators of an ideal I need not to be a Grobner basis of
1. However, we have

Theorem 2.8. Let I C S be an ideal and let g1, ..., gm be a Grobner basis
of I with respect to a monomial order <. Then gi,...,gm 1S a system of
generators of 1.

Proof. If f € I, then in(f) € in< (/) = (in<(g1),...,in<(gm)). There-
fore there exists an integer 1 < ¢ < m and a monomial w such that
in (f) = win<(g;). Let ¢ be the coefficient of in.(f) in f and d the coef-
ficient of in(g;) in g;, and let h = f — cd~'wg;. Then h € I. If h = 0, then
f =cdwg; € (g1,...,9m). Now assume h # 0. Since in-(f) > in-(h)
and since by Proposition 2.2 each strictly descending chain of monomials ter-
minates, we may apply an induction argument and hence may assume that h
is a linear combination of the g; with coefficients in S. Since f = h4+cd ™ 'wyg;,
the same is true for f. O

Since each ideal has a Grobner basis, and each Grobner basis contains
finitely many elements, we get
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Corollary 2.9 (Hilbert’s basis theorem). Each ideal in the polynomial ring
S = Klx1,...,zy] is finitely generated.

Hilbert’s basis theorem says that the polynomial ring S = K[x1, ..., 2]
is Noetherian. It is known from general Commutative Algebra that a Noe-
therian ring is also characterized by the property that each ascending chain
of ideals terminates. We will give a direct proof of this property for polyno-
mial rings.

Proposition 2.10. Let Iy C I, C --- be an ascending chain of ideals in S.
Then there exists an integer k such that I; = I}, for all j > k.

Proof. Fix some monomial order < on S. The given chain of ideals in-
duces the following chain in.(/;) C in(f2) C --- of monomial ideals. By
Proposition 1.12, there exists an integer k such that in.(/;) = in. (/) for
all j > k. It follows from Problem 2.8 that I; = I}, for all j > k. ]

2.3. The division algorithm

As announced in the introduction of this chapter we now discuss an extension
of the classical division algorithm. The extension will be two-fold. On the
one hand, the polynomials in one variable will be replaced by polynomials
in several variables, and on the other hand, we may “divide” not only by
one but if we wish by several polynomials at the same time. The precise
statement is formulated in the next

Theorem 2.11. Let f and ¢1,...,9m be polynomials in S with g; # 0.
Given a monomial order <, there exist polynomials qi,...,qm and a poly-
nomial r in S with

f=qag9n +a@gp+ -+ qngm+r

such that the following conditions are satisfied:
(i) no element of supp(r) is contained in the ideal (in<(g1),...,in<(gm));

(ii) in<(f) = in<(qig;) for alli.

An equation f = qig1 + q292 + - - - + @mGm + 1 satisfying the conditions
(i) and (ii) is called a standard expression of f, and r is called a remain-
der of f with respect to gi1,...,gm. The polynomial f may have different
standard expressions and different remainders with respect to gi,...,gm as
the following example demonstrates. Let f = xiz9 + x%, g1 = r1 + x and
g2 = x1. We let < be the lexicographic order. Then

f = T2g1 as well as f = T292 + x%

are standard expressions of f. In the first case the remainder is 0, in the

second case the remainder is 3.
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We say that f reduces to 0 with respect to gi,...,gm, if f has a
remainder with respect to g1, ..., gn which is 0.

Proof of Theorem 2.11. If no element of supp(f) is contained in the ideal
(in<(g1),...,in<(gm)), we may choose ¢; =0 for i = 1,...,m and r = f.
Now suppose that some u € supp(f) belongs to (in<(g1),...,in<(gm)). Let
up be the largest such monomial in supp(f). Then in.(g;) divides ug for
some j. Thus wy = winc(g;) for some monomial w in S. Let ¢ be the
coefficient of ug in f and d the coefficient of in-(g;) in g;, and set

(2.1) h=f—cd lwg,.

If h =0 or no u € supp(h) belongs to (in<(g1),...,in<(gm)), then f =
cd_lng + h is a standard expression for f with remainder » = h. Otherwise
there exists u € supp(h) which belongs to (in<(g1),...,in<(gm)). Let u;
be the largest such monomial in supp(h). We claim that u; < ug. In fact,
the definition of h implies ug ¢ supp(h) and that u; € supp(f)Usupp(wg;).
If u; € supp(f), then by the choice of ug it follows that u; < ug. On the
other hand, if u; € supp(wg;), then u; < in.(wg;) = up. Since uy # ug it
follows in this case as well that u; < ug. Thus, since the maximal monomial
in the support of h which does belong to (in<(g1),...,in<(gm)) is smaller
than that of f and since descending sequences of monomials terminate by
Proposition 2.2, we may assume by induction that h has a standard presen-
tation h = Y ;" ¢igi + r. It follows that f = qig1 + q292 + -+ + gmgm + 7
with ¢; = ¢; + cd='w and ¢; = §; for i # j is a standard presentation of f.
Indeed, since h = Z;n:l g;gj +r is a standard expression for h condition (i)
is satisfied for the expression f = >, ¢;g; +r. To see that condition (ii)
is also satisfied for this expression of f we notice that due to (2.1) and in
view of Lemma 2.4 we have

(2.2) inc(h) < max{in<(f),uo} = in<(f).

Hence since in<(h) > in<(g;g;) for all 7, it follows from (2.2) that in-(f) >
inc(g;g;) for all @ # j. Finally, since in<(g;g;) < max{in-(g;g;),uo}, we
see that in.(f) > in<(g;g;) as well, since ino(f) > in.(h) > in<(q;g )
and since in<(f) > ug. O

Our proof of Theorem 2.11 provides an algorithm to compute a standard
expression of f with respect to g1, ..., gm. For the algorithm which we now
describe, we fix the order of the elements ¢, ..., gmn. Then the remainder
resulting from this algorithm will be uniquely determined.

The algorithm produces a finite sequence of polynomials h; as follows:
ho = f. Suppose hg, ..., h; is already defined. The sequence ends with h; if
no u € supp(h;) belongs to (in<(g1),...,in<(gm)). Otherwise, let u be the
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largest monomial in the support of h; which belongs to (in<(g1),...,in<(gm))
and let j be the smallest integer such that in.(g;)|u. We define

his1 = h; — cd lwg;,
where w = u/ in<(g;) and where ¢ is the leading coefficient of h; and d the
leading coefficient of g;.

Say, the sequence of the h; ends with hs. Then we have the following
set of equations:

(23) f =hy = q~lgj1 + ha,
(24) hl — q2gj2 + h27
(2.5) ha = q3gj5 + hs,
(26) hs—1 = (jsgjs + hs.

Replacing h; in (2.3) by the expression of h; given in (2.4), we obtain f =
G195, + G294, + ha. Now we replace ho in this new expression of f by the
expression of hy given in (2.5). Continuing this way we arrive at the standard
expression

f=a9n +wep+- -+ qgmgm +r,
where r = hg and ¢; = Zk,jk:i Q.-

We demonstrate this algorithm with the following example: let f =
:U:i’ — x%m + 2$1x% +x1T273, g1 = :17% —1 and go = z179 — zox3. We compute
a standard expression of f with respect to g1, g2 for the lexicographic order,
and get

f=ho = g1 +h1, hi=—ates+ 221205 + v12023 + 271,
hi = —xag1 +ha, he = 22173 + 217223 + 71 — T2,
hy = 2xags+hs, hy=ziaoxs + 22373 + 11 — 29,
hs = x3g2+ hg, hg= Qx%xg + xgxg + x1 — x9.

Thus we obtain the standard expression
= mgth
= x191 + (—2201 + h2)
(21— 22)g1 + (27292 + h3)
= (w1 —22)91 + 22292 + (392 + ha)
= (21— x2)g1 + (220 4 23) g2 + (20323 + Tox3 + 21 — 12).

Even though, as we have seen, a polynomial may have different standard
expressions, one has the following uniqueness statement.
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Proposition 2.12. Given a monomial order < on S. Assume that the poly-
nomials g1, . .., gm form a Grobner basis of the ideal I = (g1,...,9m). Then
each polynomial f € S has a unique remainder with respect to gi, ..., gm.

Proof. Let f € S, and let f = > " ¢igi +r and f = >./" pigi + s be
two standard expressions for f. Then h = r — s € I. Suppose that h # 0.
Then inc(h) € inc(I) = (in<(g1),...,1in<(gm)). Since in.(h) € supp(r)U
supp(s) and r, s are remainders of f, we arrive at a contradiction. O

Proposition 2.12 has the following important consequence.

Corollary 2.13. Let I = (g1,...,9m) C S be an ideal and assume that for
some monomial order, g1, .. ., gm s a Grobner basis of I. Then a polynomial
f €8 belongs to I if and only if f reduces to 0 with respect to g1,. .., Gm.

Proof. Obviously, f belongs to I if the remainder of f with respect to
g1, .-+, 9m 18 0. Conversely, assume that f € [ andlet f = 191+ - -+ Gmgm~+
r be a standard expression of f. Then r € I. Suppose that r # 0. Then
in(r) € inc(I) = (in<(g1),...,in<(gm)), contradicting the definition of
a remainder. O

2.4. Buchberger’s criterion

So far we have no method to check whether a system of generators of an
ideal is a Grobner basis with respect to some monomial order <. We will
now derive a criterion which allows us to answer this question in a finite
number of steps. To explain this criterion we have to introduce the so-
called S-polynomials. Suppose first we are dealing with an ideal generated
by two nonzero polynomials, say I = (f,g), and we want to compute a
Grobner basis of I. Certainly inc(f) and inc(g) belong to in.(I). A
candidate of a polynomial h € I whose initial monomial does not belong to
(in<(f),in<(g)) is a linear combination of f and g such that their initial
terms cancel. This leads us to define

S(f.q) = 1cm(in<(f),in<(g))f _ lem(inc(f),in<(g))

’ cinc(f) din<(g)

where ¢ is the leading coefficient of f and d is the leading coefficient of g.
The polynomial S(f, g) is called the S-polynomial of f and g with respect
to <.

9

Now we are ready to formulate the celebrated Buchberger criterion.

Theorem 2.14. Let < be a monomial order on S, and let I = (g1,...,Gm)
be an ideal in S with g; # 0 for all i. Then the following conditions are
equivalent:

(a) g1,---,9m is a Grébner basis of I with respect to <;
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(b) S(gi,gj) reduces to 0 with respect to gi,...,gm for alli < j.

Proof. (a) = (b): Since S(gs,9;) € I and since g1,...,gm is a Grébner
basis of I, it follows from Corollary 2.13 that the remainder of S(g;, g;) with
respect to g1, ..., gm 18 0.

(b) = (a): We have to show that in- (/) = (in<(g1),...,in<(gm)). In
other words, if 0 # f € I, we need to see that the monomial in.(f) belongs
to (in<(g1),...,in<(gm)). Since f € I, there exist hy, ..., hy € S such that
[ =" higi. It follows from Lemma 2.4 that in.(f) < max;{in<(hig;)}.
If equality holds, then

inc(f) = in<(higi) = in<(hi) in<(gi)

for some 4, and hence in(f) € (in<(g1),...,1in<(gm)). Otherwise, we have
inc(f) < max;{in<(h;g;)}. We claim that in this case there exists a new
presentation f = >, hlg; of f with the property that max;{in<(h}g;)} <
max;{in<(h;g;)}. Then, if necessary we can modify the presentation of f
again and again, until after a finite number of modifications, we obtain a
presentation f = >", h!g; with in.(f) = max;{in<(h]g;)}, and we are
done.

Let v = max;{in<(h;g;)}. In order to prove the claim, we may assume
for simplicity that in<(h;g;) = u for j = 1,...r and that in(h;g;) < u for
j > r. We may also assume that all leading coefficients of the g; are equal
to 1. Let w; = inc(h;) and ¢; the leading coefficient of h;. Then, since
inc(f) < max;{in<(hig;)}, it follows from Lemma 2.4 that > %, ¢; = 0.

Since u = wy inc(g1) = wjinc(g;) for j = 1,...,7, we see that the
monomial lem(in<(g1), in<(g;)) divides u. Let
_ w1 inc(g1) _ w; inc(g;)
lem(inc(g1),in<(g;))  lem(in<(g1), in<(g;))

Uj

Then v;S(g1,9;) = wig1 — wjg; and uw > inc(v;S(g1,95)). Since each
S(g1,g;) has a remainder which is 0, we find for all j an expression S(g1, g;) =
> ey Wygi with B, € S and such that inc S(g1,9;) > in<(h);g:) for all i
with A%, # 0. It follows that v;S(g1,9;) = > i, vihj9i = > 1%, hjigi with
hfji = Ujh;'i and that

u > inc(v;S(g1,95)) > inc(hjig;) for all j and i.

Hence we have

m
w1g1 — W;ig; — Z hjigi =0 and in<(hjigi) <wu for all j and 1.

=1
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Keeping in mind that > %_, ¢; = 0, we have

r r

> ci(wigr —wjgy) = =Y cjwjg;,

Jj=2 J=1

and we can rewrite f as follows:

= Zhigi+ Z hig;
i—1

i=r+1
” T m m
= Z higi + Z cj(wigr —wjg; — Z hjigi) + Z higi
i=1 =2 i=1 i=r+1
T m m T
= > (hi—cow)gi+ Y higi=> (O cihji)gi
i=1 i=r+1 i=1 j=2

m
= D_higi
i=1

where

B —

)

r .
hi — C;W; — Zj:Q thjh for 1 = 1, ey Ty
hi_Z;ZQthjiv fori=r+1,...,m.

From the definition of the h] we get max;{in(h.g;)} < max;{in.(h;g;)},
as desired. O

Checking whether a system of generators g¢i,...,¢, of an ideal is a
Grobner basis can be rather cumbersome since one has to compute the
remainder of (gl) S-polynomials. The following result can sometimes be
used to shorten the calculations significantly.

Proposition 2.15. Let < be a monomial order on S, and let f,g € S be
two polynomials such that in.(f) and in.(g) are relatively prime. Then
S(f,q) reduces to 0 with respect to f,g.

Proof. We may assume that the leading coefficients of f and g are equal to
1. Then f =in.(f)+ f1, g = in<(g9) + g1 and

S(f,9) =inc(9)f —inc(flg=(9—9)f — (f — fi)g = frg— a1 f.

We claim that fi1g— g1 f is the standard expression for S(f, ¢) (which implies
that S(f,g) has a remainder which is 0). Indeed, suppose that in(fi1g) =
inc(g1f). Then in.(f1)in<(g) = in<(g1) in<(f), and hence, since in.(f)
and in(g) are relatively prime, it follows that in.(f) divides in.(f;) which
is a contradiction, since in.(f1) < in<(f). Thus we may now assume,
without loss of generality, that in.(f1g) > in<(¢1f). Then Lemma 2.4
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implies that in(f) = in<(f1g) > in<(g1f). This shows that fig — g1 f is in
fact a standard expression for S(f,g). O

As an example of how to use the Buchberger criterion we consider the
ideal I generated by all the two by two minors of the matrix

( r1 T2 ... In >

YioY2 - Yn )

In other words, I is generated by the binomials f;; = z;y; —x;y;, 1 <i < j <
n. We claim that this set of generators is a Grobner basis of I with respect
to the lexicographic order < with z1 > a2 > - >xp >y > y2 > -+ > yp.
We have in.(f;;) = x;y; for all i and j. We will show that all S-polynomials
S(fijs fra) with {4, j} # {k,(} have a remainder which is 0. If i # k and j # ,
then in.(f;;) and in.(fy;) are relatively prime, so that by Proposition 2.15
S(fij, frr) has remainder 0. If i = k, we may assume that j <[ and get

S(fij> fr) = S(figs far) = =5y + vyiy; = —yifi-
This is a standard expression of S(fi;, fr1) with remainder 0.

Finally, if j = [, we assume ¢ < k and get
S(fij> fu) = S(fij, frj) = wiwjyr — xpwjyi = 5 fir,

which is again a standard expression of S(fi;, fiz) with remainder 0.

2.5. Buchberger’s algorithm

Let I C S be an ideal. In this section we discuss an algorithm that allows,
starting from a finite system of generators G of I, to compute a Grébner
basis of I. The algorithm, called the Buchberger algorithm , which is a
simple consequence of Theorem 2.14, is the following:

Step 1: For each pair of distinct elements of G we compute the S-polynomial
and a remainder of it.

Step 2: If all S-polynomials reduce to 0, then the algorithm ends and G is a
Grobner basis of I (according to Theorem 2.14). Otherwise we add one of
the nonzero remainders to our system of generators, call this new system of
generators again G and go back to Step 1.

This algorithm ends in a finite number of steps. Indeed, each time when
we add a nonzero remainder of an S-polynomial to G, as described in the
algorithm, the ideal (in<(g) : ¢ € G) becomes strictly larger. This is
implied by the definition of the remainder. Since by Proposition 1.12 any
strictly ascending sequence of monomial ideals is finite, the assertion follows.
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To demonstrate the algorithm, we consider again our example from Sec-
tion 2.2:

I=(f,g) with f=uzx9—a324, 9= —:c% + z123.

We want to compute a Grobner basis of I with respect to the reverse lexi-
cographic order. We begin with the given system of generators G = {f, g}
of I, and compute the S-polynomial of f and g:

S(f,g) = zof + 19 = Ti3 — T2T3T4.

In this case the remainder h of S(f,g) is equal to S(f,g) itself. Thus we
add h = —moxszy + 2323 to G. We repeat the steps with the new set of
generators G of I, and hence have to determine the remainders of the S-
polynomials S(f,g), S(f,h) and S(g,h) with respect to f,g,h. Note that
since we added h to the set of generators of I, we only need to compute the
remainders of S(f,h) and S(g,h) with respect to f,g,h since S(f,g) has
the standard expression S(f,g) = h, thus the remainder of S(f,g) is zero.
Computing the standard expressions of S(f, h) and S(g,h), we find

S(f,h) = —x3w4g and S(g,h) = x123h + T2w3749.

Thus we see that all remainders are 0. The algorithm ends and f,g,h is a
Grobner basis of 1.

2.6. Reduced Grobner bases

Let < be a monomial order on S = K[x1,...,x,], and I C S an ideal. Then
a Grobner basis of I with respect to < is of course not uniquely determined.
For example to any Grobner basis G of I one could add a few more elements
of I to G and would obtain another Grébner basis. Thus only with some
extra conditions can a Groébner basis be unique.

Definition 2.16. Let I C S be an ideal in S. Then G = g1,...,gm s called
a reduced Grobner basis of I with respect to <, if G is a Grobner basis of
1 with respect to the monomial order < satisfying the following conditions:

(i) the leading coefficient of each g; is 1;
(ii) for alli # j, no u € supp(g;) is divisible by in(g;).

Theorem 2.17. FEach ideal I has a unique reduced Grobner basis.

Proof. Let G(in<(I)) = {u1,...,un} and choose g1,...,gm € I with u; =
inc(g;) for ¢ = 1,...,m. Then ¢1,...,gm is a Grobner basis of I, which
may, however, not be reduced. Let

(2.7) g1=> qgi+h
=2
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be a standard expression of g; with respect to ¢o,...,gm. Then no u €
supp(h1) is divisible by in-(g;) for i =2,...,m.

We have in.(g1) > in<(g;g;) for all i. If we suppose in-(g1) = in<(q;g;)
for some 4, then u; = in-(¢;g9;) = in<(g;)ui, a contradiction since uy, ..., Up,
is a minimal system of generators of in. (/). It follows therefore from (2.7)
that in.(h;) = in<(g1) = us.

Suppose we have already found hq,...,h; € I with the property that
inc(hj) = u; for j = 1,...,i and that for all j < i no u € supp(h;) is
divisible by any wg with k # j. If i < m, we let h;+1 be a remainder of
gi+1 with respect to hy,...,hi, giv2,..., gm. Then with the same argument
as for i = 1 we have in(h;y1) = in<(gi+1) = ui+1, and no u € supp(hi+1)
is divisible by any wuy with k& # i + 1. Thus step by step we can replace the
g; by the h; and finally obtain hq,...,h, which is again a Grobner basis

of I because in.(h;) = in-(g;) for i = 1,...,m. By construction this new
Grobner basis hy, . . ., hy, satisfies condition (ii) in the definition of a reduced
Grobner basis. Let ¢; be the leading coefficient of h; and set g, = ci_lhi.
Then obviously ¢, ..., g, satisfies both conditions (i) and (ii), and hence is

a reduced Grobner basis of I.

Suppose g1, ...,gr and g}, ..., g, are both reduced Grobner basis of I.
Then G(in<(I)) = {in<(g1),...,in<(g,)}, because otherwise condition (ii)
would be violated. The same holds true for g1, ..., g5. It follows that r = s =
m, and we may assume that in-(g;) = in<(¢}) fori =1,...,r. Assume that
g; # ¢; forsome j. Then f = g;—g} € I, f # 0 and in.(f) € supp(g;—g;) C
supp(g;) Usupp(g;). Say, in<(f) € supp(g;). Since in<(f) € in<(I), there
exists some ¢ such that in.(g;) divides in.(f). On the other hand, since
inc(g;) & supp(g; —g;), it follows that in<(f) < in<(g;). This implies that
i # j, contradicting condition (ii). (I

Problems

In the following problems, K is a field and S denotes the polynomial ring
Klzy,...,zp].

Problem 2.1. Check that the lexicographic, the pure lexicographic and the
reverse lexicographic orders are indeed monomial orders.

Problem 2.2. If we would define the pure reverse lexicographic order in
analogy to the pure lexicographic order, would this be a monomial order?

Problem 2.3. Let 7 : [n] — [n] be the permutation with 7(i) =n —i+ 1
for i = 1,...,n, and let < be the lexicographic order on S. Show that
<3P is the reverse lexicographic order, where by definition v <3 v, if either
degu < degwv, or degu = degv and v <; u.
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Problem 2.4. Show that there exist infinitely many different monomial
orders on a polynomial ring with at least 2 variables.

Problem 2.5. Let Mongy(S) denote the set of monomials of S of degree d.
A subset L C Mong(5) is called a lexsegment, if for all u € L and v > w it
follows that v € L. Here > is the lexicographic order with the natural order
of indeterminates. Give an example of a lexsegment in L C Mong,(S) which
is not a lexsegment viewed as a subset of Mong(S[x,+1]), and characterize
those lexsegments in Mong(S) which are also lexsegments in Mong(S[zp+1])-

Problem 2.6. Let x* € Mon(S) with x* # 1. Describe in terms of a the
largest monomial with respect to the (reverse) lexicographic order which is
smaller than x?.

Problem 2.7. Let w = (wi,...,w,) € R} be a weight vector with the
property that the entries wy,...,w, of w are linearly independent over Q,
and define x® < xP if and only if a-w < b-w. Show that < is a monomial
order.

Problem 2.8. Let < be a monomial order on .S, and let I C J be ideals in
S with the property that in.(I) = in.(J). Show that I = J.

Problem 2.9. Let < be a monomial order on 5, and let I C S be a graded
ideal in S. We denote by m = (z1,...,2,) the graded maximal ideal of
S. The Loewy length of S/I is the infimum of the numbers k such that
mk C I. Show that S/I and S/ in.(I) have the same Loewy length.

Problem 2.10. Let I C S be a graded ideal. Show that I admits a Grébner
basis of homogeneous elements.

Problem 2.11. A polynomial f € S whose support consists of two mono-
mials is called a binomial (with coefficients). Let I C S be an ideal which is
generated by binomials. Show that I admits a Grébner basis whose elements
are all binomials.

Problem 2.12. Compute for the reverse lexicographic order a standard
expression of f = 23:%:1:% — 2123 with respect to g1 = :z:% —1, g2 = zox3 + 73
and g3 = T1x2 — 3.

Problem 2.13. Let g1,...,gm be a Grobner basis of I = (g1,...,9gm). Use
Corollary 2.13 to show that I = S if and only if one of the g; is a nonzero
constant polynomial, that is, g; = ¢ for some ¢ € K, ¢ # 0.

Problem 2.14. Compute a Grobner basis of the ideal I = (x%—2:c2333, azlx%—k
m%, x9x3+x3) with respect to the lexicographic and the reverse lexicographic
order.
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Problem 2.15. Let g1, ..., gm be linear forms in S (i.e. homogeneous poly-
nomials of degree 1), and let < be an arbitrary monomial order on S. Deduce
directly from the definition of a Groébner basis, that if G = g1,...,9m is a
minimal system of generators of I, then G is a Grobner basis of [ if and only

if in.(g;) # in<(g;) for all i # j.

Problem 2.16. Let < be a monomial order on S, and let I and J be ideals
in S. Then I = J if and only if their reduced Grébner bases are the same.

Problem 2.17. Let f,g € S such that in.(f) and in.(g) are relatively
prime and let w and v be any monomials in S. Then S(uf,vg) reduces to
zero with respect to uf and ug.

Problem 2.18. Let I,J C S be ideals and < a monomial order on S. Let
G, G’ be Grobner bases of I, respectively J, with respect to < . Prove that if
in.(g) and in.(¢’) are relatively prime for any g € G,¢' € G', then G U G’
is a Grobner basis of I + J.



Chapter 3

First applications

In this chapter we present basic applications of Grobner bases in polynomial
ideal theory. The essential tools are the elimination orders along with the
Elimination Theorem.

3.1. Elimination of variables

3.1.1. Elimination orders. Let K be a field and S = KJz1,...,x,] the
polynomial ring in n variables over K.

Definition 3.1. Let t be an integer, 1 <t < n. An elimination order on
S for x1,...,x¢ is a monomial order < on S which satisfies the following
condition: for any two monomials u,v € S such that xj|u for some1 < j <t
and xj fv for all 1 < j <t, one has u > v.

In other words, < is an elimination order for the first ¢ variables if any
monomial which is divisible by some variable x; with 1 < j <, is strictly
greater than any monomial in the last n — ¢ variables. Obviously, this is
equivalent to saying that if a polynomial f € S has the property that its
initial monomial with respect to < belongs to the subring K[z41,. .., 2]
of S, then f is contained in the same subring of S.

The pure lexicographic order is an elimination order for x1, ..., x; for any
1 <t < n. A common way to produce elimination orders is to take a product
of two arbitrary orders on the subrings K[z1,..., 2] and K[xiy1,...,Ty].
Another standard procedure to construct elimination orders comes from
Proposition 2.3. Indeed, given a monomial order < on S, we consider the
weighted order <, with respect to the weight vector w = (1,...,1,0,...,0)
whose first ¢ entries are 1 and the last n — ¢ entries are 0. Proposition 2.3
actually claims that <y, is an elimination order on S.

33
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Definition 3.2. Let I C S be an ideal and 1 <t < n an integer. The ideal
I = INK[zi41, ..., 2] is called the t-th elimination ideal of I.

3.1.2. The Elimination Theorem. The following theorem is the basis
for elimination of variables.

Theorem 3.3. Let I C S be an ideal and 1 < t < n an integer. If G is a

Grobner basis of I with respect to some elimination order < for x1,...,xs,
then Gy = G N K[x441,...,2,] is a Grobner basis of Iy with respect to the
induced order on the subring K|xii1,...,Ty].

Proof. Let G = {g1,...,9s} and assume that G, = {g1,...,¢,}, that is,
sy Gr € K[zpy1,...,xp] and gry1,...,9s € K[Ti41,...,2,). In particu-
lar, by the choice of the monomial order, we have in(g;) & K[z41, ..., Zn]
for all j > r. We show that the set {in-(g1),...,in<(g,)} generates in(I;).
Let f € I; be a nonzero polynomial. Since in.(f) € in(/) and in.(f)
is a monomial in the last n — ¢ variables, we must have in(g;)| in<(f) for
some j < r, whence in.(f) € (in<(¢1),...,in<(g,)). Therefore we have
inc (Iy) C (in<(g1),...,in<(gr)). The other inclusion is obvious. O

For example, let I = (2?2 — w3, 1173 + x%, ToT3 + x%) C Klz1, 2, x3].

The Grébner basis of I with respect to the pure lexicographic order is {x? —
Tox3, T1T3 + azg, azlxg + w373, TW3 + x%, x%} It follows that I N K[xg,x3] =
(wow3 + 23, 23) and I N K[z] = (z3).

Here is a reformulation of the Elimination Theorem in terms of initial
ideals.

Corollary 3.4. Let I C S be an ideal and 1 <t <n an integer. Then
in<([ N K[$t+1, ves ,l’n]) = il’l<(I) N K[$t+1, ey .an]

for any elimination order < on S for xq,..., x;.

3.2. Applications to operations on ideals

In this section we use Theorem 3.3 to get algorithms for operations with
polynomial ideals.

3.2.1. Intersection of ideals. In order to get a procedure to compute a
Grobner basis for the intersection of two polynomial ideals we first need
to introduce a notation. For an ideal I of S and a polynomial p(t) in a
new variable ¢, we denote by p(t)I the ideal of S[t] which is generated by
{p(t)f: fel} C St It is straightforward to notice that if I is generated
by fi,..., fr as an ideal of S, then p(t)I is generated by p(t)f1,...,p(t)fr
as an ideal in S[t].
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Proposition 3.5. Let I,J C S be ideals. Then INJ = (tI+(1—t)J)NS.

Proof. Let feINJ. Then f=tf+ (1—1t)f € (tI + (1 —t)J)NS. For the
other inclusion, let g € (tI4(1—t).J)NS. We write g = hy+hg, where hy € tI
and hy € (1—t)J. Hence there exist some polynomials b} € IS[t], hl, € JS[t]
such that hy = th) and he = (1 — t)h). It follows that g = th] + (1 — t)hl,.
Substituting ¢ by zero in this equality we get g = h5(0,21,...,2y,) € J.
Next, substituting ¢ by 1, we get g = h)(1,21,...,2,) € I. Consequently,
we have g € I N J. O

The above proposition provides a procedure to compute a Grobner basis
for I N J if some generating systems for I and J are given. Indeed, if I is
generated by some polynomials fi,..., fr and J is generated by ¢i,...,¢s,
thentfi,....tfr,(1—1t)g1,..., (1 —t)gs generate tI+ (1 —t)J. We choose an
elimination order for the variable t on S[t] and compute a Grobner basis G
of tI 4+ (1 —t)J. By Theorem 3.3, it follows that G N S is a Grobner basis of
InJ.

For example, let I = (z123— 23, 23 —1ox3), J = (21,23) C K[z1, 72, 73).
The reduced Grobner basis of t1+ (1 —t)J C K[t,x1,x2, x3] with respect to
the pure lexicographic order with ¢ > x1 > x9 > z3 is {tz1 — arl,t:cg —

3 4.2 2 4 3 2 2,2 2 .2
r103,troxy — X7,tw3 — T3, X7 — T1T2T3, T{X2 — T1T3, TITy — ToX3, T]T3 —

1173, 1175 — Toxs, v175 — 1373, 1573 — 1028}

Eliminating the variable t we get INJ = (x‘f—mz:gzng, :E%l‘g—:l?l:ﬂ%, :E%l’%—
w913, 2275 — 1123, 1175 — 2073, 1175 — 2303, 2§23 — 2925).
3.2.2. Ideal quotient. Let I,J C S be two polynomial ideals with J =
(g1,---,9s). In order to determine a Grébner basis of : J, one first uses the
equality I: J = ();_; I: (gi). Therefore we can reduce the problem to the

case when J is a principal ideal.

Proposition 3.6. Let I C S be an ideal and g € S a polynomial. If

{q1,---,qr} is a set of generators for I N (g), then {q1/g,...,q:/9} is a
set of generators for I: (g).

Proof. Let H ={q1/g,...,q-/g}. It is obvious that (¢)H C (¢1,...,q9r) C I,
hence (H) C I: (g). For the reverse inclusion, let f € I: (g). It follows that
fg € INn(g), thus fg € (q1,...,q). As all the polynomials ¢, ...,q, are
divisible by g, it follows that f € (H). O

We illustrate the above procedure in the following example. Let I =
(v173 — 23,23 — wom3), J = (21,73) C K[21, 72, 73]. We consider the pure
lexicographic order. We have

I:J=(1:(x1))N(I: (z3)).
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Applying the procedure given by the above proposition and the algorithm
for computing the intersection we get

. _ (3 2 2 3_.3 2 5 _ 4
I: (1) = (2] — xows, x{x2 — 25, T1T5 — Xy, T1T3 — T5, Ty — T3)

and
) _ (.3 2,2 2 4 3 2 6 _ .5
I: (x3) = (2] — xows3, 1T5 — ToX5, T1T5 — TaT3, T1XT3 — Th, Ty — T3).

The reduced Grobner basis of I: J with respect to the pure lexicographic
order is the set

3 22 2 4 3 2 6 4
{z] — wox3, x{x5 — Tow5, x1T5 — ToXy, T1T3 — T, To — T3}

3.2.3. Saturation and radical membership. For a graded ideal I of 5,
in Subsection 1.2.1, we defined its saturation by I = [: m*> = J2, I: m".
Of course one can compute a Grobner basis of % by applying the pro-
cedures from Subsection 3.2.1 and Subsection 3.2.2 to I: m’ and getting
successively the reduced Grobner bases of I: m’ for i > 1. When this se-
quence of ideals stabilizes, one gets the Grobner basis of the saturation. We
describe here another way to compute the saturation. For an ideal I of S
and a polynomial f € S, we consider

I: f* ={geS: there exists i > 0 such that fig € I}.

One may easily check that I: f° is an ideal of S which is homoge-
neous if I and f are homogeneous, and I: f* = |J;2, I: f'. We call this
ideal the saturation of I with respect to f. By Problem 1.9 we have
58t = ' (I: 2$°). Hence it is enough to give a procedure for computing
a Grobner basis of the saturation of an ideal I with respect to a polynomial

£,

Proposition 3.7. Let I C S be an ideal and f € S a polynomial. Let t
be a new variable and I~ the ideal generated in S[t] by I and the polynomial
1—ft. Then I: f* =1nNS.

Proof. Let g € I: f*°. There exists i > 1 such that u = gf* € I. Then
g=gft'+(1—fithg=ut' + (1 — fO) A+ ft+---+ fTH g € (I,1 - f1).

This shows that I: f>° C Ins.

For the opposite inclusion, let g € INS. We can write g=u+v(l—tf),
where u € IS[t] and v € S[t]. If I is generated by fi,..., fs, then u =
ai fi + -+ + asfs for some polynomials aq,...,as € S[t]. Hence

g:a1f1+"’+asfs+v(1_tf)'
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Substituting ¢ by 1/f in the above expression of g, we obtain

1 1
g:al(?,xl,...,xn)fl+~-—i—a5(?,:c1,...,a:n)fs.

Clearing the denominators in the above equality, we find an enough large ¢
such that f*g can be expressed as a combination of fi, ..., fs with coefficients
in S, which implies that f*g € I, that is, g € I: f. O

Therefore, to find a Grobner basis of I: f*°, we need to eliminate the
variable ¢ from the Grobner basis of the ideal (I,1— ft) C S[t], thus we need
to consider an elimination order for ¢.

Proposition 3.7 can be used to test radical membership. Indeed, it
is obvious that f € VT if and only if I: f* = S, that is, if the reduced
Grobner basis of I is {1}.

3.2.4. K-algebra homomorphisms. Let S = Kl[z1,...,2,] and S’ =
K[y1,...,ym] be two polynomial algebras, f1,..., f, polynomials in S, and
I' ¢ S an ideal. By Theorem 1.1, we have a K-algebra homomorphism
S — S'/I' with ¢(z;) = fi + I for all 1 < i < n. Then, for any ideal
I C Ker(1)), there exists a K-algebra homomorphism ¢ : S/I — S’/I' with
the property that ¢(z; + I) = ¢(z;) = fi + I’ for all 4.

In the first step we are interested in finding a generating set for the
kernel of ¢ by using elimination.

Proposition 3.8. Let ¢ : S/I — S'/I' be a K-algebra homomorphism
with o(x; + 1) = fi + I' for 1 < i < n, where f1,...,fn, € S'. Let R =
Klz1, .. s 2n,y1y ooy Ym), J = TR+ (21— f1,...,Zn — fn), and L =J N S.
Then Ker(yp) is the image of the ideal L in S/I, that is Ker(¢) = (I+L)/I.

Proof. Let g+1I € Ker(yp), that is, p(g+1) = 0. It follows that g(fi, ..., fn)+
I' =0, hence g(f1,...,fn) € I'.Tf g =" cax®, then we can write

9= calwr—fit 1) (@n—fatfa)™ = g+ caf = g +g(f1, .., fa),

with ¢’ € (x1—f1,...,2n—fn). Therefore, g € JNS = Land g+I € (I+L)/I.
Conversely, let g € L =J NS and {hy,...,h.} C S be a set of generators
of I'. Then there exist some polynomials a,...,a,,by,...,b, € R such that

g=athy+ - +arhy + bi(x1 = f1) + - + bnl@n — fn).
Substituting x; by f; in the above equality for 1 < i < n, we get
9(fi,.. s fn) € (h1,... b)) =T,
Therefore p(g+ 1) = g(f1,..., fn) +I' =0, whence g + I € Ker(y). O
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Corollary 3.9. Let fi,...,fn € S" be polynomials and ¢ : S — S’ the
K-algebra homomorphism defined by x; — f; for 1 < ¢ < n. Let J =
(x1—f1,.. .y xn—fn) CR=K[z1,...,Zn,Y1,-..,Ym]. Then Ker(yp)=JNS.

Proof. Take I = I’ = (0) in the above proposition. O

Corollary 3.9 solves the following problem. Given a family of parametric
equations 1 = f1,..., o, = fn with f1,..., fn € S’, we may find the implicit
relations among the polynomials fi,..., fu.

For example, let ¢ : K|[x1, 23] — K[y] be defined by p(x1) = 32, o(z2) =
y3. The reduced Grébner basis of J = (21 — y?, 22 — y°) C K[y, 21, 2] with
respect to the pure lexicographic order with y > x1 > 29 is {y? — z1, y21 —
T9,yrg — o3, 73 — 23}, therefore Ker(¢) = (23 — 23).

Example 3.10. Let I C S be a graded ideal generated by some homoge-
neous polynomials f1,..., f; and ¢ a new indeterminate over K. The Rees
ring of I, denoted by R([), is the graded subring of S[t] given by

R(I) =PIt = S[fit, ... futl.
J=0

Consider the presentation of R([),

¢:R=>Su,...,uy] — R(I),
defined by

;= xp for 1 <i<mnand uj— fjt for 1 < j <gq.

J = Ker(p) is an ideal of Sfui, ..., uq] which is called the presentation
ideal of R(I). By Corollary 3.9, we have

J=(ur — fit,...,ug — fgt) N R.

Let G be a Grobner basis of (u1 — fit,...,uq — f4t) with respect to
an elimination order for ¢ in the polynomial ring Kt,x1, ..., Zpn, Ui, ..., Ugl.
Then G N R is a Grobner basis of the presentation ideal J.

In the following proposition we study the image of a K-algebra homo-
morphism.

Proposition 3.11. Let ¢ : S/I — S'/I' be a K-algebra homomorphism
with o(x; + 1) = fi + I' for 1 < i < n, where f1,...,fn, € S’. Let R =
Klzy,...,Zn, Y1, .., Ym] be endowed with an elimination order < for the
indeterminates yi,...,Ym and J = I'R+ (x1 — f1,...,2n — fn) C R. Let
G ={91,...,9-} be a reduced Grébner basis of J with respect to < . Let
g € S be a polynomial and h its remainder with respect to G. Then:

(i) g+ I' € Im(yp) if and only if h € S.

(i) If g+ I' € Im(yp), then g+ I' = p(h + I).



3.2. Applications to operations on ideals 39

Proof. Let g = a191+: - -+a,g,+h be a standard expression of g with h € S,
where a1,...,a, € R. Substituting x; by f; in the above expression, we get
g—h(f1,...,fn) € I' since g;(f1,.-., frns¥Y1,--- ym) € ' forall 1 < i < r.
Therefore g + I' = h(f1,..., fn) + I' = @(h + I). Hence we proved (ii) and
the “if” part of (i).

For the “only if” part of (i), let g € S” such that g + I’ € Im(p). Thus
there exists ¢ € S such that g+ 1I' = o(q+ 1) = q(f1,..., fn) + I'. Tt follows
that ¢ — q(f1,...,fn) € I'R C J. Therefore, as polynomials in R, g and
q(f1,-.., fn) have the same remainder with respect to G. On the other hand,
q—q(f1,---s fn) € (x1— f1,... 2y — fn) C J. Thus q and q(f1,..., fn) have
the same remainder with respect to G. It follows that ¢ has the remainder h
with respect to G. Since < is an elimination order for y1,..., ¥y, and ¢ is a
polynomial in z1,...,z,, it follows that h € S. Indeed, let G = {g1,...,9s}
and let

(3.1) q=aigi+ - +asgs+h

be a standard expression of ¢ with respect to G. Using condition (ii) from
Theorem 2.11 we have inc(a;g;) < in<(q) for all 1 < i < s. It follows that
inc(a;g;) are monomials in zy,...,x,, and, consequently, a;g; are polyno-
mials in S as well for all . From equality (3.1) it follows that h € S. O

As a consequence of the above proposition one can provide a subal-
gebra membership test. Let fi,..., f, be polynomials in S’. Given a
polynomial g € S’, we would like to decide whether g belongs or does not
to the subalgebra K|[fi,..., f,] of S’. The answer to this problem is given
in the following

Corollary 3.12. Let fi,..., f, be polynomials in S" = k[y1,...,ym]. Let
J=(x1—f1,...,xn—fo) CR=K[x1,...,Tn,Y1,---,Ym]| and G a Gribner
basis of J with respect to some elimination order for yi,...,Yym. Let g be a
polynomial in S’ and h its remainder with respect to G. Then:

(i) g € K[f1,..., fn] if and only if h € S.
(ii) If g € K[f1,-., fn], then g = h(f1,..., fn) is a representation of g

as a polynomial in f1,..., fn.
Proof. Take I = I’ = (0) in Proposition 3.11. ]
Let s1,..., s, € S be the elementary symmetric polynomials in xq, ..., zy.

We recall that, for 1 < k < n, s, = Zl§i1<---<ik§n zj, -+ . By the Fun-
damental Theorem of Symmetric Polynomials, we know that f € S is sym-
metric if and only if f € K[sq,...,sy]. Corollary 3.12 provides a procedure
for expressing a symmetric polynomial as a polynomial in si,..., S,.
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Let us take, for example, f = z + 23 + 23 — 2323 — 232} — 2da? €

Q[z1,x2, x3). f is obviously a symmetric polynomial. We consider the mono-
mial ordering on Q[x1,z2,x3,11,ta,t3] given by the product of the reverse
lexicographic orders on Q[z1, 2, z3] and Q[t1, 2, t3]. This is an elimination
order for z1,x9, z3. With respect to this order, the ideal J = (t; — s1,t2 —
S9,t3 — s3) of Q[xy, x2,x3,11,t2,t3] has the following reduced Grobner basis

G = {@1 + 22 + m3 — 11,25 — 2103 — Taty + bo, 2F — 23ty + w3ty — 13}
and the remainder of f with respect to G is
h = t] — 4t3ty + 13 + 6t t3,
which gives the expression of f as a polynomial in s1, so, s3, namely

4 2 2
[ =s] —4s7sa + s5 + 6s153.

3.2.5. Homogenization. Let f € S be a polynomial of degree d and f =
E?:o fi its decomposition into homogeneous components. Then

d
="t
i=0

is a homogeneous polynomial of degree d in the ring S[t]. f" is called the
homogenization of f. By Problem 3.12, f* can be computed by using the
formula

h dpTl Tn
=l ),
=gt
For example, let f = 1 — z9 + 2 — 1129 + 2323 € K[r1,22,73]. Its
homogenization is fh =13 — t%x9 + tx% — txixe + .’L'%.leg.

If g € S[t] is a homogeneous polynomial, we denote by g its dehomoge-
nization, that is, the polynomial of S which is obtained from ¢ by the
substitution ¢ + 1. It is obvious that for any polynomial f € S we have
fP = f and for any homogeneous polynomial g € S[t], g = t™g" for some
m > 0.

Definition 3.13. Let I C S be an ideal. The homogenization of I is the
ideal I" generated by {f": f € I}.

Note that if I is generated by fi, ..., fs, then I" is not necessarily genera-
ted by fI',..., fI

For example, let I = (fi, fo) C K[x1, %9, 23], where f; = x5 — 27 and
f2 = x3— 23 (the twisted cubic). We have fI' = tzo — 2% and f = t2x3 — 3.
On the other hand, f = fo — x1f1 = 3 — 122 € I has the homogenization

fh=tas —z120 & (1, 13).
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The next lemma characterizes the homogeneous polynomials in S|[t]
which belong to I".

Lemma 3.14. Let I C S be an ideal and f € S[t] a homogeneous poly-
nomial. Then f € I" if and only if f = t™g" for some g € I and some
m > 0.

Proof. Let f € I". Then f = Y""_, g;f with f; € I and g; € S[t] homoge-
neous. One gets the following equality by dehomogenization

F=>"afl = agfiel
i=1 i=1

Since f = tmfh for some m € Z, we may take g = f.

The other implication is obvious. O

A monomial order < on S is called graded if, for any monomials u,v €
S, degu < degwv implies u < v. The lexicographic and reverse lexicographic
orders are examples of graded monomial orders. Any graded monomial order
on S can be extended to S[t| by taking the product order on S together with
the natural order of the powers of the variable ¢, namely:

x2t¢ <" xPt? if and only if (i) x* < xP, or (i) x* = xP and ¢ < d.

By the definition of homogenization it follows that in_(g) = in./(g")
for all nonzero polynomials g € S.

Proposition 3.15. Let I C S be an ideal and G = {g1,...,9s} a Grébner
basis of I with respect to a graded monomial order < on S. Then G =
{gh,...,g"} is a Grébner basis of I" with respect to <’ .

Proof. Since I is a homogeneous ideal, it suffices to show that for any ho-
mogeneous polynomial f € I" we have in./(f) € (ino/(g}),...,in(gh)).
Indeed, for an arbitrary polynomial f € I, we have in_/(f) = in_/(f;) for
some homogeneous component f; of f. Since / h'is a graded ideal, it follows
from Proposition 1.2 that f; € I".

By Lemma 3.14, we have f = t™¢" for some g € I and some m € Z,.

Therefore,
ino(f) =™ ina(g") =t inc(g).
Since G is a Grobner basis of I with respect to <, there exists a monomial u
such that in.(g) = uin.(g;) for some i, and since in.(g;) = in/(gl), we
obtain
ino(f) =t"u in</(glh),

which ends the proof. O
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For example, let I = (x9 — 2%, 13 — x3) be the ideal of the twisted cubic.
The reduced Grobner basis of I with respect to the reverse lexicographic
order is {#? — 9, 7179 — 23,23 — z123}. Thus the Grobner basis of 1" with
respect to the induced order on S[t] is {#% — twa, x129 — tos, ¥3 — 2173}

3.3. Zero dimensional ideals

Throughout this section the field K will be always algebraically closed. We
recall that a field K is algebraically closed if any nonconstant polynomial
f € KJz] has a root in K. It turns out that this is equivalent to saying
that any nonconstant polynomial f € KJz| has all its roots in K. The
Fundamental Theorem of Algebra states that the field C of complex numbers
is algebraically closed.

Let I ¢ S = K][x1,...,zy,] be an ideal. The set
V(I)={a=(ay,...,a,) € K": f(a) =0 for all f €I}

is called an affine algebraic variety in K". It is easily seen that V(I) =
V(fi,..., fr) for any set of generators {f1,..., f.} of I, where

V(fi,..., fr)={a=(a1,...,a,) € K" : fi(a) =0 forall 1 <i <r}.

Let us first consider ideals in polynomial rings of one variable. For an
arbitrary ideal I C K][x] there exists a polynomial f € KJ[z| such that
I = (f), hence V(I) = V(f). Over an algebraically closed field, we have
V(f) =0 if and only if f € K — {0}, that is, if and only if I = (1).

One may ask if the above equivalence, namely V(I) = & I = (1),
is still true in the ring of polynomials in many variables. The celebrated
Hilbert’s Nullstellensatz gives a positive answer to this question.

Theorem 3.16 (Weak Hilbert’s Nullstellensatz). Let I C S be an ideal.
Then V(I) =0 if and only if I = (1).

For the proof we refer the reader to [M&86].

The correspondence I + V(I) defines an inclusion reversing map from
the set of ideals of S to the set of affine varieties of K™. One may define as
well a correspondence between the subsets of K™ and the set of ideals of S
as follows:

K'>Z—1I(Z) CS,
where Z(Z) = {f € S : f(a) =0 for all a € Z}. One can easily check that
Z(Z) is an ideal of S and that Z; C Zy implies Z(Z1) D Z(Zs).

Example 3.17. Let a = (a1,...,a,) € K™ and Z = {a}. Then we have
Z(Z) = (x1 — a1, ...,Ty — ayp). Indeed, obviously, all the generators z; — a;
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vanish at a. Conversely, let f € Z(Z), that is, f(a) = 0. Then, we have
f=f—-f@)e(x—a,...,tn—an).

For a = (a1,...,a,) € K™ we denote by m, the ideal (z; —ay,...,x, —
an). My is a maximal ideal of S since we have a canonical K-algebra isomor-
phism S/m, = K induced by the surjective substitution morphism z; — a;
for1 <i<n.

The correspondence between ideals and affine varieties is given by the
strong version of the Hilbert’s Nullstellensatz which follows from the weak
version.

Theorem 3.18 (Strong Hilbert’s Nullstellensatz). Let I C S be an ideal.
Then Z(V(I)) = V1, that is, for any polynomial f € S, f € Z(V(I)) if and
only if there exists an integer m > 0 such that f™ € I.

Proof. Let m > 0 such that f™ € I. Then f™(a) = 0 for all a € V(I),
whence f(a) = 0 for all a € V(I). Therefore f € Z(V(I)). Conversely, let
f € Z(V(I)) and assume that I is generated by fi,..., fs. Then f(a) =0
for all the common roots a of fi,..., fs. Let us consider the ideal
I=(f1,....fs,1—yf) C S[yl.

We show that V(I) = (). Indeed, let (ay, ..., an,b) € K™,

If (a1,...,an) € V(I), then f(a1,...,an) = 0 since f € Z(V(I)), thus
(I—=yf)(ar,...,an,b) #0, that is, (a1,...,an,b) € V(I).

If (a1,...,an) ¢ V(I), then it is obvious that (ai,...,an,b) ¢ V().
Therefore V(I) = 0.

By the Weak Nullstellensatz, it follows that I = (1), thus there exist
some polynomials pi, ..., ps,q € S[y] such that

L=pifi+- - +psfs+al —yf)

Substituting y — % in the above equality we get the following identity:

%)fl"""'+ps(x17°"7xn7%)f5‘

Multiplying the above equality by a power large enough of f we obtain an

equality of the form
S
=gl
i=1

where g1,...,9s € S, thus f™ € I, that is, f € V1. O

1 :pl(xlu-' < Ln,

The following proposition shows that, over an algebraically closed field,
the maximal ideals of the polynomial ring .S are in one-to-one correspondence
with the points of the affine space K".
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Proposition 3.19. Any mazimal ideal of S is of the form
my = (r1 —ay,..., T — ap)

for some a = (ay,...,a,) € K™

Proof. Let m C S be a maximal ideal. As m # (1), by Theorem 3.16, we
have V(m) # (). Let a € V(m). Then m, = Z({a}) D Z(V(m)) = v/m D m.
Since m, and m are maximal ideals, it follows that m = m,. O

Remark 3.20. Let I C S be an ideal. Then it is clear that a € V() if and
only if m, D I, hence the points of the affine variety V(I) are in one-to-one
correspondence with the maximal ideals of S which contain I.

Definition 3.21. An ideal I in S is called a zero-dimensional ideal if
V(I) is a finite set.

In the sequel we characterize the zero-dimensional ideals of S in terms
of Grobner bases.

Theorem 3.22. Let I C S be an ideal. The following statements are equiv-
alent:

a finite set.

(e) If G is a Grébner basis with respect to some monomial order < on
S, then, for any 1 < i < n, there exists g € G with in(g) = "
for some v; > 0.

Proof. (a) and (b) are equivalent by Remark 3.20.
(c) and (d) are equivalent by Macaulay’s Theorem; see Theorem 2.6.

(e) = (d) is obvious since there are only finitely many monomials w =
a?lfl . '-:c,b{" € S such that b; < v; forall 1 <i <n.

For (d) = (e), let us fix 1 < i < n. As the set Mon(S) \ Mon(in. (1))
is finite, there exists some v; > 0 such that z;* is a minimal generator of
in(I), whence (e) follows.

Let us prove now the implication (a) = (e). If V(I) = 0, then I =
(1) by the Weak Hilbert’s Nullstellensatz, and (e) is obviously true. Let
V(I) # 0 and assume that V(I) = {a1,...,a;} for some t > 1, where a; =
(a1, ...,ain) € K™ for 1 <i <t. For each j with 1 < j < n we consider the
polynomial

9j(x5) = (zj — a1j) -+ (xj — ayy) € Klz).
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It is clear that gj(a) = 0 for alla € V([I), that is, g; € Z(V(I)). By using the
Strong Hilbert’s Nullstellensatz, it follows that g; € V1T for all j. Therefore,
for every 1 < j < n, there exists an integer m; > 1 such that g;nj € 1. This

implies, in turn, that xzmj € in.(I) for all j and for any monomial order <
on S. This proves (e).

To end the theorem’s proof, we show (c¢) = (b). If dimg(S/I) = 0,
then I = (1) and there is no maximal ideal of S which contains I. Let
dimg (S/I) = t > 1 and assume that there are infinitely many maximal
ideals which contain I. Then one may choose t + 1 such distinct maximal
ideals my, ..., m;. We then have I C my N ---Nmyy1. This implies that there
exists a canonical surjective K-morphism

t+1
0 S/T— S/myn--Nmyy = [J(S/my).
i=1
We obtain
t+1
t = dimg (S/1) > dimg ([ [(S/my)) =t + 1,
i=1
contradiction. O
Let I = (f1,...,fr) C S be a zero-dimensional ideal. One may reduce

the problem of solving the system of polynomial equations f; =0,..., f, =0
to solving n univariate equations. Unfortunately, there is no general algo-
rithm to find roots of polynomials in one variable. However, in some concrete
cases, by using, for instance, radical formulas, we are able to successfully
apply this reduction.

For example, let us consider the system defined by the polynomials
f1, f2, f3 € Clz,y, 2], f1 = 22+ y? +22—1, fo = 2?2 —y+22, f3 = 2—2, and let
I = (f1, f2, f3). Computing the Grébner basis G of I with respect to the pure
lexicographic order with z >y > 2z, we get G = {x — 2,y —22%,42* 4222 —1}.
We first solve the equation in z and get four solutions. Next we substitute
these solutions in the equation y — 222 = 0, in order to get the second
component, and, finally, from x — z = 0 we obtain the first component.

The previous example illustrates a general procedure to solve a polyno-
mial system by using lexicographic Grébner bases. Let fi =0,..., f, = 0be
an algebraic system with finite and nonempty solution set. One computes
the reduced Grobner basis G with respect to the pure lexicographic order.
Let G = {g1,...,9s}. By condition (e) in Theorem 3.22, we may assume
that for any 1 < i < n, inyex(g;) = ;" for some v; > 1. In particular, we
have s > n. Then g, € K[z,], gn—1 € Klzp_1,2pn],...,01 € Klz1,...,25].
Assuming that one may solve the univariate equation g,(x,) = 0, next we
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substitute each of these solutions in g(z,_1, z,) = 0 and get univariate equa-
tions in z,_1, and so on. Finally, one has to keep only those solutions which
vanish all the remaining polynomials g,11, ..., gs.

Remark 3.23. The proof of the implication (¢) = (b) in Theorem 3.22
provides an upper bound for the cardinality of V(I) if I is a zero-dimensional
ideal. Namely, we have

V()| < dimg(S/I) = dimg(S/ in< (1))

for any monomial order < on S, the equality being true by Macaulay’s
Theorem.

We give an example where the above upper bound for the cardinality of
V(I) is sharp and another one which shows that this upper bound may be
very large compared with the cardinality of V(I).

Let I = (2?2 + 9% + 22— 1,22 —y + 2%, — 2) C C[z,y, 2] be the ideal
which we have considered after the proof of Theorem 3.22. With respect
to the pure lexicographic order with x > y > z, I has the Grobner basis
G = {x — 2,y — 222 42* + 222 — 1}. By condition (e) in Theorem 3.22, it
follows that V(I) is a finite set. Moreover, inpex(I) = (z,y, 2*), whence
dimg (S/ inplex(I)) = 4. Note that V(I) has 4 elements, as well. Indeed,
the polynomial 42% 4 222 — 1 has 4 distinct complex roots and each of them
uniquely determines a point of V(I). Thus we have equality in the inequality
from Remark 3.23.

However, the upper bound provided by dimg(S/ in< (7)) may be very
large compared with the cardinality of V(I). Let us take, for instance, the
ideal I = (2® —y?2,y® — 2,2y + 9%+ 2%) C C[z,y, z]. The reduced Grébner
basis of I with respect to the pure lexicographic order is

G = {2 =Pz ay+?+ 22 02—y 8 + 922 + 23, 39227 + 624,

y23 4 221 ).
Thus inpex(I) = (23, 2y, vz, y3,y%22, y23, 2°) and we have
Mon(Clz,y, 2]) \ Mon(inyex (1)) = {1, 2,9, 2, 2%, v%, yz, 2%, y?z,y2%, 2%, 2*}.
Therefore dimg (S/ inplex(£)) = 12, while V(I) is a singleton, namely V(I) =
{0}.

3.4. Ideals of initial forms

Given a monomial order < on S, in. (/) is the monomial ideal generated
by the leading monomials of the polynomials of I with respect to the given
order. In case that the monomial order is graded, then the leading monomial
of any polynomial f is of maximal degree among all monomials of the support
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of f. However, for an ideal I C S, it is also interesting to study the so-called
ideal of initial forms of I.

Let f = fo+ fi+ -+ fa € S be a nonzero polynomial where f; is
the i-degree homogeneous component of f, and let j = min{i : f; # 0}.
fj is called the initial form of f and is denoted In(f). For example, if
f=zy+y?—y>+2%? € K[z, y|, then In(f) = xy + y>. We make the
convention that In(0) = 0.

Definition 3.24. Let I C S be an ideal. The ideal of initial forms of I
is In(I) = (In(f) : f € I).

The interest in studying ideals of initial forms comes from the fact that
they are strongly related to tangent cones of varieties. If V = V(I) C K"
is an affine algebraic variety which contains the origin, then the tangent
cone of V at ( is

Co(V) =V(In(f) : f €T(V).

When the field K is algebraically closed, the tangent cone Cy()) is deter-
mined by the equations of In(I). Indeed, to prove this claim one has to
show that V(In(f) : f € Z(V(I))) = V(In(I)), which, by Theorem 3.18, is
equivalent to showing that V(In(v/I)) = V(In(I)). Since I C /T, it follows
that In(I) C In(v/T), thus V(In(v/T)) C V(In(I)). For the other inclusion
it is enough to note that, by Problem 3.16, we have In(v/I) C /In(I). It
follows that V(In(v/T)) D V(y/In(I)) = V(In(1)).

In general, given an ideal I C S generated by fi,..., fs, it does not
follow that In(I) is generated by the initial forms of f1,..., fs. For example,
let I = (f1,f2) C K[x,y, 2] where fi = zy + 3> —y> and fo = 22 — % + 25.
Then g = 2y® — y* +y23 = (y — 2) f1 + yf2 € I, hence In(g) € In(I). But
In(g) = g and it is easily seen that g & (In(f1), In(f2)) = (zy +y?, 2% —y?).

How can we get a system of generators for In(1)? At least two methods
are known. We may either use local monomial orders which are basically
designed to allow calculations in localizations of polynomial rings, or use
Grobner basis for homogenizations of ideals. We are going to explain here
the later procedure. For the readers who are interested in studying local
monomial orders we refer to the book [GP02].

Let I C S be an ideal and I" C S[t] its homogenization with respect to
the new indeterminate ¢ over K. Let < be a monomial order on S[¢] which
has the property that among monomials of same degree, any monomial
which is divisible by t is greater than any monomial in S. For example, the
lexicographic order induced by t > z; > --- > x,, satisfies this condition.

Proposition 3.25. Let I C S be an ideal, I" C S[t], and G a Grébner
basis of I" with respect to < . Then In(I) = (In(g) : g € G), where g is the
dehomogenization of g.
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Proof. Let f € I. We assume that for all polynomials h € [ with the
property that in.(In(h)) < in<(In(f)), we have In(h) € (In(g),9 € G),
and show that In(f) € (In(g),g € G). Let f = fi + -+ + fa_1 + fq where
fi = In(f). Then f"* =t~ fi 4. -4t fys_ 1+ f4. We obviously have in_ (f") =
t4="in_(In(f)). Since G is Grébner basis of 1", there exists g € G such that
in(g)| in<(f"). On the other hand, we have in.(g) = t°in_(In(g)) for
some e > 0. Therefore, we get t© in. (In(g)) | t**in. (In(f)). As in-(In(g))
and in<(In(f)) are monomials in S, it follows that in<(In(g)) | in<(In(f)).
Then we may find ¢ € K, ¢ # 0, and a monomial x* € S such that the
leading term of In(f) is equal to cx* in(In(g)). If In(f) = ¢x® In(g), then
the proof is finished. Else, let h = f —cx®g. Then In(h) = In(f)—cx®In(g)
has the property that in-(In(h)) < in<(In(f)), thus, by induction, In(h) €
(In(g) : g € G). Therefore, In(f) € (In(g) : g € G). O

Note that the set {In(g) : g € G} is not necessarily a Grobner basis of
In(I) with respect to the induced order on S by < (see Problem 3.18).

Corollary 3.26. Let K be an algebraically closed field, I C S an ideal, and
G a Grébner basis of I" with respect to the order on S[t] considered in the
above proposition. Then Co(V(I)) =V(In(g): g € G).

Problems

Problem 3.1. Find the generators for I N K[z] and I N K[y], where I =
(23 + 2%y —ay — P oy —x—y+1,2° —y?) C K[z, y].

Problem 3.2. Let < be a monomial order on S. Show that < is an elimina-
tion order for 1, ...,z if and only if z; > x’]” forall1 <i<t,t+1<j<n,
and m > 0.

Problem 3.3. Show that on the ring K|z, y] there is exactly one elimination
order for z.

Problem 3.4. Let S = K[z1,...,2,), T = K[xiy1,...,2,], t > 1, let < be
a monomial order on S, I C S an ideal, and G a Grobner basis of I with
respect to < . We say that G has the property 7 if for any g € G, in(g) € T
implies g € T. Assume that G is a reduced Grobner basis of I. Show that G
has the property 7 if and only if in.(I)NT =in (I NT).

Problem 3.5. Let T"and S be as in the previous problem and < a monomial
order on S such that for any ideal I C S, one has in(I)NT = in (I NT).
Then < is an elimination order on S for z1,..., ;.

Problem 3.6. Let R be an arbitrary ring. An element a € R is called
nilpotent if there exists an integer m > 0 such that " = 0.

Letn > 1and I = (2"y" !yt 2"t € K[x, y, z]. Check whether
the class of f = zy + zz in R = K|x,y, z]/I is a nilpotent element in R.
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Problem 3.7. Let f = 23 + 23 + 23 — 3z12075 and I C Q[x1, 22, 23] be the
ideal generated by f and its partial derivatives. Check whether xixox3 is
Q[z1, x2, x3)/I-regular.

Problem 3.8. Check whether fi = x124 — x93, fo = x173 —:c% is a regular
sequence on the factor ring Clz1, ¥9, 23, 74]/ (w274 — 73).

Problem 3.9. Compute a reduced Grobner basis for the kernel of the K-
algebra homomorphism ¢ : K|x1,x9, 23] — K|[t] defined by x1 — t, 29 —
12, 23 — 3.

Problem 3.10. Find the kernel of the morphism Q[z1, 22, x3, z4] — Q[s, t]
defined by x1 > s*, 29 > s3t, 3 — st3, x4 — t1

Problem 3.11. Let I C R = K[z, 73], [ = (z1,72)%, and R(I) = R[It] C
K[z, x9,t] the Rees ring of I. Let ¢ : Rluy, ua, us] — R(I) be the presen-
tation of R(I) given by uj +— x%t, ug + z172t, and uz — x3t. Compute a
Grobner basis for the kernel of .

Problem 3.12. Let F = Z3[x]/(2® —x —1) = Z3(a) where a is the class of =

modulo (23 —x —1). Find the minimal polynomial of b = a® +a+1 € F over

Z3 by using a Grébner basis of the ideal (y—2% —z—1,23 —2—1) C Zs[z,y].

Problem 3.13. Let f € S be a polynomial of degree d > 0. Show that
fr=tdfz, o ),
Problem 3.14. Find a Grobner basis of I" for T = (129 — 1,:0% —x9) C
Kz, x9].
Problem 3.15. Let I, J be ideals in S. Show that:
1) (I+ ) =1"4 Jh
(i) (InJ)r=1"nJh
(iii) (IJ)" = 1hJ".
(iv) (I: Hh =1 Jh
(v) (VD" = VI,
(vi) If p is a prime ideal in S, then p” is a prime ideal in S[t].
Problem 3.16. Let I C S be an ideal. Show that In(v/T) C 1/In(I).

Problem 3.17. Let I C S be an ideal, I" C S[t] its homogenization, and
g € I". Show that g € I where g is the dehomogenization of g, that is, g is
obtained from g by substituting ¢ by 1.

Problem 3.18. Let [ = (vy +y? — 3,22 — y? + 23) C K|[z,9, 2].

(i) Compute a Grobner basis G of I" C K[t z,y,2] with respect to
lexicographic order induced by t >z > y > z.

(ii) Show that the set {g : g € G} is not a Grobner basis of In(/) with
respect to lexicographic order.
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Problem 3.19. Let ng = 1 + 22 + 3, N1 = x16 + xoe? + T3, N2 = x16? +
x9e + x3 € Clzy, x2, 23], where € € C is a primitive 3-root of unity.

(i) Compute the reduced Grobner basis of
J = (t1 —no,t2 — 1, t3 — n2) C Cla, 22, 23,11, 12, 3]
with respect to an elimination order for x1, xo, T3.
(ii) Let f € C[z1,z2,x3] be a polynomial. Show that f is invariant to
the cyclic permutation of variables if and only if
f= > cang’ni'ns,
a=(ao,a1,a2)
where a1 + 2as = 0mod 3 for every a such that ¢, # 0.
(iii) Express f = z3xy + z3w3 + a:%xl as a polynomial in 79, 11, 2.

Problem 3.20. Let I = (2% — y3) C C[z,y]. Find an infinite family of
maximal ideals which contain 1.

Problem 3.21. (i) Use Grobner bases to solve the system
2?4 2y% — 2 =0,
?+ay+y: -2 =0,
over complex numbers.
(ii) Write I = (22 +2y? — 2,22 + 2y + 4% —2) C Rz, y] as an intersection
of maximal ideals.

Problem 3.22. Find V(I) C C? for I = (zz—y,zy+22%,y—2) C C[z,y, 2].

Problem 3.23. Let I C S be a zero-dimensional ideal. Prove that the
following statements are equivalent:

(i) ()| = dimg (S/1);
(i) I = Naev(r) Ma;
(iii) I is a radical ideal.



Chapter 4

Grobner bases for
modules

It is not hard to extend the theory of Grobner bases to submodules of a
finitely generated free module over a polynomial ring. This more general
concept allows us to compute the syzygy modules of finitely generated mo-
dules.

4.1. Modules

Let R be an arbitrary commutative ring. An R-module M is an abelian
group together with a scalar multiplication Rx M — M, (a,m) — am, such
that the natural rules hold, namely: 1m = m, (ab)m = a(bm), (a + b)m =
am + bm and a(m + n) = am + an for all a,b € R and all m,n € M.

Observe that if R happens to be a field, then an R-module M is no-
thing else but an R-vector space. Other examples of modules are ideals. In
particular, R itself may be viewed as an R-module.

Let M be an R-module. An abelian subgroup N of M is called a sub-
module of M, if an € N for all a € R and n € N. A submodule of M is
itself a module with addition and multiplication induced by that of M. The
submodules of R are just its ideals.

Just as for ideals, one can perform several operations on submodules
(see the problems at the end of this chapter).

Let N C M be a submodule. We construct a new module, the so-
called factor module M/N of M modulo N. Its elements are the sets
m+ N ={m+n: n € N}. The element m + N € M/N is called the
residue class of m modulo N, and m is called a representative of

o1
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the residue class m + N. Observe that m; + N = mg + N if and only if
mi1—mo € N.

The module structure on M /N is defined by the following operations:
(m1+N)+(ma+N) = (m1+m2)+ N and a(m+ M) = am+ M. One easily
checks that the definition of the addition and scalar multiplication does not
depend on the representatives of the residue classes.

As an example, consider an ideal I C R and an R-module M. Then the
set of all finite sums ), a;m; with a; € I and m; € M is a submodule of
M, denoted IM. The factor module M/IM, which is an R-module, may as
well be considered as an R/I-module with scalar multiplication defined by
(a+I)(m+IM)=am+ IM.

Let G C M be any subset. The submodule N = (G) of M generated by G
consists of all linear combinations of elements in G, that is, of all finite sums
of the form )., a;m; with a; € R and m; € G. If G = ), then N = 0, by
definition. We say that G is a system of generators of M, if M = (G), and
that M is finitely generated, if M admits a finite system of generators.

A system of generators G of M is called a basis of M, if each element
of M can be uniquely expressed as a linear combination of elements in G.
In contrast to vector spaces, modules in general do not have a basis. For
example, consider the ideal I = (z,y) in the polynomial ring S = K|z, y],
and suppose that I has the basis G. Then the cardinality of G is at least 2,
because otherwise x = gf and y = hf for some f € I and g,h € K[x,y].
This would imply that f divides ged(z,y) = 1, contradicting the fact that
f € 1. Now let f1, fo be two elements of G. Then the element f = f1fs € I,
can be written in two ways as a linear combination of f; and fy, namely as
f = fifo with fi € Sand fo € Gor as f = fofy with fo € S and f; € G.

A module F' which admits a basis is called free. If F' has a basis of
cardinality n, then any other basis of F' has cardinality n as well, as we shall
see in the next lemma. We call the cardinality of a basis of F' the rank of
F', and denote it by rank F'.

Lemma 4.1. Let F' be a free module with a finite basis. Then all bases of
F' have the same cardinality.

Proof. We choose a maximal ideal m C R. Then the residue classes of
the elements of a basis of F' form a basis of the R/m-module F/mF; see
Problem 4.5. Since R/m is a field, the R/m-module F/mF is a vector space
over this field. Hence all its bases have the same cardinality, and so all bases
of I have the same cardinality. O

Let M and N be R-modules. A group homomorphism ¢: M — N
is called an R-module homomorphism, if ¢(am) = ap(m) for all a €
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R and m € M. The R-module homomorphism ¢: M — N is called a
monomorphism, if ¢ is injective, an epimorphism, if ¢ is surjective, and
an isomorphism, if ¢ is bijective. We write M = N, if there exists an
isomorphism ¢: M — N.

Let ¢: M — N be an R-module homomorphism. The subset

Ker(p) ={m e M: ¢(m) =0}

of M is called the kernel of ¢. It is a submodule of M. Similarly, the
image Im(y) of ¢ is a submodule of N. Observe that ¢: M — N is a
monomorphism if and only if Ker(yp) = {0}.

Theorem 4.2. Let ¢: M — N be an R-module homomorphism. Then
Im(yp) = M/ Ker(p).

Proof. The map ¢’': M/Ker(p) — Im(p), m + Ker(p) — @(m) is well
defined and an R-module homomorphism. Obviously it is an epimorphism.
Thus it remains to be shown that ¢’ is a monomorphism. Let m + Ker(yp) €
Ker(¢'). Then ¢(m) = 0, so that m € Ker(yp). This implies that m +
Ker(p) = 0+ Ker(y), as desired. O

Corollary 4.3. Let M be an R-module. Then there exists a free R-module
F and a submodule U C F such that M = F/U. The free R-module F can
be chosen to be finitely generated, if M is finitely generated.

Proof. Let G be a set of generators of M. Let F be the R-module of all
sequences of elements of R indexed by G, for which all but finitely many
elements of the sequence are equal to zero. Thus an element of F' is of the
form (ag)geg with ag = 0 for all but finitely many g. Addition and scalar
multiplication is defined componentwise. For each g € G, let e, = (ap)neg be
the sequence with a; = 0 for h # g, and a, = 1. Then the elements ¢, € F
form a basis of F', and hence F' is a free R-module. The map e: F — M

with
E(Z ageq) = Z ag9

9€g g9€g

is an epimorphism of R-modules. Let U = Ker(e). Then Theorem 4.2
implies that M = F'/U, as desired. O

4.2. Monomial orders and initial modules

Let S = K[x1,...,z,] be the polynomial ring in n indeterminates over a
field K. In the previous section we have seen that any finitely generated
S-module M has a presentation F'/U, where F' is a finitely generated free
module with a basis which has the same number of elements as the number
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of generators of M. The module U is called the relation module of M
(with respect to this presentation).

We fix a basis eq,...,e, of F'. Our goal is to define the initial module
of U. For this purpose we have to say what monomials in F' are. We say
that m € F is a monomial, if for some 7, the element m is of the form wue;,
where u is a monomial in S. A submodule U C F is called a monomial
module, if it is generated by monomials. The following characterization of
monomial modules is straightforward.

Proposition 4.4. Let U be a submodule of the free S-module F' = @§:1 Se;.
Then U is a monomial module if and only if for each j there exist monomial
ideals I such that U = Iie1 @ Izea @ -+ @ Ire,. In particular, U is finitely
generated.

Proof. Let U be a monomial module and let I; be the monomial ideal which
is generated by all monomials u for which ue; is a generator of U. Then
U = Iiey + Ises + -+ + I.e,. That this sum is direct follows immediately
from the fact that eq,...,e, is a basis of F. O

A monomial order of the monomials of F' is a total order < satisfying
the following two conditions:
(1) m < um for all monomials m € F and all monomials u # 1 in S;
(2) if mp < mg, then um; < umgy for all monomials mq, me € F and

all monomials v € S.

Given a monomial order < on S, there are two standard methods to
define monomial orders on F. For u,v € Mon(S) and 4,j € {1,2,...,7}, we
define

Position over coefficient: ue; > ve;, if i < j or i = j and u > v;
Coefficient over position: ue; > vej, if u > v or u = v and ¢ < j.

For example, if < is the lexicographic order on S and F = Se; @ Ses, then
Toey > xieo, if the position is given more importance than the coefficient,
and x1eg > xoeq in the opposite case.

We call the monomial order on F' which is the (reverse) lexicographic
order on the coefficients and gives priority to the position, the (reverse)
lexicographic order on F'.

In analogy to Proposition 2.2 we have

Proposition 4.5. Let < be a monomial order on F'. Then any descending
sequence mi > mo > -+ of monomials of F' stabilizes.
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Proof. Let U be the submodule of F' generated by the elements m;. Since
U is a monomial module, it follows from Proposition 4.4 that U is finitely
generated. Thus there exist integers iy < 42 < --- < 4 such that the
monomials m;, , ..., m;, generate U. We claim that m; = m;, for all ¢ > .
Indeed, let @ > dg. Then m; = um;, for some u € Mon(S) and some j.
Hence m;, > m; > m;, > m;,, which implies that m; = m,,. O

Given a monomial order on F, then for any element f € F, the initial
monomial, the leading coefficient and the leading term are defined in the
same way as it is done for polynomials.

For example, if f = (223 — z2w3)e; + 2e2, and < denotes the lexico-
graphic order on F, then in_(f) = z2ey, the leading coefficient is 2 and the
leading term is 2z3e;.

Let U C F be a submodule of F'. We let in.(U) be the submodule
of F' which is generated by the monomials in(f) for all f € U. The
monomial module in.(U) is called the initial module of U. Since in.(U)
is finitely generated, as we observed in Proposition 4.4, there exist elements
fis.+.y fm € U such that in(U) is generated by in<(f1),...,in<(fm). Any
such system of elements of U is called a Grobner basis of U with respect
to <.

Just as for ideals we have

Proposition 4.6. Any Griobner basis of U is a system of generators of U.

By using Proposition 4.5, the proof of the preceding proposition is ver-
batim the same as that of Theorem 2.8.

Corollary 4.7. Any submodule of a finitely generated free S-module is
finitely generated.

Remark 4.8. The statement in Corollary 4.7 is true for any Noetherian
ring, as can be easily seen by induction on the rank of the free module.
Indeed, let F' be a free R-module with basis eq,...,e,, and let U C F be
a submodule. Let 7: F' — G = Rey @ - - - @& Re,, be the epimorphism given
by m(e1) = 0 and 7(e;) = e; for ¢ = 2,...,n, and let ¢: U — G be the
composition of the inclusion map U C F' with m. Then Ker(p) = U N Re;
and Im(¢) = U/U N Rey. Since Re; = R, we may identify U N Re; with
an ideal of R. Hence, since we assume that R is Noetherian, it follows that
U N Rey is finitely generated. By the induction hypothesis, U/U N Re; is
finitely generated as well, since it is a submodule of the free R-module G
which has rank n — 1. Since a system of generators of U N Re; together with
the preimages in U of a system of generators of U/U N Re; generate U, the
assertion follows.
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4.3. The division algorithm and Buchberger’s criterion and
algorithm for modules

The division algorithm as well as Buchberger’s criterion and algorithm as we
know it for ideals have their complete analogue for modules. In this section
we formulate the corresponding facts for modules, stress the differences but
omit the proofs of the theorems because they are literally the same as in the
case of ideals.

Let F' be a free S-module with a fixed basis e, .. ., e,. Then each element
f € F has a unique presentation as a sum f = Y ¢,,m with ¢, € S and
m € Mon(F'), where Mon(F’) denotes the set of monomials of F' (with respect
to the basis ej,...,e,). In this sum, all but finitely many of the coefficients
are zero. We set supp(f) = {m € Mon(F): ¢, # 0}.

Theorem 4.9. Let f and g1, ..., gm be elements in I with g; # 0. Given a
monomial order < on F', there exist polynomials q1, ..., qmnm and an element
rn F with

f=agn+agp+ -+ dmgm+r
such that the following conditions are satisfied:
(i) no element of supp(r) is contained in the monomial module
(in<(gl)7 R in<(gm));
(ii) in<(f) > in<(qigi) for all .

An equation f = q191+q292+ - - + gmgm + 1 satisfying the conditions (i)
and (ii) is called a standard expression of f, and r is called a remainder

of f with respect to g1,...,gm. As in the case of polynomials we say that
f reduces to 0 with respect to g1, ..., gm, if f has a remainder zero with
respect to g1,...,9m-

The proof of the theorem is very constructive and provides an algorithm
to find a standard expression of f. We demonstrate this by an example.

Let S = K[:Cl,xg,ﬂjg], F = Se; @ Ses, f = (CC% + 1‘1562)61 — Tox3e2,
g1 = r1e1 — x2e2 and go = (x3 — 1)ea. We choose the lexicographic order on
I and want to compute a standard expression of f with respect to g1 and
go. To do this we proceed as in the case of polynomials:

f=ho = zig1+hi, hi=z12201 + (9C1$2 - x2x3)€2,
hi = mog1+ha, ho=(z129+ 23 — 213)e2,
hy = —x9g92+hs, hg= (x1$2 + x% - 902)62-

Thus we obtain the standard expression
f=(z1+x2)g1 — w290 + 7 with 7= (z129 + 235 — zo)eo.

Just as for ideals we have



4.3. The division algorithm and Buchberger’s algorithm for modules 57

Proposition 4.10. Let < be a monomial order on the free S-module F, U

a submodule of F', g1,...,9m a Grébner basis of U with respect to <, and
f € F. Then
(a) f has a unique remainder with respect to g1, ..., Gm.

(b) f €U if and only f reduces to 0 with respect to gi,...,Gm.

Next we want to generalize Buchberger’s criterion and Buchberger’s al-
gorithm to modules. For this it is necessary to understand what the S-
polynomials should be. Let F' be a free S-module and < a monomial order
on F. The idea is the same as for ideals: for f, g € F' we want to construct
an element which is obtained as a linear combination of f and g such that
their leading terms cancel. Say, in(f) = ue; and in.(g) = ve;. Obviously,
if ¢ # 7, there is no linear combination of f and g such that the leading
terms can cancel. Thus an analogue to S-polynomials can only be defined
if i = j. In that case we set

~ lem(u, v) lem(u, v)

(4.1) S(f.9) = f-=

cu dv ’

where c is the coefficient of in(f) in f and d is the coefficient of in-(g) in
g. We call S(f,g) the S-element of f and g.

With this definition the proof of the next theorem follows exactly the
arguments in the proof of Theorem 2.14.

Theorem 4.11. Let U C F be a submodule of F and G = {f1,..., fm} a
system of generators of U. Then G is a Grébner basis of U if and only if for
each pair (f;, fj) whose initial monomials involve the same basis element of
F, the element S(fi, f;) reduces to O with respect to fi,..., fm.

As a result of this theorem one obtains an algorithm that allows us to
compute the Grébner basis of a submodule U C F. One starts with a system
of generators G = {fi,..., fm} and computes the possible S(f;, f;). If all
S(fi, fj) reduce to 0 with respect to fi,..., fim, then G is a Grobner basis
of U. Otherwise there is a nonzero remainder, which we call f,,4+1. In that
case we replace G by G’ = {f1,..., fm+1} and proceed with G as we did for
G. After a finite number of steps we arrive at a Grobner basis of U.

We demonstrate the algorithm by an example. We let S = K[z, x2, z3],
F = Se; & Sey and U C F the submodule of F' generated by

fi=(za—z3)er+(z1+1l)er,  fo=(v2—1)es, f3=(z2—1)er+(z3—1)ea.

We want to compute a Grobner basis of U with respect to the term order
which gives priority to the coefficient before the position and orders the
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coefficients with respect to the pure lexicographic order. For this monomial
order we have
inc(f1) = mie2, inc(f2) =r2e2, inc(f3) = a2e1.

The only S-element to be considered in the first step is that of f; and fs.
We compute its standard expression

S(fi, f2) = xfi—xfo
= fi+ (—23+2)fo+ (w2 — 23)f3 + (23 — 223 + 1)e.
Thus a remainder of S(f1, f2) with respect to fi, fa, f3 is f1 = (23 — 225 +
1)e2, which we add to the Grébner basis of U.
In the next step we have to consider the standard expression of S(f1, f1)
and S(fo, f1) with respect to fi, fa, f3, f2. We have
S(fi.fy) = a3fi—a1fs
= (2e3 = Dfi+ (5 — 2w+ 1) fs + (~us +2)fa
4+ (—a23 + 322 — 3x3+ 1)ey
and
S(f2; fa) = 223 — 1) f2 — fa.
Thus S(f1, f1) has remainder f5 = (—z3 + 323 — 323 + 1)eq, while S(fa, f1)
has remainder zero.

Finally, one checks that all remainders of the S-elements for f1, fa, f3, f4,
and f5 are zero with respect to f1, fo, f3, f1, f5, so that by Theorem 4.11

fi = (w2 —w3)er + (w1 + 1)ea, fo= (v2—1)ez, f3 = (z2—1)e1+ (z3 — 1)ez,
fa= (:c% —2x3+ 1)ea, f5= (—xg + 3&03 —3x3+ 1)e;
is a Grobner basis of U.
A reduced Grébner basis of a submodule U of F' is defined exactly as it

is defined for ideals; see Definition 2.16. Just as in Theorem 2.17 one shows
that a reduced Grobner basis exists and is uniquely determined.

In the above example one obtains a reduced Groébner basis by replacing
fi by fi — f3 and f5 by —fs.

4.4. Syzygies

4.4.1. How to compute syzygy modules. Let R be any Noetherian
ring, and let M be a finitely generated R-module. By Corollary 4.3 and its
proof, there exists a finitely generated free R-module Fjy and an epimorphism
€: Fy — M. Let Uy be the kernel of €. According to Remark 4.8, U; is
finitely generated, and hence as before, there exists a finitely generated free
R-module F} and an epimorphism €;: F; — Uj. Let ¢1: F; — Fy be the
composition of €; with the inclusion map U; — Fy. Then Im(¢,) = Uy =
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Ker(e). Let Uy C Fy be the kernel of ¢ (which is equal to the kernel of ;).
Then, as before, there exists a finitely generated free R-module F5 and an
R-module homomorphism ¢s: Fy — F; such that Im(p2) = Uy = Ker(p1).
Proceeding in this way we can construct a sequence of finitely generated free
R-modules F; and maps

42 ... 2, p 2. 2SR —5 M 0,

such that e is an epimorphism, Ker(e) = Im(p;) and Ker(y;) = Im(p;y1)
for all 4.

More generally, a sequence of modules and module homomorphisms

Pit1 Mz‘ ©i Mi—l pim1l

is called exact, if Ker(yp;) = Im(p;4+1) for all . Thus our sequence (4.2) is
an exact sequence. Any such sequence where all F; are free R-modules is
called a free R-resolution of M, and for each i the module U; = Im(y;) is
called the ith syzygy module of M with respect to this resolution.

Observe that a free R-resolution of M is by no means unique. But
we shall see in the next section that for graded modules there is a unique,
up to isomorphism, “minimal” free R-resolution. For the moment we are
only interested in constructing in a computational way a free resolution of
a finitely generated module M over the polynomial ring S = Kz, ..., x,)
which is given in the form M = F/U, where F is a finitely generated free
S-module. We will see in this section that this can be done by using Grébner
bases.

Let F' be a finitely generated free S-module, U C F a submodule of

F and < a monomial order on F. Suppose further that fi,..., f, is a
Grobner basis of U. By Proposition 4.6 we know that fi,..., fi, is a system
of generators of U. We choose a free S-module G with basis g1, ..., gm, and

let €: G — U be the epimorphism defined by €(g;) = f; for i = 1,...,m.
The kernel of € will be denoted by Syz(fi,..., fm). Our task is to com-
pute Syz(fi,..., fm), which amounts to computing a system of generators
of Syz(fi,..., fm). The elements of Syz(f1,..., fm) are called relations of
U (with respect to the presentation G — U). Notice that > ", s;g; with
s; € S is a relation, if and only if ;" s;f; = 0.

Buchberger’s criterion (see Theorem 4.11) gives us a set of relations
for free. Indeed, for each pair f;, f; with ¢ < j, whose initial monomials
involve the same basis element of F', the element S(f;, fj) reduces to zero
with respect to fi,..., fm. In other words, for each such pair we have an
equation

(4.3) S(fi, i) = @ijifi + @ijofo+ -+ dijmfm,
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which is a standard expression for S(f;, f;). Recall from (4.1) that S(f;, f;) =
u;j fi — ujifj, where the terms u;; and u;; are chosen such that the leading
terms of u;; f; and wuj; f; are the same, so that they cancel in S(f;, f;).

Equation (4.3) gives rise to the following relation:
(44) 7y =wiig — wjig; — Gij191 — Gij292 = — GijmIm-
Now we have

Theorem 4.12. With the notation introduced, the relations r;; arising from
the S-elements of the Gréobner basis fi, ..., fm of U generate Syz(fi,..., fm)-

Proof. We let V' C Syz(fi,..., fm) be the submodule of Syz(fi,..., fm)
which is generated by the relations 7;;. We assign to each element r =
> i1 hjg; in G the monomial u, = max{in<(h;f;): j=1,...,m}. Assume
now that r is a relation. We want to show that » € V. We have that
u, = wye; for some ¢ and w, € Mon(S). Without loss of generality, we
may assume that u, = inc(h;f;) for j = 1,...,¢, that inc(h;f;) < u, for
j =t+1,...,m, and that the coefficient of in.(f;) is 1 for all j. Then
for j = 1,...,t, in(fj) = uje; for certain u; € Mon(S). For each j, let
inc(h;) = a;vj, where a; € K and v; € Mon(S). Then

t
(4.5) wy, =vju; for j=1,...,t, and Zajvjuj =0.
j=1
Therefore viu; = vju; for j = 2,...,¢, so that there exist monomials w; in
S such that v; = wj(lem(uq, uj)/u;) for j =2,...,t.

Assume for the moment that we know already that w,, < wu, for the
relation 7’ = r + Z;:Q ajwjryj. By induction we may then assume that
r’ € V, which then implies that r € V, since Z§:2 ajw;ry; € V. Thus it
remains to be shown that indeed u,» < u,.

In fact, let > )" | qjrfi be the standard expression of S(fi, f;) and set
Pj = > 1 Qjkgk, then by (4.5) we get

, ! ! lem(ug, u ) lem(ug,uj) -
o= Y g+ awi(—— g - —— =g =)+ | g
j=1 j=2 ! J j=t+1

t t
lem(wuy, u; lem(uq, u;
= (+ Z aj%‘#)gl + Z(hj - ajwji(w ]))93’
= 1 i J
t m
— D awipi+ Y hyg

j=2 Jj=t+1
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t
= (h1—aiv1)g1 + Z(h]‘ — a;jvj)g Zajwjp] + Z h;g;

=2 j=t+1

t
— Z (hj —in<(h Za]w]p]+ Z hjg;.

j=1 j=t+1
It follows that u,» < w,., since for each summand of the form hg; in v’ we have
inc(hgj) < w,. This is obvious for the summands in Z§:1(hj —inc(hj))g;
and the summands in 37", hjg;. The summands of 22:2 a;w;jpj are

ajw;qikgr. Since Y ;" qijfr is the standard expression of S(f1, f;), it fol-
lows that

inc(ajw;S(f1, f;))

max{indwm%m inc (aju; <) £))

max{in_ Z ajw ]lcm(gll’uj f1), in<(ajijfj)}

(
= max{in<(h1) inc(f1),in<(hj) in<(f;)}
= max{in<(h1f1),in<(h;f;)} = ur.

This completes the proof of the theorem. O

inc(ajw;qjk fr)

IN AN

Corollary 4.13. Let U C F be a monomial submodule generated by the
monomials f1,..., fm. Then Syz(fi,..., fm) is generated by the relations
Tij = Uijgi — wji9j for all © < j for which f; and f; involve the same basis
element. If f; = wiep and f; = ujex, then u;; = lem(u;, uj)/u; and wj; =
lem(ui, uj)/u;.

Proof. Since the f; are monomials, they form a Grébner basis of U for any
monomial order on F', and all S-elements reduce to zero. Thus the assertion
follows from Theorem 4.12. O

Theorem 4.12 tells us how to compute a free S-resolution of the module
M = F/U. In a first step we determine a Grébner basis f1,..., fm, of U by
applying Buchberger’s algorithm as described at the end of Section 4.3. In
the course of applying this algorithm, the standard expressions for the S-
elements S(f;, f;) are computed. As a byproduct we obtain a generating set
of relations for the elements f1, ..., f,,, which are of the form r;;, as described
n (4.4). By Theorem 4.12, these relations generate the first syzygy module
Syz(fi,..., fm) of U. To obtain the next syzygy module, we apply the same
procedure to Syz(fi,..., fm). In this way, we obtain step by step a free
S-resolution of M. As soon as a syzygy module turns out to be a free
S-module, which can be tested by using Problem 4.11, we may end the
construction of the free resolution at this step.
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We demonstrate this procedure by the example given in Section 4.3:
we let S = K(x1,x9, 23], F' = Se; @ Sea and U C F the submodule of F’
generated by

fi=(z2—z3)er+(v1+1)e2, fo=(ra—1)e2, f3=(ra—1)e1+(r3—1)ea.
There we have shown that f1, fo, f3 together with f4 = (23 — 223+ 1)es and
f5 = (=23 4+ 32% — 3w3 + 1)ey is a Grobner basis of U with respect to the

monomial order which gives priority to the coefficient before the position
and orders the coefficients with respect to the pure lexicographic order.

The S-elements of the f; which involve the same basis elements have the
following standard expressions:

S(fi, f2) = fi+(—x3+2)fo+ (x2 —x3)f3+ fa,

S(fi,f1) = (o3 —1)fi+ (23— 223+ 1)f3+ (23 +2)fa + 5,
S(f27f4) = (2$3_1)f2_f4a
S(fs, f5) = (323 —3w3+1)f3+ (23 —2x3 + 1) fs + f.

From the standard expression of S(fi, fo) we obtain the equation
0 = xofi —w1fo— (fi+ (=23 +2)f2+ (22 — 23)f3 + f1)
= (v2—1fi +(—21 + 23 = 2)fo + (22 + 23) f3 — fa,
which yields the relation
r12 = (z2 — 1)g1 + (=21 + 23 — 2)g2 + (—22 + 23)g3 — 4.

Similarly, we obtain the relations

T4 = (x§—2x3—|—1)gl+(—$§+2$3—1)gg+(—x1+:p3—2)g4—g5,
ro4 = (m% —2x3+ 1)go+ (—x2 + 1)g4,
r3s = (—a8+ 323 — w3+ 1)gs + (23 — 23 + 1)ga + (—22 + 1)gs.

According to Theorem 4.12 these relations generate V' = Syz(f1, fo, ..., f5).
Applying the assertion of Problem 4.11 to this example, we see that V is
not a free module. Hence one would have to compute at least the next
syzygy module to obtain a free resolution. But will one of the higher syzygy
modules eventually be a free module, so that the resolution ends? This
question will be discussed in Subsection 4.4.3
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4.4.2. Systems of linear equations over the polynomial ring. Con-
sider the system of linear equations

(4.6) anyr +ay2 + - +asys = br
aziyr +agy2 + -+ azsys = be
ary1 + ar2ys + -+ arsys = by,
where the a;; and by, are elements of the polynomial ring S = K[z1,...,xy].

An element (h1,...,hs) € S* is called a solution of (4.6) if >°%_; a;;h; = b;
for i = 1,...,7. We denote by L the set of all solutions of (4.6). If we
replace in (4.6) all b; by 0, then we obtain the homogeneous system of
linear equations associated to (4.6). Its set of solutions will be denoted by
Lo.

We will now show how £ can be computed. From a theoretical point of

view this is easy. Let G be the free module S* with canonical basis g1, . .., gs,
and F' the free module S™ with the canonical basis f1,..., f.
1. Ezistence of a solution. Set aj = Y i ja;jf; for j = 1,...,s and b =

i 1bifi, and let U C F be the submodule generated by the elements
ai,...,as. Then £ # () if and only if b € U.

Indeed, if (hi,...,hs) € L, then

s

b = Zbifi:Z(Zaijhj)fi
i—1

i=1 j=1
= > 0O aiyfi) =Y hja;.
j=1 =1 j=1

Reading these equalities backwards we see that if b = ijl hja;, then
(h1,...,hs) € L.

2. Description of L. Let e: G — U be the epimorphism with €(g;) = a;
for j =1,...,s. Then V = Syz(ai,...,as) is the kernel of e. Thus h1g1 +
haga + - -+ + hsgs € V, if and only if ijl hja; = 0. This is equivalent to
saying that ijl aj;jh; =0 for i =1,...,r. In other words, the syzygies of
ai,-..,as correspond to the elements of L.

Now, if £ # () and (hq,...,hs) € L is a particular solution, then

L=(h,....hs) + Lo={(ha + hy,....hg + h}): Y Mg €V}
j=1
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It follows from this discussion that in order to describe the elements of
L explicitly we have to proceed as follows:

(i) Decide whether b € U. If yes, then £ # (;

(ii) If b € U, then express b as a linear combination of the generators
ai,...,as. The coefficients of this linear combination give us a
particular solution;

(iii) Compute a system of generators of V' = Syz(ay,...,as). Then any
element in £ can be expressed as a sum of the particular solution
and a linear combination of the generators of V.

For Step (iii) we have to find an algorithm to compute Syz(ai,...,as)
for the given set of generators ay,...,as of U C F' (which is not necessarily
a Grobner basis of U, as is assumed in Theorem 4.12). The following two
lemmata tell us how we can do this.

Lemma 4.14. Let W be the submodule of F & G generated by the elements
aj +gj forj=1,...,s5. Then

Syz(ay,...,as) = WNQG.

Proof. Let w € W; then w = }77_, hj(a; + g;) for suitable h; € S. It
follows that w € W N G if and only if Z§:1 hja; = 0, which is the case if
and only if w € Syz(aq,...,as). O

The intersection W NG can be easily computed by using Grobner bases.

Lemma 4.15. Let H be a free S-module with basis e1,...,e, and W a
submodule of H. Let 1 < m < n be an integer and G be the free submodule
of H with basis e, ..., en, and let < be the lexicographic order on H with
e1 > ey > -+ > e,. Furthermore, let G = w1, ..., w, be a Grébner basis
of W with respect to <. We may assume that in<(w;) € G if and only if
ie{l,...,s}. Then wi,...,ws is a Grébner basis of W NG.

Proof. Let w € WNG. Then w = Y ", cie; with ¢; € S, ¢ # 0 and
k > m. Since G is Grobner basis of W, we have in.(w) = winc(w;)
for some j and some monomial u. Since in.(w) = in(cg)ey it follows that
inc(w;) = in<(dy)ex for some nonzero polynomial dj, € S. The definition of
the lexicographic order implies that w; = )" , d;e; with certain polynomials
d; € S. In particular, w; € G and j < s. This proves the assertion. O

Now we are ready to describe the algorithm to compute the set of solu-
tions L of the system (4.6) of linear equations.

For Step (iii) we proceed as described in Lemma 4.14 and Lemma 4.15.
For the Steps (i) and (ii) we apply again Lemma 4.14 and Lemma 4.15 to first
compute Syz(ay,...,as,b). In other words, we compute the Grobner basis
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G of W' C F@®G’', where G’ is the free S-module with basis g1, g2, ..., gs+1
and where W is generated by the elements a; 4+ g; for j = 1,...,s and the
element b+ gs11. Let wy, ..., w; be those elements of G’ with in.(w;) € G'.
Then these elements form a Grébner basis of Syz(a1, . . ., as,b). Hence if w; =
S 5L hijgy, then By opqb = — 3% hija;. Tt follows that b € (a1, ..., a,) if
and only if one of the h; ¢41 is a nonzero constant polynomial. If this is
the case and, say, h; s4+1 = ¢ with ¢ € K \ {0}, then we get the following
presentation of b as the linear combination of the a;, namely

b = —c_lhﬂal — C_lhigag — s — c_lhisas.

The following example demonstrates this algorithm. We want to find
the set of solutions L of the system of linear equations
T1YL + Toys + T3ys = —ai + x5+ 73
(xo + x3)y1 + (x1 + x3)y2 + (21 + x2)ys = 2x913
with coefficients in S = K|z, z2, x3].

Let a; = x161+($2+x3)62, as = x2€1+($1+x3)€2, as = $3€1+(x1+$2)62
and b = (—2? + 2% + 23)e1 + 27r923e2. For the Steps (i) and (ii) we have to
compute (with respect to the lexicographic order) the Grobner basis of the
submodule W' C @?:1 Se; generated by

a1+ e3, a0 + eq,a3 + e5,b + eg.
The calculation shows that the Grobner basis of W’ consists of the above
generators and the additional elements
(22 — 23 — 2123 + Tox3)eq + (23 4 T129 — T3 + x%)eg) + (9 — x3)eq,
(xg — x3)e3 + (—x1 + x3)eq + (1 — z2)es,
T1e3 — Taeq — X365 + C6,
(122 + azg — X123 — x%)eg — x3€4 + xo€5,
(:L'% — l’% + x123 — :Egl’g)eg — I3e3 + Tr3eq + (331 — $2)65.
The element x1e3—z9e4—x3e5+¢¢ tells us that the linear system of equations
is solvable and that (—z1, 2, x3) is a particular solution.

For Step (iii) it is required to compute the Grébner basis of the submod-

ule W C @?:1 Se; generated by
a1 +e3,az +eq,a3 + es.
The Grobner basis consists of these generators and the additional elements
(xy — x3)es + (—x1 + x3)eq + (z1 — z2)es,
(122 + azg — X123 — x%)eg — x3€4 + To€5,

(m% — :c% + x173 — Towy)ey — xzes + x3eq + (1 — x2)es.
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From this we see that Syz(ai, az,as) is generated by
(w2 — x3)es + (—x1 + x3)es + (x1 — x2)es.

Thus we obtain as the final result that the set of solutions of our linear
system of equations is given by

L={(—x1,x9,23) + f - (xa — 23, —x1 + X3, 21 —22): f € S}

4.4.3. Schreyer’s theorem. Our next goal is to show that each finitely
generated S-module has a free resolution of length at most n, where n is
the number of variables of the polynomial ring S. This is the celebrated
syzygy theorem of Hilbert. We prove this theorem by using Grébner
bases following the arguments given by Schreyer [Sc80], who found this new
proof of Hilbert’s syzygy theorem. The essential idea is to choose suitable
monomial orders in the computation of the syzygies.

Let F' be a free S-module with basis e, ..., e, and < a monomial order
on F. Let U C F be generated by f1,..., fm, G a free S-module with basis
91,5 9m, and €: G — U the epimorphism with €(g;) = f; for j =1,...,m.
We define a monomial order on (G, again denoted <, as follows. Let ug; and
vg; be monomials in G. Then we set

ug; <vg; <= inc(uf;) < inc(vf;), or inc(uf;) = inc(vf;) and j < i.

Let us verify that < is a monomial order on G. In order to see that < is a
total order on the monomials of G, we have to show that either ug; < vg;
or ug; = vgj.

Assume that we have ug; £ vg;. Then inc(uf;) £ inc(vf;), and either
inc(uf;) # inc(vf;) or j > 4. In the first case in(uf;) > in.(vf;), since
< is a total order on F'. It follows in this case that ug; > vg;. In the second
case inc(uf;) = in<(vf;) and j > i. In this case ug; > vg;, by the definition
of < on G.

Next we check conditions (1) and (2) for monomial orders as defined
before:

(1) Let w € Mon(S), w # 1. Then inc(uf;) < winc(uf;) = inc(wuf;),
therefore ug; < wug;.

(2) Let ug; < vg; and w € Mon(S). If inc(uf;) < inc(vf;), then
inc(wuf;) = winc(uf;) < winc(vf;) = inc(wovf;), and so wug; < wvg;.
On the other hand, if in(uf;) = inc(vf;), then j < ¢ and in.(wuf;) =
inc(wvf;). So again, wug; < wvg.

We call this monomial order defined on G the monomial order induced
by fi,..., fm (and the monomial order < on F).

The crucial result [Sc80] is now the following:
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Theorem 4.16 (Schreyer). Let F' be a free S-module with basis e1, ..., ey,
and < a monomial order on F. LetU C F be a submodule of F with Grobner
basis G = {f1,..., fm}. Then the relations r;j arising from the S-elements
of the f; as described in (4.4) form a Grobner basis of Syz(fi,..., fm) C G
with respect to the monomial order induced by fi,..., fm. Moreover, one
has

inc(ri5) = wijgi,

where ui; is defined as in (4.4).

Proof. Without loss of generality, we may assume that all the leading co-
efficients of the f; are 1. Recall that r;; = w;;9; — wji9; — ¢ij,191 — ¢ij292 —
“+ o —Qijm9m Where g;j1f1 +qij2fo+ -+ qijmfm is the standard expression
fOI‘ S(fl, f])

Since in<(ui; fi) = in<(uj;f;) and since @ < j it follows that in.(u;;g; —
uji9;) = uijgi- On the other hand, for all k¥ we have the inequalities
inc(gijrfr) < inc S(fi, fj) < inc(ugj fi), so that inc(gijrgr) < uijgi. Thus
it follows that in.(r;;) = u;;gi, as desired.

Next we show that the relations r;; form a Grobner basis of V =
Syz(fi,..., fm). To this end, let r = E;nzl rjg; € V be an arbitrary re-
lation. We have to show that there exists a relation r;; such that in.(r) is
a multiple of in_(r;;).

Let inc(rjg;) = v;jg; for j = 1,...,m, and let ¢; be the coefficient of
in(r;g;) in rjg;. Then inc(r) = v;g; for some i. Now let ' = 3. c;v;g;,
where the sum is taken over the set S of those j for which v;in (f;) =
v; inc(f;). Since we assume that in.(r) = v;g;, it follows that j > i for
all j € S. Substituting each g; in r’ by in<(f;), the sum becomes zero.
Therefore ' is a relation of the elements in(f;) with j € S. Hence by
Corollary 4.13 the element 7’ is a linear combination of elements of the form
Upigr — wpg; with k,1 € S and k < [. Since 7 > ¢ for all 7 € S with
J # 1, it follows at once that in(r’) is a multiple of u;;g; for some j. Since
inc(r) = in<(r’) and inc(ri;) = ui;gi, the assertion follows. O

The monomial order induced by f1,..., f; allows some flexibility, since
we are free to relabel the elements of the Grobner basis as we want. Doing
this in a clever way we obtain

Corollary 4.17. With the notation introduced in Theorem 4.16, let the f;
be indexed in such way that whenever in(f;) and in(f;) for some i < j
involve the same basis element, say in(f;) = ue, and in.(f;) = vey, then
u > v with respect to the pure lexicographic order induced by xr1 > x9 >

- > xpn. Then it follows that if for some t < n the variables x1, ...,z do
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not appear in the initial monomial of the f;, then the variables x1, ..., 2411
do not appear in the initial monomial of the r;;.

Proof. By Theorem 4.16 we have in.(r;;) = (lem(w,v)/u)g;. Since u > v,

and since u and v are monomials in the variables x411, ..., z,, it follows that
the exponent of z;41 in w is bigger than that of v. Thus lem(u,v)/u is a
monomial in the variables x;y9, ..., x,, as desired. ([l

As a consequence of Corollary 4.17 we finally obtain

Theorem 4.18 (Hilbert’s syzygy theorem). Let M be a finitely generated
S-module over the polynomial ring S = Klx1,...,z,]. Then M admits a
free S-resolution

O0—=F, —F_ 11— - —FN—F—M-=0

of length p < n.

Proof. Let U C F be a submodule of the free S-module F with basis

€1,...,er. Let < be a monomial order on F', and fi,..., f;,n a Grobner
basis of U. Finally, let ¢ < n be the largest integer such that the variables
x1,...,2; do not appear in any of the initial forms of the f;. We prove by

induction on n—t, that U has a free S-resolution of length < max{0,n—t—1}

Ift >n—1, then in (U) = @;:1

monomial ideal J; C K[xy] such that I; = J;S. Since all monomial ideals
in K[x,] are principal, it follows from Problem 4.11 that U is free.

Ije;, where for each j, there exists a

If t < n, we may assume that the Grobner basis f1,..., f;, is labeled as
described in Corollary 4.17. Then Theorem 4.16 together with Corollary 4.17
imply that Syz(f1,..., fm) has a Grobner basis with the property that the
variables 1, ..., z;+1 do not appear in any of the leading monomials of the
elements of the Grobner basis. Thus, by induction, Syz(fi,..., f,) has a
free S-resolution of length < n — ¢ — 2. Composing this resolution with the
exact sequence 0 — Syz(fi,..., fm) = G — U — 0, we obtain for U a free
S-resolution of length < n —t — 1, as desired.

Now let M be an arbitrary finitely generated S-module. Then M =
F/U, where F is a finitely generated free S-module. We may assume that
n > 0. Then by the preceding arguments U has a free S-resolution of length
<n — 1. This implies that M has a free S-resolution of length < n. O

4.4.4. Graded rings and modules. In Chapter 1 we have seen that the
polynomial ring S = K{z1, ..., z,] has a decomposition S = @,~, S; where
for each 4, S; is the K-vector space of homogeneous polynomials of degree
i. Observe that S;S; C S;4; for all 7 and j. Motivated by this example we
introduce the following concept.
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Definition 4.19. Let K be a field. A ring R is called a graded K -algebra,
if
(i) R = @;>q Ri, where each R; is a K-vector space;
(11) Ro = K,'
(iii) RZRJ C Ri+j foralli,j.
The graded K -algebra is called standard graded, if R = K[R;] and
dimp Ry < 00.

Let R and R’ be graded K-algebras. A K-algebra homomorphism
¢: R — R'is called a homomorphism of graded K-algebras if ¢(R;) C
R/, for all i.

Let I C S be a graded ideal. Then R = S/I is standard graded with
R; = S;/(INS;) = S;/1I; for all i. Up to isomorphisms of graded K-algebras
these are the only standard graded K-algebras as the following result shows.

Proposition 4.20. Let R be a graded K-algebra with dimyg Ry = n. Then
the following conditions are equivalent:

(a) R is standard graded.

(b) There exists a graded ideal I C S = K|z1,...,2y| and an isomor-
phism of graded K -algebras R = S/I.

Proof. (a) = (b): Let r1,...,r, be a K-basis of Ry, and define the K-
algebra homomorphism ¢: S — R by ¢(z;) = r; for i = 1,...,n. Observe
that ¢(S;) = R;, since R is standard graded. Let I C S be the kernel of ¢.
Since ¢ is surjective, ¢ induces a K-algebra isomorphism S/I = R.

Let f € I, f =), fi, where the f; are the homogeneous components
of f. Then 0 = >, p(f;) with ¢(f;) € R;. Since R = ;- R; it follows
that ¢(f;) = 0 for all i. In other words, f; € I for all i, and hence by
Proposition 1.2, I is a graded ideal. Since ¢ induces for all ¢ an isomorphism
Si/1; = R; of K-vector spaces, it follows that the isomorphism S/I = R is
an isomorphism of graded K-algebras.

The implication (b) = (a) is obvious. O

Let R be a graded K-algebra. An R-module M is called a graded
R-module if M = @,., M; and R;M; C M;;;. Since the homogeneous
components of the elements of a system of generators of M is again a system
of generators of M, we see that a finitely generated graded R-module can be
generated by a finite system of homogeneous elements. Let a be the least
degree of a generator in such a system, then M; = 0 for all i < a. We call
« the initial degree of M.
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Given a graded R-module M and j € Z, then M (j) is defined to be the
graded R-module whose graded components are M(j); = M;; for all 4.

A submodule U of the graded R-module M is called a graded sub-
module of M, if U is a graded R-module with U; = U N M; for all i. If
U C M is a graded submodule of M, then M/U is a graded R-module with
graded components M;/U; for all i.

An R-module homomorphism is called homogeneous if ¢(M;) C N;
for all j. For example, for f € R; the map M(—i) — M with z — fx
is a homogeneous R-module homomorphism. The kernel of a homogeneous
R-module homomorphism ¢: M — N is a graded submodule of M.

We denote by m = (z1,. .., z,) the graded maximal ideal of the polyno-
mial ring S = K[x1,...,zy]. In the next section we shall need the following
graded version of Nakayama’s lemma.

Lemma 4.21. Let M be a finitely generated graded S-module, and mq, ...,
m, homogeneous elements of M whose residue classes modulo mM form a
K-basis of M/mM. Then the elements mq, ..., m, generate M.

Proof. Let U be the graded submodule of M generated by m1,...,m,. We
want to show that U = M. Our hypothesis implies that M = U +mM. Let
m € M be a homogeneous element. We will show that m € U. To prove
this we proceed by induction on the degree of m. We write m = u + fn
with homogeneous elements ©v € U, f € m and n € M, and such that
degm = degu = deg fn. If the degree of m coincides with the initial degree
a of M, then m = u. If degu > «, then either n = 0 and m = wu, or
degn < degm. In the second case we may assume by induction that n € U,
so that m € U, as well. (I

Corollary 4.22. Let M be a finitely generated graded S-module. Then all
homogeneous minimal systems of generators of M have the same cardinality,
namely dimg M/mM.

4.4.5. Graded free resolutions. Now let M be a finitely generated graded
R-module, generated by the homogeneous elements x1, ..., z, with degz; =
a; for all i, and let F = @_, Re; be the graded free R-module with
dege; = degz; = q; for all i. Then F = @;_, R(—a;), and the R-module
homomorphism ¢: F' — M with ¢(e;) = z; for all ¢ is homogeneous. Thus
U = Ker(yp) is a graded submodule of F. In the case that R is Noetherian,
the module U is finitely generated, and hence as before there exists a graded
free R-module G and a surjective homogeneous R-module homomorphism
G — U. Composing this map with the inclusion map U C F' we obtain the
exact sequence G — F' — M — 0 of graded R-modules. Proceeding in this
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way we obtain a graded free resolution, that is, a resolution of M

47 ... 2.5 2.0 2R S5 M 0,

where each Fj is a finitely generated graded free R-module and each ¢; as
well as e are homogeneous R-module homomorphisms.

In the following we restrict our attention to the case that R = § =
Klzy,...,z,]. Let F be a finitely generated free graded S-module. We fix
a homogeneous basis eq, ..., e, and a monomial order < on F.

Proposition 4.23. Let U C F be a graded submodule of M. Then the
reduced Gréobner basis of U consists of homogeneous elements.

Proof. We apply Buchberger’s algorithm to obtain a Grébner basis of U.
Starting with a homogeneous system of generators of U, one simply has to
observe that the S-elements and remainders of homogeneous elements are
again homogeneous. Thus the Grobner basis G constructed in this way is
homogeneous. The reduced Grébner basis of U is essentially obtained from G
by skipping superfluous elements and taking suitable remainders. Therefore
the reduced Grébner basis of U is also homogeneous. O

Corollary 4.24. Let M be a finitely generated graded S-module. Then M
admits a graded free resolution of length < n.

Proof. It follows from Proposition 4.23 that the free resolution constructed
in the proof of Theorem 4.18, which is based on Schreyer’s theorem, yields
a graded free resolution. O

The graded free resolution (4.7) is called minimal, if ¢(F;) C mF;_; for
all i, where m = (z1,...,z,) is the graded maximal ideal of S. This naming
is justified by the fact, shown below, that the rank of the free modules in a
graded minimal free resolution of a module is minimal compared with any
other graded free resolution of the same module.

Theorem 4.25. Let M be a finitely generated graded S-module. Then:

(a) M admits a minimal graded free resolution.

(b) Any two graded minimal free resolutions of M are isomorphic.

Proof. (a) We choose a minimal set of homogeneous generators myq,...,m,
of M, and let Fy be the graded free S-module Fy = @@;_, Se; with dege; =
degm; for ¢ = 1,...,r. Let e: Fy — M be the epimorphism of graded S-
modules defined by e(e;) = m; for all 4. It follows from Lemma 4.21 that
Ker(e) C mFy. The same argument shows that if we choose in each step of
the construction of the resolution a minimal free presentation of the syzygies
(that is, the homogeneous basis of the free modules maps onto a minimal
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system of generators of the syzygy module), then we obtain a minimal graded
free resolution.

(b) We first claim: (%) if ¢: N — N’ is an isomorphism of graded S-
modules and €: F© — N a minimal free presentation of N, ¢: F/ — N’ a
minimal free presentation of N’, then there exists an isomorphism of graded
S-modules 1: F — F’ such that € o9y = poe In fact, let e,..., e,
be a homogeneous basis of F. Choose homogeneous elements fi,..., f. €
F’ with €(f;) = ¢(e(e;)) for i = 1,...,r, and let ¢»: F — F’ be the
homomorphism of graded S-modules with i (e;) = f; for i = 1,...,r. Since
Kere C mF and Kere € mF”, it follows that the induced homomorphisms
€ F/mF — N/mN and €: F'/mF’ — N’/mN’ are isomorphisms. This
implies that the map +: F/mF — F'/mF’ is an isomorphism as well,
because 1) = (¢/)7! o @ o & Finally, since F' and F’ are free S-modules, it
follows that ¢ is an isomorphism.

Now let

B -2y -2 By —S M 0

and

/ / / ,

¥3 ;P2 y %1 /
F: F F,
2 1 0

be two minimal graded free resolutions of M.

M 0,

We want to show that there exist homogeneous isomorphisms ¢;: F; —
F! such that € o1y = € and ¢} o1h; = 1);_1 0 p; for all i > 0. The existence of
1o is guaranteed by (*). Suppose we have already constructed o, . .., 1;_1.
Then it follows that Im(¢;) = Im(p}), and we can again apply (x). O

Let F be a graded minimal free resolution of M with F; = €; S(—j )Bia (M),
The preceding theorem tells us that the numbers f3;;(M) are uniquely deter-
mined by M. They are called the graded Betti numbers of M. We will
see in the next subsection that they determine several important numerical
invariants of M.

Theorem 4.26. Let M be a finitely generated graded S-module, and F a
graded free resolution of M with F; = @j S(—j4) for alli. Then

Bij (M) < by
for all i and j.

Proof. Assume F is a graded minimal free resolution of M. Then The-
orem 4.25 implies that g;;(M) = b;; for all ¢ and j. Suppose now that
F is not minimal. Then there exists ¢ > 0 such that ¢;(F;) ¢ mF;_;.
Therefore there exists a homogeneous element e € F; \ mF; such that
[ = wile) € F;_1 \ mF;_;. Let G be the subcomplex of F with G; = 0
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if j £4,i—1, G; = Se and G;—1 = Sf. Then G is exact, and so it fol-
lows from the long exact homology sequence arising from the short exact
sequence of complexes

0—G—F—F/G—0
that /' = F/G is acyclic with Hy(F') = M; see [E95, A3.7]. Since e €
F,\mF;and f € F;_1\mF;_y, it follows that F] = F;/Seand F|_, = F;,_1/Sf
are graded free modules. Hence we see that ' is a graded minimal free
resolution of M. Let F] = @, S(~ j)bgﬂ' for all 7 and j. Since the rank of
the free modules F! and F] ; is less than that of F; and Fj_;, respectively,
we may assume by induction that 3;;(M) < b;j for all ¢ and j, and since

obviously b;j < b;; for all ¢ and j, the desired conclusion follows. O

4.4.6. Numerical data arising from graded resolutions. In this sec-
tion we explain how most of the important numerical invariants of a module
can be deduced from the graded Betti numbers of M.

Let M be a finitely generated graded S-module with Betti numbers
Bij = Bij(M). The number
projdim M = max{i: f;; #0 for some j}
is called the projective dimension of M, and the number
reg M = max{j: B;i+; #0 for some i}
is called the regularity of M.

Corollary 4.24 together with Theorem 4.26 implies that projdim M < n.
The depth of M is the length of a maximal homogeneous M-sequence.
Recall that a sequence x = x1,...,x4 of homogeneous elements of m is
called an M-sequence if the multiplication map M/(x1,...,2,—1)M Y
M/(x1,...,x;—1)M is injective for all 4, and M/(x)M # 0.

By the theorem of Auslander-Buchsbaum (see [BH98, Section 1.3]) one
has

depth M + projdim M = n,
so that
depth M = min{i: f,—;; #0 for some j}.
Observe that in a minimal graded free resolution one always has
max{j: B # 0} > i
for all 4. This implies that
reg M > a(M),

where a(M) is the least degree of a generator of M. We say that M has
a linear resolution, if reg M = «(M). This is the case if and only if all
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entries of matrices describing the differentials in the resolution are linear
forms.

The numerical function H(M, —): Z — Z, with H(M,i) = dimg M; is
called the Hilbert function of M, and the formal Laurent series

Hilbas () = Y H(M, i)t’

is called the Hilbert series of M. Note that H(S,i) = (”:;:1), so that
Hilbg(t) =1/(1 —t)™.

Proposition 4.27. Let M be a graded S-module with graded Betti numbers
Bij- Then

Hilbar (1) = Qu(1)/(1 = )" with Qui(t) = 3 (=1)'(}_ Bist))-

7

If we divide Qs(t) by the highest possible power of 1 — ¢, we obtain the
presentation

Hilbys (t) = Pa(t)/(1 — )¢ with Py (1) # 0.

The number d in this presentation is the Krull dimension, and Pjs(1)
is the multiplicity of M. The multiplicity, denoted e(M), is a positive
integer; see for example [HH10, Theorem 6.1.3]

Let Py (t) = Zf:a hit'. The coefficient vector h = (hq, hat1, ..., hy) is
called the h-vector of M. Note that a = a(M). The a-invariant a(M) of
M is the degree of the rational function Hilby,(¢). In other words,

a(M)=b—d=degQn(t) —n >max{j: Bi; #0 for some i} —n.

It is convenient to display the graded Betti numbers of a module in a so-
called Betti diagram; see Figure 1.

i proj dim
z |
: |
o
. : |
j ...............
ﬁii—&-] :
|
r——%
reg b————— -

Figure 1
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The graded Betti number 3;;1; is positioned at the coordinate (i, 7).
The nonzero graded Betti numbers are situated inside the area bounded
by the dashed frame, where the corner points correspond to the nonzero
graded Betti numbers, called the extremal Betti numbers. In the follow-
ing example there are three extremal Betti numbers. They determine the
regularity and projective dimension.

We conclude this section with a concrete example. Let
I = (m% — x2x3,x§x4,x1x2x3,xz) C S = Klz1,x9, 3, 24].
Then I has the minimal graded free resolution
0 — S(—8) = S%(—6) ® S3(—7) — S°(—5) @ S(—6)
— S(=2)® S3(=3) = I — 0.
Thus the ideal I has the Betti diagram displayed in Figure 2.

{01 2 3
21 — — —
33 - — -
4{— 6 2 —
5l— 1 3 1
Figure 2

From the Betti diagram we read off that projdim/ = 3 and regl = 5.
It follows that projdim S/I = 4, so that depth S/I = 0.

For the Hilbert series of S/I we find
1—t2 =334+ 66> — 16 — 3"+ 1+3t+52+ 4¢3 — 15
11—t - 1—t ‘
From this we deduce that dim S/I =1, e(S/I) = 12 and a(S/I) = 4.
For any finitely generated graded S-module one has depth M < dim M.

Definition 4.28. A finitely generated graded S-module M is called Cohen-
Macaulay if depth M = dim M .

Hilbg, (1) =

By the Buchsbaum—Auslander theorem, depth M = dim M if and only if
projdim M = codim M, where codim M is defined to be dim S —dim M. For
a Cohen—Macaulay module the rank of the last free module in the minimal
graded free resolution of M is called the type of M. A standard graded
K-algebra R = S/I is called Cohen—Macaulay, if R, viewed as an S-module,
is Cohen—Macaulay, and it is called Gorenstein, if it is Cohen—-Macaulay
and the type of R is 1. It is known that R is Gorenstein if and only if R (as a
module over itself) has finite injective dimension. For the proof of these basic
facts we refer to [BH98|. Cohen—Macaulay rings play in important role in
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the homological theory of commutative rings. In the hierarchy of rings they
are ranking right after regular rings and Gorenstein rings with regard to
pleasant homological properties. Thus it is not a surprise that the Cohen—
Macaulay property of rings or modules often reflect distinguished properties
of the combinatorial objects to which they are attached, as exemplified in
Stanley’s famous proof of the upper bound theorem. Other instances can
be found in the books [S96], [HH10], [MS05] and [V90].

We conclude this section by showing that Hilbert functions can be used
to identify the initial ideal of a given ideal.

Proposition 4.29. Let K be a field, S = Klx1,...,z,] the polynomial
ring over K in the variables x1,...,x, and I C S a graded ideal. We fix
a monomial order < and let J C in.(I) be a monomial ideal. Then the
following conditions are equivalent:

(a) J =1inc(I);
(b) Hilbg,,(t) = Hilbg,, (t).

Proof. Since J C in([), it follows that Hilbg,i,_(1)(t) < Hilbg, ;(t) coeffi-
cientwise, and equality holds if and only if J = in.(I). Thus it remains to be
shown that Hilbg, s, _(1)(t) = Hilbg/;(t). But this follows from Macaulay’s
theorem (Theorem 2.6). O

Corollary 4.30. Let K be a field, S = Klx1,...,xy,] the polynomial ring
over K in the variables x1,...,x,, I C S a graded ideal and a monomial
order < on S. Then dim S/I = dim S/ in.(I).

Proof. By Proposition 4.29 the graded rings S/I and S/ in.(I) have the
same Hilbert function. Since the Hilbert function determines the Krull di-
mension, the assertion follows. O

4.4.7. 7"-graded modules. Monomial ideals in the polynomial ring S =
Klxy,...,z,] are graded ideals. But in fact they have a finer graded struc-
ture as the one considered so far; their graded components can be indexed
by Z™.
Definition 4.31. Let K be a field. A ring R is called a Z"-graded K -
algebra, if
(i) R = @aczn Ra;
(i) Ro = K;
(iii) RaRp C Rayp for alla,b € Z".

Let R be a Z™-graded K-algebra. An R-module M is called 7Z"-graded, if
M =@, c7n Ma, and RaMy, C May, for all a,b € Z".
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The polynomial ring is naturally Z"-graded with graded components
Sa=Kx* if aeN" and S,=0 otherwise,

and each monomial ideal I C S is in an obvious way a Z"-graded S-module.
All basic properties of graded modules are valid similarly for a Z"-graded
module. In particular, each finitely generated Z"-graded S-module admits
a minimal Z™-graded free resolution.

Let F be a Z"-graded free S-module with homogeneous basis e1, ..., e,
and dege; = a; for i =0,...,m. Then F, is the K-vector space spanned by
all monomials x®~2ie; for which a — a; € N".

In the following we present results from [FH11] on initial modules of
syzygies of Z™-graded modules which are similar in nature to Corollary 4.17
of the theorem of Schreyer. We fix a monomial order on S and let < be
the monomial order on F' induced by the monomial order on S which gives
priority to the position over the coefficients.

Let M C F be a Z"-graded submodule. Then in. (M) is generated by
all elements in.(u) where u € M is homogeneous. Let u be homogeneous of
degree a, say, u = ), ciu;e; with ¢; € K, u; € Mon(S) and deg u;+dege; = a
for all ¢ with ¢; # 0. Then in.(u) = uje;j, where j = min{i: ¢; # 0}. Thus
we see that in. (M) depends only on the basis F = ey, ..., e, of F and not
on the given monomial order on S. Hence we denote the initial module of
M by ing(M).

Our considerations so far can be summed up as follows:

Lemma 4.32. With the assumptions and notation introduced we have
m
ing(M) = @ Ije;,
i=1
where I; = (M N DL, Sex) /(M NP1 Sex) for j=1,...,m.

We call the basis F = e, . .., ey, of F lex-refined, if deg(e;1) > deg(ez) >
... > deg(ey,) in the pure lexicographical order.

In the following we present a result which is a sort of analogue to the
theorem of Schreyer. Let M be a Z"-graded S-module, and

F- L F <P2\F1 <P1\F0 < oM . 0,
a Z"-graded free resolution of M. We set Z,(F) = Im(¢p,) for all p. Then
Zyp = Zp(F) is the pth syzygy module of M with respect to the resolution F.

Theorem 4.33. Let 1 < p < n be an integer, and F a lex-refined basis
of Fp—1. Then ing(Zy) = @L, Lje;j, where the minimal set of monomial
generators of each I is contained in K[z,, ..., xy].
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Proof. The statement is trivial for p = 1. We may therefore assume that
p > 2. Let n € Z, be a homogeneous element of Z,, with in(n) = w;e; and
such that u; is a minimal generator of I;. Let k be the smallest number such
that xj divides in(n) = u;e;, and suppose that k < p.

Consider the exact sequence

0—Zy — Fpoy 25 Fyg—Zp g —0

where we set Z,_o = M if p = 2. According to Problem 4.6, x1,...,z,_2 is
a regular sequence on Z,_». We denote by “overline” the reduction modulo
(z1,...,2K—1). Then the above exact sequence yields the exact sequence

0— Zp — Fp,1 ﬁj—) Fp,Q.

Hence Zp may be identified with its image in F’p_l.

Thus 7 can be written as 7 = c;u;€; + ¢j11ui41€i41 + -+ with ¢; € K,
uj € Mon(S), and ¢; # 0.
Since u; € Klxg,...,zy] for all j with ¢; # 0 and since 72 is homogeneous,

it follows that deg; e; = deg, €; for all t < k—1 and all j with ¢; # 0. (Here,
for any homogeneous element r, we denote by deg, r the tth component of
degr.) Therefore, since x) divides wu;, it follows that zj divides u; # 0
for j > i with ¢; # 0, because deg, e; = deg,e; > deg,e; = deg,e; for
j > 4. This implies that z;, divides n. Thus there exist w € Fp_l such that
n = zpw. It follows that z,@p—1(w) = @p—1(7) = 0. Since z}, is a nonzero
divisor on F,_s, we see that @,_1(w) = 0. This implies that w € Z,. Let
m = dyvre, +---+d;vie; +- - - be a homogeneous element in F,_; such that
m = w with v; € Mon(S) and d; € K for all j, and d, # 0. Then r <4 and
U; = TEU;.

Suppose that r < 4. Since x; { u; for all j < k, and since m is homoge-
neous it follows that

(4.8) deg, vre, = deg, vie; = deg, e; for all ¢ < k.

On the other hand, since n = zpm = d,xv,€, + - - -, we see that zv, = 0,
and this implies that v, is divisible by some x; with 7 < k. Let s be the
smallest such integer. Then by (4.8) we deduce that deg; e, = deg;e; for
Jj < s and deg, e, < deg,e;. Hence dege, < dege; (with respect to the pure
lexicographic order), contradicting the choice of our basis. Thus r = i, and
consequently, v; € I;. But this is again a contradiction, since u; = x,v; and
since u; is a minimal generator of I;. O

A vector a € Z™ is called squarefree if a; € {0,1} for all 7. In the fol-
lowing we consider Z"-graded S-modules whose generators have squarefree
degrees. Typical examples are squarefree monomial ideals.
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Proposition 4.34. Let M be a finitely generated Z"-graded S-module which
admits a set of generators my, ..., m, whose degrees are squarefree, and let
e: @;_, Sei — M be the epimorphism of Z™-graded modules with e; — m;
fori=1,...,r. Then Kere is also minimally generated by elements whose
degrees are squarefree.

Proof. Let n = ), cjuje; be a minimal homogeneous generator of Ker e of
degree a. Assume that a; > 1 for some j. Then it follows that x; divides u;
for all ¢ with ¢; # 0. This implies that z; divides n, contradicting the fact
that n is a minimal generator of Ker e. O

Corollary 4.35. Let M be a Z"-graded S-module whose generators have
squarefree degrees. Then all the shifts in the minimal Z"-graded free resolu-
tion of M are squarefree, and projdim M <n — a(M).

In the squarefree case Theorem 4.33 can be improved as follows.

Theorem 4.36. Let M be a Z™-graded S-module whose generators have
squarefree degrees, and let F be a minimal Z™-graded free resolution of M
with syzygy modules Z,. Let 1 <p < n — a(M) be an integer, and let F =
e1,...,em be any homogeneous basis of Fy,—1. Then inr(Z,) = @, Ije;,
where the minimal set of monomial generators of each I is a squarefree
monomial ideal in at most n — a(M) — p variables.

Proof. Let

F: 05F, —» F,, % ... 2,0 23 F —5 M—=0

be the minimal Z™-graded free resolution of M. By Corollary 4.35 all shifts
in the resolution are squarefree and ¢ < n — a(M). In particular, Z,_; is
minimally generated by the elements pp(e1),. .., ¢p(em), and each of these
elements has a squarefree degree. Here we have set Z,_1 = M and ¢,_1 =€,
if p = 1. For each j we obtain an exact sequence

0— Z,N @Z””:j Sep — @lej Sey, Vi, N; — 0,

where N; = >0 . Spp-1(ex) and where ¢; is the restriction of ¢,_1 to
@ZL:]- Sey. Since Nj; is generated by elements of squarefree degree, it follows
from Proposition 4.34 that Z,NEP; y Sey, is minimally generated by elements
of squarefree degree. Thus Lemma 4.32 implies that Ije; is also minimally
generated by elements of squarefree degree. In particular, I; is a squarefree
monomial ideal. Since the resolution I is minimal and e; is a basis element
of F}, the vector dege; has at least a(M) 4 p nonzero entries. This implies
that the degree of each generator of I; can have at most n — (M) — p
nonzero entries. This yields the desired conclusion. O
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Problems

Problem 4.1. Prove that an arbitrary intersection of submodules of an
R-module M is again a submodule of M.

Problem 4.2. Let Ny,..., N, be submodules of the R-module M. Show
that the set of all elements of the form mq + mo + - - - + m, with m; € N;
is a submodule of M. (It is called the sum of the modules N; and denoted
N1+N2+”'+NT.)

Problem 4.3. The sum of the submodules Ny, ..., N, of M is called direct,
if whenever my +mg + -+ 4+ m, = m} +mb + --- + m. with m;,m; € N;,
then m; = m/) for i = 1,...,r. The direct sum is denoted Ny @ No & --- @
N,. Show that Ny + No+ -+ N, = N1 ® No ® --- @ N, if and only if
NN (Ny+ -+ Ni—1+ Nig1 + -+ N,) = {0} for all i.

Problem 4.4. Let F' be a free R-module with basis ey, ..., e., and let Re;
be the submodule of F' generated by e;. Show that F' = Re; @ Rea@- - -® Re,..

Problem 4.5. Let F be a free R-module with basis ey,...,e, and let I C R
be an ideal of R. Show that the elements ey + I'F' ... e, + [ F form a basis
of the R/I-module F/IF.

Problem 4.6. (a) Let R be aring and 0 - U — M — N — 0 a short exact
sequence of R-modules, and let x € R be an element which is regular on M
and N. Show that z is also regular on U, and that the induced sequence
0—U/zU — M/axM — N/zN — 0 is exact.

(b) Let M be a finitely generated graded S-module, F a graded free
S-resolution of M and Z, the pth syzygy module of M with respect to IF.
Use (a) to show that if fi,..., f, is a homogeneous S-sequence, then it is a
Z,-sequence as well.

Problem 4.7. Let I be a free S-module with basis e, es. Find a monomial
order on F' which is not of the type “coefficient before position” or “position
before coefficient”, as described in Section 4.2.

Problem 4.8. Let < be a monomial order on the free S-module F', and let
N C M C F be two submodules of F'. Show that N = M if and only if
in<(N) = 1n<(M)

Problem 4.9. In analogy to Theorem 2.6, prove the following: let < be a
monomial order on the free S-module F', and let U C F' be a submodule of
F. Then the monomials not belonging to in(U) form a K-basis of F'/U.

Problem 4.10. Compute, with respect to the lexicographic order, the
Grobner basis of the module given at the end of Section 4.3.
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Problem 4.11. Let < be a monomial order on the free S-module F =
@Tzl Sej, let U C F be a submodule of F, and suppose that in.(U) =
@’L, Ije;. Show that U is a free S-module if and only if I; is a principal
ideal for j =1,...,m.

Problem 4.12. Let I be a monomial ideal generated by uq, ..., U, and let
e¢: @), Se; — I be the epimorphism with e; = u; for i = 1,...,m. Show
that Ker € is generated by the relations
lem(u;, u; lem (g, w;
(w; J)e,-— (s, J)ej with 1<i<j<m.
Uq U

Problem 4.13. Show that the generators of Kere as described in Pro-
blem 4.12 form a Grobner basis with respect to any monomial order which
gives priority to the position.

Problem 4.14. (Unpublished observation by Tom Sederberg) Fix polyno-
mials fi,..., fm € S and a monomial order < on S. Let S™T! have basis
90, - - -, gm and consider the submodule M of S™*! generated by f;go+ g; for
1 =1,...,m. Let G be a Grobner basis of M with respect to the position over
coefficient monomial order on S™*! coming from <. Prove the following:

(i) The elements of G with zero first coordinate give a Grobner basis of
Syz(f1, ..., fm) with respect to the position over coefficient monomial order
on S™ coming from <.

(ii) The nonzero first coordinates of elements of G give a Grébner ba-
sis of (fi,..., fm) with respect to <. Furthermore, if hy € S is one of
these elements, then the corresponding element (hg, h1, ..., hy,) of G satisfies
ho = hifi+- -+ hmfm. Thus we get explicit expressions for the elements of
the Grobner basis of the ideal (f1,. .., fin) in terms of the original generators

iy eees fne

Problem 4.15. The ideal I = (2% —yz, 23 —w?,y? — 2w, 2zy + 2w, xyzw) C
S = Q[z,y, z, w] has the resolution

0— SH=7) = 512(-6) = S*(—4)@S5%(-5) = S*(-2)aS(-3)®S(—4) — 1.
Compute depth, dimension, regularity, multiplicity and a-invariant of S/I.

Problem 4.16. Let I C S = K|[x1,...,%,] be a squarefree monomial ideal
whose least degree of a generator is a. Show that projdim I < n — a.

Problem 4.17. As an extension of Corollary 4.35, prove the following re-
sult: Let M be a Z"-graded S-module generated by the homogeneous ele-
ments my ..., m, with degm; = a; € Z%,. Let a € Z" be the vector which is
componentwise the maximum of the vectors a;. Then all shifts in a minimal
Z"-graded free resolution of M are componentwise < a.






Chapter 5

Grobner bases of toric
ideals

Semigroup rings and their toric ideals are widely studied from an algebraic
and combinatorial point of view and have applications in other fields like
algebraic combinatorics, algebraic statistics, etc. This rich class of rings
includes the polynomial ring S = K|[x1,...,x,] which is associated with the
semigroup N"™. Given a semigroup ring one may study various properties
of it such as normality, Cohen-Macaulayness, Koszulness. Grobner basis
theory plays a main role in this study. This chapter aims at giving a quick
insight into this subject.

5.1. Semigroup rings and toric ideals

In this section we give the fundamental definitions concerning semigroup
rings and their toric ideals and prove that a binomial ideal is toric if and
only if it is prime.

Let Z be the set of integers and {hy,...,h,;} a subset of Z" where n
is a positive integer. Let H be the submonoid of the additive group Z"
generated by hy,... hg, that is,

H =Nh; +---+Nh; ={ajh1 +---+ash;: a; € Nfor 1 <i <},

where N is the set of nonnegative integers. H is called an affine semigroup.

Let K[r1,27",...,2n,z,'] be the Laurent polynomial ring and K[H]
the subring of K[xl,xl_l, .oy, 2, 1] generated over K by the monomials
fi = xPi fori = 1,...,q, where x® = z{'--- 2% if ¢ = (c1,...,¢,) € Z™

83
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Obviously, x8 € K[H] if and only if g € H. The elements of K[H] are
polynomial expressions in fi,..., f; with coefficients in K, that is, of the
form > caf? with cu € K, where f2 = f{ ... f/* if a = (ay,...,a,). The
K-algebra K[H] is called the semigroup ring associated with the affine
semigroup H. For example, K[Z"] = K[z1,2]",..., 2,2, '] and K[N"] =
Klzy,...,zp].

In the sequel we consider affine semigroups which are generated by
finitely many vectors hy,...,h, € N”. In this case, K[H| is a K-subalgebra
of the polynomial ring S = K[z, ..., zy]. Let R = K[t1,...,t,] be the poly-
nomial ring in the indeterminates t1, ..., ¢, and ¢ : R — K[H] the K-algebra
homomorphism defined by t; — f; = xP fori=1,...,q.

One may consider different gradings on K[H]. For instance, K[H] is
Z-graded with the Z-grading induced from S, that is, K[H]; = K[H]| N
Sg, where Sy is the degree d homogeneous component of S. In this case,
¢ : R — K[H] is a graded homomorphism if we set deg(t;) = deg(f;) for
i=1,...,q. When all the generators of K[H] have the same degree, let us
say d, then K[H] may be even viewed as a standard graded algebra if we
set K[H]; = K[H] N Sy; for i > 0. Obviously, in this case, ¢ : R — K[H] is
a graded homomorphism of standard graded K-algebras.

On the other hand, one may consider the natural Z"-grading on .S and
the induced grading on K[H], that is, K[H|a = K[H| N S, for all a € Z".
With respect to this grading of K[H], ¢ : R — K|[H] is again graded if we
assign to each t; the Z"-degree of f;.

@ is clearly surjective. Its kernel, denoted Py, is a graded ideal of R.
Moreover, since K[H| = R/Py and K[H] C S is a domain, it follows that
Py is a prime ideal. Py is called the toric ideal of H.

For a polynomial h € R, we have ¢(h) = h(f1,..., fy). In particular, for
a monomial t* =t .. y7 € R, o(t™) = fUl ... fi = x2izivihi Tet
N¢ — H be the homomorphism of semigroups defined by w(u) = Y7, u;h;
for u = (u1,...,u,) € N?. Then p(t*) = x™ for t" € R.

Notice that we already have an algorithm to compute a Grobner basis of
the toric ideal Py which follows from Corollary 3.9. Namely, if we consider
the ideal J = (t1 — f1,...,tq — fq) C Klt1,...,tg,x1,..., 2y, then Py =
J N K[t1,...,tq]. Therefore, if G is a Grobner basis of J with respect to an
elimination order for x1, ..., z,, then the set GN R is a Grobner basis of Py.

Let us consider a few simple examples.

Example 5.1. (i) Let H C N be the semigroup generated by 3,4,5. Then
K[H] = K[23,2% 2°] C K[z]. We have Py = J N K[t1,t2,t3] where J =
(t; — 23, ty — 2 t3 —2°). The reduced Grébner basis of J with respect to the
lexicographic order induced by = > t; > to > t3 is {333 —t1,xt] — to, xty —
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t3, wtg—t3, 13 —tots, t3ta —12, t1ts — 13, t1t3—t3,t5—t3}. Therefore, the reduced
Grébner basis of Py is {t5 — tots, t3ts — 13, 15 — £3, tats — t3,15 — t3}.
(ii) Let K[H] = K[z}, 7179, 23] C K[x1,75]. The reduced Grobner basis
of Py C K|t1,ta,t3] with respect to the lexicographic order is {tit3 — t3}.
(iii) Let K[H] = K[z}, 23w2, 1123, 23] C K21, 72]. The reduced Grobner
basis of Py C K[t1,...,t4] with respect to the lexicographic order is {t3t3 —
3, t1t3 — t3ta, tity — tots, tat3 — t3}.

We notice in the above examples that all the elements of the reduced
Grobner basis are binomials. We shall see in Proposition 5.6 that this is
indeed the case for the reduced Grobner basis of every toric ideal.

A binomial is a polynomial which is a difference of two monomials. A
polynomial ideal is a binomial ideal if it is generated by a set of binomials.
Note that a binomial ideal does not contain any monomial. Sometimes it
is convenient to consider binomial ideals in a more general form; see for
instance, [ES84], [Mil0].

The following lemma shows that any toric ideal can be generated by
binomials.

Lemma 5.2. Let Py be the toric ideal of the affine semigroup ring H. Then
the set of binomials {t" —tV : u,v € N9 7w(u) = n(v)} generates Py as a
K -vector space. In particular, Py 1s a binomial ideal.

Proof. Obviously t* —tY € Py for all u,v € N? such that 7(u) = 7(v). On
the other hand, since Py is Z"-graded, it is enough to look at the polynomials
of Py which are homogeneous with respect to the Z"-grading. Let f =
c1t" + - - 4 cst"s be a homogeneous polynomial in Py, where ¢q,...,cs €
K \ {0}. By the assumption on f, it follows that all the monomials t" are
mapped to the same monomial x® under ¢, where h = 7(u;) = - - = 7(uy).
Then we get 0 = o(f) = (>;_; ¢i)x", whence > ;_, ¢; = 0. We obtain ¢; =
—cg—- - -—cs. Consequently, we can write f = co(t"2—t" )+ - -+cg (s —t"),
thus the proof is complete. [l

As we have already observed, every toric ideal is a binomial prime ideal.
We show in the sequel that if a binomial ideal is prime, then it is a toric
ideal.

For a vector v € Z4, we denote by v and v~ the vectors with nonneg-
ative components defined as follows:

ot = v;, ifwv; >0, and v— — 0, if v; > 0,
i 0, ifv; <O, ¢ v;, if v; <0.

Obviously, we have v = v —v~, and this decomposition of v into vectors

with nonnegative coefficients is unique. In particular, every binomial in R
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. C e . + -
whose monomials have disjoint supports can be written as f, =tV —tVv
where v is a vector in Z9.

One easily checks that for any v, w € Z? we have

(5‘1) viw :va+w_tV7fw_tW7fV7
for some monomial v € R. Indeed, the identity follows straightforwardly if
we observe that

vidtwt —(v+w) T =v +w —(v+w)
for any two vectors v, w € Z1.

A lattice is a submodule of a free Z-module of finite rank. With each
lattice one may associate a binomial ideal.

Definition 5.3. Let L C Z4 be a lattice. The lattice ideal associated with
L is the binomial ideal I, = (£ —t¥ :v € L).

Proposition 5.4. Let I C R be a binomial prime ideal. Then I is a lattice
ideal.

Proof. Since I is a prime ideal we may assume that its generators are of
the form f, with v € Z?. It is obvious that if f, = tv" —tY € I, then
f—v = —fv € I. Therefore, it is enough to show that if f,, fw € I, then
fv+w € I. Let fy, fw € I. By using the identity (5.1), we get that there
exists a monomial u € R such that ufyw € I. But, obviously, u ¢ I, thus
fviw € I since [ is a prime ideal. O

We are ready to prove the following

Theorem 5.5. Let I C R be a binomial prime ideal. Then I is a toric
ideal.

Proof. By Proposition 5.4, I = I;, where L C Z is the lattice generated
by the vectors v € Z4% with the property that the associated binomials fy
generate I.

We first show that the factor module Z9/L is torsion free, thus it is free.
In other words, we have to show that if v € Z¢ and m > 1 is an integer such
that mv € L, equivalently, f,,v € I, then v € L, that is, f, € I.

Let frv = vt _gmvT e LUIf char(K) = 0, then we decompose fp,v =
fvg where g= t(mfl)v+ _|_t(m72)v+tv* 4. +tv+t(m72)v’ + t(mfl)v’ cR.
By using the substitutions t; — 1 for i = 1,...,q, we easily see that g & I
since all binomials vanish on this substitution. Therefore, f,, € I since [ is
a prime ideal.

If char(K) = p > 0, then we write m = p°m/ where e > 0, m’ > 1 are
integers such that p does not divide m’. In this case we decompose f,v as
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g where ¢/ = (##VT)™' =1 4 ... 4 (t?V7)"'~1 ¢ R. By using again the
substitutions ¢; +— 1 for i = 1,...,q, we get ¢’ € I. Since I is a prime ideal,
it follows that fi € I, whence f, € I.

Let n be the rank of the free module Z¢/L and hy, ..., h, the generators
of Z9/L viewed as vectors with n components. Let K[H] C K[z, ... 2]
be the semigroup ring generated by xM ... ,gch‘l and ¢ : R — K[H] the
K-algebra homomorphism defined by t; — xP for i = 1,...,q. Then, by
using Problem 5.6, one easily shows that the kernel of ¢ is exactly I, thus
is a toric ideal. O

5.2. Grobner bases of toric ideals

In this section we give basic properties of Grobner bases of toric ideals.

Proposition 5.6. Let H be an affine semigroup and Py its toric ideal. Let
< be a monomial order on R and G the reduced Grébner basis of Py with
respect to < . Then, every element of G is a binomial of the form t% — tV
with w(u) = w(v).

Proof. Let G be a set of generators of Py. By Lemma 5.2, we can choose
these generators of the form t" — tV with w(u) = n(v). By applying the
Buchberger algorithm, at each step when we get a nonzero remainder, this
is again a binomial, let us say t¥ — t%', with 7(w) = m(w’). Therefore, Py
has a Grobner basis with respect to the given order formed with binomials
of the form t" —tY with m(u) = 7(v). By applying the reductions needed for
getting the reduced Grobner basis, we get again binomials of this type. [J

The above proposition shows that any reduced Grobner basis of Py
consists of monomials t* — tV with m(u) = 7(v). A nice property of the
binomials of any reduced Grobner basis of a toric ideal is given below.

Definition 5.7. A binomial t" —tV € Py is called primaitive if there is no
other binomial t* — t5 € Py such that t*|t" and t5|tV.

Note that if t"* — tY is a primitive binomial, then the monomials t* and
tY have disjoint supports.

Proposition 5.8. Let Py be the toric ideal of the affine semigroup H and
G the reduced Grobner basis of Py with respect to a monomial order. Then
any binomial of G is primitive.

Proof. Let g = t" — tY be a binomial of G with in.(g) = t". Since G
is reduced, it follows that t¥ ¢ in.(Ppy). Let us assume that there exists
h = t" —t% € Py, h # g, such that t*|t" and t5[tV. If in.(h) = t*, then
we must have t* = t%. It follows that /' = t¥V — t° belongs to Py and



8% 5. Grobner bases of toric ideals

inc(h') = tY since t3|tY, a contradiction. Therefore, in.(h) = t°, which
leads again to contradiction since t3|tV. ]

5.3. Simplicial complexes and squarefree monomial ideals

A basic construction which relates the simplicial complexes to commuta-
tive algebra consists in associating with any abstract simplicial complex A
a squarefree monomial ideal and the quotient ring modulo this ideal. The
corresponding ideal (ring) is called the Stanley-Reisner ideal (ring) of
A. This construction has become a fundamental tool in combinatorial com-
mutative algebra due to the work of Stanley, Hochster and Reisner ([Ho77],
[ST5], [S96], [R76]).

Here we briefly review this correspondence and some of its properties
which will be useful later.

For a positive integer n we denote [n] = {1,...,n}. A simplicial com-
plex A on the set [n] is a collection of subsets of [n] which is closed under
taking subsets, that is, for every F' € A, if G C F, then G € A. We recall
the standard terminology in this frame. Every element F' € A is called a
face of A. The dimension of F' € A is dim F' = |F| — 1. The empty set is
always a face of A unless A itself is the empty complex. () is the unique face
of A of dimension —1. The maximal faces with respect to inclusion are called
facets. If Fy,..., F,, are the facets of A, we write A = (F},..., F,,) and
say that A is generated by F1, ..., F,,. We will also denote the set of facets
of A by F(A). The dimension of A is dim A = max{dim F' : F' € F(A)}.
A simplicial complex whose facets have the same dimension is called pure.

Let f; = fi(A) be the number of the faces of A of dimension i. If dim A =
d — 1, we denote f = f(A) = (f-1, fo,-.., fa—1) and call this vector the f-
vector of A. For example, the n-simplex is the simplicial complex which
has a unique facet, namely F' = [n]. Its f-vector is f = (1, (Tf), ol (nfl), 1).
The boundary of the n-simplex is the simplicial complex with the facets
F; = [n]\{i} wherei = 1,...,n. Obviously, its f-vectoris (1, (}),...,(,",))-
The simplicial complex which consists of n isolated vertices, that is, whose

facets are {1},...,{n}, has the f-vector (1,n).

Let S = K|[z1,...,2,] be the polynomial ring. For a subset F' C [n] we
denote by xp the squarefree monomial whose support is F), that is, xp =
[Licrp zi- With each simplicial complex A one may associate a squarefree
monomial ideal Io C S which is generated by all the squarefree monomials
xp with FF € A. Obviously, if F' ¢ A, that is, F' is a nonface of A, then
G ¢ A for any G C [n] such that G D F. Therefore, In is minimally
generated by the minimal nonfaces of A with respect to inclusion. Ia is
the Stanley-Reisner ideal of A. The quotient ring K[A] = S/Ia is the
Stanley-Reisner ring of A.
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For example, let A be the simplicial complex on the set [5] with the facets
{1,2,3},{2,4},{3,4}, {4, 5}. Its minimal nonfaces are {1,4}, {1,5}, {2,5},
{3,5} and {2,3,4}. Consequently, In = (x124, 2125, T2X5, T3T5, T2T3T4).
The Stanley-Reisner ideal associated to the n-simplex is the zero ideal. If
A is the boundary of the n-simplex, then In = (z;---x,). The simplicial
complex which is given by n isolated vertices has the Stanley-Reisner ideal
In = (ziz;: 1 <i<j<n).

The correspondence simplicial complexes — squarefree monomial ideals
establishes a bijection between the simplicial complexes on the set [n] and the
squarefree monomial ideals in S. Indeed, if I C S is a squarefree monomial
ideal, one may consider the collection A = {F C [n] : xp ¢ I}. It is easily
seen that A is indeed a simplicial complex and that I = Ia.

Let A be a simplicial complex on the set [n] of dimension d — 1. As
we have seen in Subsection 4.4.6, the Hilbert series of K[A], Hilbga(?),
encodes the Krull dimension, dim K[A], of the Stanley-Reisner ring. This
dimension is closely related to the dimension of A.

Theorem 5.9. Let A be a simplicial complex on the set [n] with the f-vector

f=(f-1,fo,---, fa—1). Then

HﬂbK[A] (t) =

In particular, dim K[A] = dim A + 1.

S fiatt(1— )4
(1—t)d '

Proof. One easily observes, by using Macaulay’s Theorem (Theorem 2.6),
that K[A] can be decomposed as follows as a K-vector space,

K[A] = P xpK[{zi :i € F}].

FeA
Therefore,
7! & ficat!
il (1) = 3 = 3 Al
FeA (L=l = -1
which gives the desired formula. ([l

Let A be a simplicial complex on the set [n] and I its Stanley-Reisner
ideal. Since Ix is a squarefree monomial ideal, by using Proposition 1.15, it
follows that Ia is a finite intersection of monomial prime ideals. Moreover,
the irredundant presentation of Ian as an intersection of monomial prime
ideals can be given.

Proposition 5.10. Let A be a simplicial complex on the set [n]. Then
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where Ppe = (z; 1 i € [n|]\F) for F' € F(A). In particular, {Ppe : F' € F(A)}
is the set of all the minimal primes of Ia.

Proof. Let xg be a squarefree monomial in S. Then x¢ € (e F(A) Pre if
and only if, for every F' € F(A), we have G N F° # (), which is equivalent
to saying that G ¢ F for every F' € F(A). Therefore, xg € ﬂFeF(A) Pre if
and only if G € A, that is, xg € Ia. O

From the above proposition, we get

dim K[A] = max{dim(S/P) : P is a minimal prime ideal of Ia}.

The inequality depth M < dim(S/P) for all P € Ass(M) and for every
graded S-module M [BH98, Proposition 1.2.13.] is well known. In partic-
ular, it follows that depth M < dim M for every graded S-module M, as
we have already noticed in Subsection 4.4.6. Recall that the module M is
Cohen-Macaulay if depth M = dim M.

Definition 5.11. A simplicial complex A on the set [n] is called Cohen-
Macaulay over the field K if K[A] is Cohen-Macaulay.

An immediate consequence of the above definition is that any Cohen-
Macaulay complex is pure.

One of the most useful tools for proving that a simplicial complex is
Cohen-Macaulay is shellability.

Definition 5.12. Let A be a pure simplicial complex. A is called shellable
if its facets can be ordered as Fi,...,Fy,, such that (F1,...,Fi_1) N (F}) is
generated by a nonempty set of maximal proper faces of F; fori=2,...,m.

For example, let A be the boundary of the n-simplex whose facets are
F; =[n]\{i} fori=1,...,n. Then, foralli =2,... n, (F1,...,Fi_1)N(F})
is generated by the maximal proper faces F; \ {j}, 7 = 1,...,i — 1, of Fj.
Therefore, it follows that A is a shellable complex.

Theorem 5.13. Let A be a shellable simplicial complex. Then A is Cohen-
Macaulay over any field.

Proof. Let K be a field and assume that A has dimension d — 1 and it
is shellable with respect to the order F,..., F,, of its facets.. We apply
induction on the number m of facets of A. For m = 1 there is nothing to
prove. Let m > 1 and J = ﬂzi_ll PF;- Then In = J N Pge. We have the
exact sequence of graded S-modules (see Problem 5.9),

0—>S—>S@ 5 — S — 0
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Let I' be the simplicial complex generated by Fi,..., F;,—1 on the vertex
set V! = U Fi. We may assume that V' = {z1,...,2,} for some 1 <
r <n. Then J = It + (xy41,...,2,) and S/J = K|z1,...,z,]/Ip is Cohen-
Macaulay of dimension d by induction. We also have S/Ppe = K[{x; : i €
Fyn}], thus S/Ppe is Cohen-Macaulay of dimension d. This shows that the
middle term in the above exact sequence is Cohen-Macaulay of dimension
d. If we show that the right term is Cohen-Macaulay of dimension d — 1, it
follows that K[A] is Cohen-Macaulay of dimension d. Indeed, in order to
prove this claim one may use a standard argument which involves the Depth
Lemma. We refer the reader to [BH98] or [E95] for more details. But

m—1

J + Pre = () Pre + Peg,

=1

m—1 m—1
= () (Pre + Prg) = )| (z; : j € Ff UFS) = Pre + (w),
=1 =1

where w = Hteu?;f(Fm\Fi) x¢. This gives

S/(J + Prg) = K[{z; - j € Fm}]/(w),
which shows that S/(J 4 Ppg¢ ) is Cohen-Macaulay of dimension d — 1. [

5.4. Normal semigroup rings

Let R be a domain with field of fractions Q(R). The normalization or
integral closure of R is the subring R C Q(R) which consists of all the
elements of Q(R) which are integral over R. The domain R is called normal

if R = R. In this section we study normal semigroup rings. The reader who
is not familiar with the concept of normality may consult [M86] or [E95].

Let H be an arbitrary affine semigroup generated by H = {hy,... . hy} C
Z". Let ZH be the subgroup of Z" generated by H. H is called normal if
it satisfies the following condition: if mg € H for some g € ZH and m > 0,
then g € H.

It is easily seen that if the semigroup ring K[H] is normal, then the
semigroup H is normal as well. Indeed, let K[H]| be a normal ring and let
mg € H for some g € ZH and m > 0. Then x8 belongs to the field of
fractions of K[H| and x™8 € K[H]. Hence, if x™8 = u, then x® satisfies
the integral equation y" —u over K[H]. By the normality of K[H], we have
x8 € K[H], which is equivalent to g € H.

The converse is also true. In order to prove it, we briefly recall some
useful concepts.
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Let F = {vi,..., vy} be a finite subset of R™ and let Ry be the set of
nonnegative real numbers. The set

m
Ry F = {Zaivi:ai eRy for 1 <i<m}
i=1
is called the cone generated by F.
For two vectors ¢ = (c1,...,¢,),x = (x1,...,2,) € R, we denoted by
(¢, x) the standard scalar product which is defined as (¢, x) = c1z1+- - - cpp.

It is known [BG09, Theorem 1.15] that every finitely generated cone is
the intersection of finitely many half-spaces H 1‘" ..., Hf where

H ={x €R": (c;,x) > 0} for some ¢; € R",¢; #0,i =1,...,m.
If all the half-spaces H;,..., H, are rational, that is, ¢; € Q" for all i,
then the cone H;" N...N H;} is called rational. When the cone is rational,
one may choose the c; defining the cone to be integral vectors. Any finitely
generated rational cone is of the form Ry F, where F is a finite subset of
Q™. One may also prove [BG09, Chapter 1] that if F = {vq,..., v} CZ",
then

(5.2) ZFNRLF = ZF N QL F,

where ZF is the subgroup of Z™ generated by F and Q1 F = {}_" a;v; :
a; € Q4 }. Here we denoted by Q4 the set of nonnegative rational numbers.
Moreover,

(5.3) Z"NRyF =Z"NQ+F.
The next proposition is known as Gordan’s Lemma.

Proposition 5.14. (a) If H is a normal affine semigroup generated by
HCZ", then H=7ZHNR, H.

(b) If C is a finitely generated rational cone in R™, then H =7"NC is
a normal affine semigroup.

Proof. (a) By (5.2), we only have to show that H = ZH N Q4+ H. Let g €
ZHNQ4H, that is, g € ZH and g = ath; +---+azh, for some ay,...,a4 €
Q4. Then, by clearing the denominators in the previous equality, we may
find a positive integer m such that mg € H. Since H is normal, it follows
that g € H. This proves the inclusion ZH NQ4+H C H. The other inclusion
is trivial.

(b) We first show that H is a finitely generated semigroup. Since C is a
rational finitely generated cone, there exist qi,...,q; € Q" such that

m
C’:RJF{ql,...,qm}:{Zaiqi:aiERJr for 1 <i<m}.

=1
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Multiplying q1, - - - , Qm by a suitable factor, we may assume that q1,...,qm €
Z"™. Then, by (5.3), Z"NC =7Z"NQ+{q1,...,dm}. Let c € Z" N C. Then
there exist a1, ..., an € Q4 such that ¢ = )" | a;q;. Let ¢ = ¢/ +¢”, where
¢ =>" alq; with a; € N for all 7, and ¢’ = > /" a/q; with 0 < a; < 1
for all 7. Obviously, ¢’ € Z" N C, hence ¢” € Z". Moreover, c” belongs to
the bounded set

m
B:{Zagqi:OSai <lfori=1,...,m}.
i=1
Z™NB is a finite set, since B is bounded. Then the set (BNZ")U{qu,...,qm}
is also finite and generates Z" N C, hence H = Z" N C' is finitely generated.
The normality of H is immediate. (I

We now proceed to show the equivalence between the normality of the
affine semigroup and the associated semigroup ring.

Theorem 5.15. Let H be an affine semigroup ring and K a field. Then
K[H] is normal if and only if H is normal.

Proof. We have seen before that if K[H]| is a normal ring, then H is
also normal. Now, let H be a normal affine semigroup generated by H =
{hy,...,hy} C Z", and let us write the cone Ry as intersection of half-
spaces, let us say, H1+, ..., H}. Then

-

Il
—

H=ZHn(H N---NnHY)=((ZHNH).

(A
We set L; = ZHNH;". Then K[H] = N, K[L;], hence it is enough to show
that K[L;] is normal for 1 < i < m. But L; & 791 @& N where d = rank ZH.
Indeed, let

—

H;, = {CC e R": <CZ‘,X> = 0}
where c; is an integer vector. Then the kernel of the map o : ZH — Z
given by o(x) = (c¢;,x) is the group ZH N H;, hence it is isomorphic to
Z% 1. Notice that this is also the kernel of the restriction of o to L;. On
the other hand, the image of this restriction is a normal subsemigroup of N,
hence it is isomorphic to N. Since the map ZH — Im o splits, the restriction
L; — Im(oyr,) = N splits as well and yields the desired presentation of L;.
Hence K[L;] = Kz, 3:1_1, e g1, m;ﬁl,xd] which is the localization of a
normal ring, therefore it is normal. [l

From now on we make the assumption that the affine semigroup H is
generated by a subset of N”. This condition is not very restrictive since any
affine semigroup H with the property that h € H and —h € H implies
h = 0, can be embedded in N". Our purpose is to investigate the connection
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between the normality of K[H], equivalently of H, and the Grébner basis of
the toric ideal of K[H].

Let H be generated by H = {hy,...,h,} C N" let R = K[t1,...,t,] be
the polynomial ring, and Py the toric ideal of H, that is, Py = Ker ¢ where
¢ : R — K[H] is defined by t; + x" for 1 <i < q.

Theorem 5.16 (Sturmfels). Let < be a monomial order on R such that
in. (Py) is a squarefree monomial ideal. Then K[H]| is normal.

Proof. Let A be the simplicial complex on the vertex set [¢] such that
In = in.(Ppy). Then, by Macaulay’s Theorem (Theorem 2.6), we have the
following decomposition of K[H],

KH = & ky*= > p Ky,
FeAsupp(a)=F FeF(A)supp(a)CF

(11'1

where y® =y, c-yi if supp(a) = {i1,...,i,} and y; = t; + in(Pp)
for 1 < ¢ < ¢. This equality implies that H = UFe]—‘(A) Hp where Hp is
the semigroup generated by h;,,... , h; if FF = {iy,...,i,}. We note from
the above decomposition of K[H]| that, for every F' € F(A), K[Hp] is a
polynomial ring, hence it is normal. Let g € ZH such that mg € H for
some positive integer m. Then mg € Hp for some F € F(A). Therefore,
g+ ZHp is a torsion element in ZH/ZHp. By [St95, Chapter 8], the sets
{h; : i € F} where F € F(A), form an unimodular regular triangulation
of the set H = {hy,...,h;} C N". This implies that ZH = ZHp for all
F € F(A). Therefore, we have g € ZHp. As we have seen before, Hr is a
normal semigroup, hence g € Hp, whence g € H. O

The following theorem is due to Hochster [Ho72].

Theorem 5.17. Let H be an affine normal semigroup and K a field. Then
the semigroup ring K[H] is Cohen-Macaulay.

5.5. Edge rings associated with bipartite graphs

Well-known examples of toric ideals come from combinatorics. In this section
we study semigroup rings associated with graphs which are called edge
rings. We determine the Grébner bases of the toric ideals of edge rings and
show, as an application, that the edge rings associated with bipartite graphs
are normal Cohen-Macaulay domains.

To begin with, we recall some basic terminology of graphs which will be
also useful in the next chapter. A simple graph G is defined by its vertex
set, say [n] = {1,...,n}, and a set of edges, E(G). Each edge is a subset
e C [n] with two distinct elements. A walk of length r of G is a subgraph



5.5. Edge rings associated with bipartite graphs 95

W of G with the edge set E(W) = {{io,i1}, {i1,42},...,{ir—1,0r}} where

19,11, ...,1, are vertices of G. A walk W with iy = 4, is called closed. A
cycle of length r is a closed walk C' = {{ig, i1}, {i1,%2}, ..., {ir—1,%r = i0}}
of length r where the vertices ig,%1,...,4,—1 are pairwise distinct. If r is

even (odd), then the walk or cycle W is called an even (odd) walk or
cycle. A path in G is a walk with pairwise distinct vertices. The graph
(G is connected if any two vertices are connected by a path. The maximal
connected subgraphs of G are called the connected components of G.

Given a subset of vertices {i1,...,4,} of the graph G, the subgraph
G = G\ {i1,...,i4} on the vertex set [n] \ {i1,...,7,} which consists of
all the edges of G not incident to any of the vertices i1,...,14, is called
a restriction of G. One may also consider restrictions of G obtained by
removing some of its edges. Namely, if eq,...,e, € E(G), the restriction
H = G\ {e1,...,eq} is defined on the same vertex set as G and it has
the edge set E(H) = E(G) \ {e1,...,eq}. A graph G is called bipartite
if its vertex set can be partitioned into two nonempty and disjoint sets Vj
and V5 such that any edge of G connects a vertex of V; to a vertex of V.
A complete graph is a graph in which every pair of distinct vertices is
connected by an edge.

Let G be a simple graph on the edge set [n| and let S = K[x1,..., )]
the polynomial ring. With each edge e = {i,j} € E(G) we associate the
quadratic squarefree monomial x, = z;2; € S. Let F(G) = {e1,...,em}
be the edge set of G. The semigroup ring K[G] = K|[Xe,,...,Xe,, ] is called
the edge ring of G. Let R = K|t1,...,ty]| be the polynomial ring in m
indeterminates and Pg the toric ideal of K[G], that is, the kernel of the
surjective homomorphism ¢ : R — K[G| defined by ¢; — %, for 1 <i <m.

With an even closed walk W of G with
E(W) = {{io, i1}, {i1,i2}, ..., {i2r—1, 92 = Q0}},

we associate the binomial
-

.
fW = Htegj_l - Hter cR
j=1

J=1

where e; = {ij_1,1;} for 1 < j < 2r and ey, = {i2—1,%2, = io}. It is clear
that o(fir) = 0, hence fy € Pg for any even closed walk W of G.

An even closed walk W of G is called primitive if the associated bi-
nomial fy is primitive. Obviously, an even cycle is a primitive walk. The
converse is true for bipartite graphs.

Lemma 5.18. Let G be a bipartite graph. Then every primitive walk of G
is an even cycle.
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Proof. Let V7, V5 be the bipartition of the vertices of G and W a primitive
walk with E(W) = {e1,..., ez} where e; = {ij_1,4;} for j =1,...,2r, and
19 = i9,. If W is not a cycle, since there are no edges with both vertices in
the same set, V; or Vo, we may find 1 < ¢ < p < r such that iy = 79, or
t9¢—1 = t2p—1. In the first case we get

Xegpp1Xegpps ~ " Xegp1 = XegpyoXegppg 7 Xegps

which implies that top41to043 - top—1 — taerotorta - - - t2p € Pg, a contradic-
tion since fyy is a primitive binomial.

In the second case we get

KegpXegpra " " Xegpo = Xegpy1Xegpys " Xegp_19

which implies that tos1torq3 - top—1 — toastoria - - - top—2 € Pg, again a con-
tradiction. m

Proposition 5.19. Let G be a graph on the vertex set [n]. Then the set
G ={fw : W is a primitive walk in G}

is a Gréobner basis of Pg with respect to any monomial order.

Proof. By Proposition 5.8, it is enough to show that any primitive binomial
f € Pg is of the form f = fy for some even closed walk W of G which will
be primitive by definition. Let f € Pg be a primitive binomial. Without
loss of generality, we may assume that f = titg - to,_1 —toty - - - to, for some
integer > 2. Then we have

(5‘4) XeyXeg "+ Kegp_1 = XegXey * 7" Xeg, -

Let e1 = {jo,j1}. Then zj, [Xe, - - - Xe,, . Without loss of generality, we may
assume that ey = {j1,j2} for some jo # j1,jo. This implies, by equation
(5.4), that xj,|Xe, - - Xey,_,. We may assume that es = {jo, 73} for some
Js # j2,j1. Thus, by (5.4), xj,|Xe, - - - Xe,, . Let eq = {J3, 4} for some js #
Ja,jo2. If 7 = 2, then equation (5.4) implies that j; = jo and f = tit3 —
toty = fiy where W is a primitive walk of length 4. If r > 2, then j4 # jo
since f is primitive. Equation (5.4) yields the equality xj X, -+ Xe, ; =
Tj,Xeg * ** Keg, - Thus zj,|Xes -+ - Xe,, . Let es = {ju, j5} for some js # ja, j3.
It follows that @ j;|Xeq - - - Xe,,. Let es = {75, jo} for some jg # js, ja. If r =3,
then, by using again equation (5.4), we get jg = jo and f = t1tsts —tatsts =
fw for a primitive walk W of length 6. If » > 3, then jg # jo and we continue
the above procedure. Now it is clear that for any r we reach the conclusion
that f is the binomial attached to a primitive walk. O

In particular, if the graph G is bipartite, we get that the set of primitive
binomials associated with the even cycles of G forms a Grobner basis of
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Pg. Since the monomials of such a binomial are obviously squarefree, by
applying Theorem 5.16 and Theorem 5.17, we get the following

Corollary 5.20. Let G be a bipartite graph. Then its edge ring K[G] is a
normal Cohen-Macaulay domain.

Problems

Problem 5.1. Find all the initial ideals for the toric ideal of the semigroup
ring K [2%, 2%y, 2%, y°].

Problem 5.2. Give an example of a binomial ideal which is not a toric
ideal.

Problem 5.3. Let ¢ be a positive integer and H = {0} U (¢ + N) where
¢+ N={c+n:neN}. Compute the toric ideal of K[H].

Problem 5.4. Let I C K]ty,...,t,] be an ideal with the property that
I:(t;))=1foralli=1,...,q. Show that [ : (t;---t;)> =1.

Problem 5.5. Let L C Z9 be a lattice and I, C K[t1,...,t,] its associated
ideal. Show that any reduced Grobner basis of I, consists of binomials of
the form f =t" —t¥ where u,v € N and u —v € L.

Problem 5.6. Let uy, ..., u, be monomials in K[z, :1:1_1, ey Ty, ] with
exponent vectors vi,...,v, € Z", and let W C Z'™ be the lattice of vectors
w = (wi,...,wy) with Y7, w;v; = 0. Then t* — tP belongs to the toric

ideal of the semigroup ring Kui,...,uy] if and only if a—b € W.

Problem 5.7. Let B be a subset of Z" and Ip C K|z1,...,z,] be the ideal
generated by the binomials f, = xP" — xP" b € B. Let g =x*—x°%¢€
Klz1,...,zy] be a binomial. Show that g € Ig if and only if there exists
dy,...,d, € N"and by,...,b,, € B such that g = 37, x% (xPi —xP/).
Problem 5.8. Let I C S = K|z, ...,x,] be a binomial ideal, and let f €
I1S[xy41] be a primitive binomial. Then f € I.

Problem 5.9. Let I, J C S be graded ideals. Show that the sequence

where a+ INJ s (a+1,—a+J) and (a+I,b+J) & a+b+ (I +J), is
an exact sequence of graded S-modules and morphisms.

Problem 5.10. Let A be a pure simplicial complex. Show that A is
shellable with respect to the order Fi,..., F;, of its facets if and only if
(Fy,...,F;) is Cohen-Macaulay for all i = 1,...,m.

Problem 5.11. Show that the ring K[z%, 2%y, 3] is not normal.
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Problem 5.12. Let H C N be the semigroup generated by {3,4,5}. Show
that K[H| is a Cohen-Macaulay ring which is not normal.

Problem 5.13. Let S = diN+---+d,N be a semigroup where d; < --- < d,
are positive integers. If ged(dy,...,dy) = 1, then S is called a numerical
semigroup. Show that S is a numerical semigroup if and only if there exists
¢ € § such that c+ N C S.

Problem 5.14. Let § = diN+- - -+d,N be a semigroup where d; < --- < dj
are positive integers. Show that S is normal if and only if S can be generated
by a single element.

Problem 5.15. Let d > 1 be an integer and M the set of all the monomials
of degree d of the polynomial ring S = Klz1,...,z,]. Show that K[M,] is
a normal ring.

Problem 5.16. Let R = K|t1,...,t, and let f € R be a primitive binomial
which has a squarefree term. Show that the ring R/(f) is a normal domain.

Problem 5.17. Let S = K[z1,...,z,] and let K[H] C S be a semigroup
ring. A polynomial f € S is called integral over K[H| if there exists an
integer m > 1 such that f™ € K[H]. Show that the set of all the polynomials
of S which are integral over K[H] forms a semigroup ring. Determine this
ring in the case K[H] = K[z% y*] C Klz,y] where a,b are some positive
integers.

Problem 5.18. Let G be the triangle, that is, the graph on the vertex set
[3] with the edge set E(G) = {{1,2},{2,3},{1,3}}. Show that the edge ring
of GG is normal.

Problem 5.19. Let Sp,...,5, be polynomial rings over the field K on
distinct sets of indeterminates and K[H;] C S; for i = 1,...,r, semigroup
rings. Show that K[| J;_, H;] is a normal ring if and only if K[H;] is normal
forall 1 <i<r.



Chapter 6

Selected applications in
commutative algebra
and combinatorics

6.1. Koszul algebras

In this section we introduce the important class of Koszul algebras and show
that a standard graded K-algebra R = K{z1,...,x,]/I is Koszul if I has a
quadratic Grobner basis with respect to some monomial order.

A finitely generated graded module M over R has a (possibly infinite)
minimal graded free R-resolution F, where each F; is of the form F; =
@D, R(—j )%i. Since the resolution is minimal, the numbers b;; are uniquely
determined by M; cf. the proof of Theorem 4.25. We set §;;(M) = b;;
for all 4 and j, and call these numbers the graded Betti numbers of M.
Furthermore we set 3;(M) = 3_; 8;;(M).

Definition 6.1. Let K be a field and R a standard graded K -algebra with
graded maximal ideal m. The K-algebra R is called Koszul, if the residue
class field K = R/m has a linear R-resolution. In other words, if B;;(R/m) =

0 forj #1i.

It follows that R is Koszul if and only if the entries of the matrices
describing the maps in the minimal graded free R-resolution of R/m are all
elements of degree 1.

The formal power series Sg(t) = > ;50 Bi(R/m)t" is called the Poincaré
series of R. It is known that, in general, this power series is not a rational
function. But in the case of a Koszul algebra we have

99
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Proposition 6.2. Let R be a Koszul algebra. Then Sr(—t)Hilbg(t) = 1.
In particular, Sg(t) is a rational series of the form (1 + t)?/Pg(t), where
d = dim R and Pgr(t) is a polynomial with integer coefficients.

Proof. If R is a Koszul algebra, then the graded free resolution of R/m is
of the form

i — R(-2)” — R(-1)" — R — R/m — 0

with 8; = B;(R/m) for all i. Since the Hilbert function is additive on short
exact sequences we see that

1 = Hilbgn(t) = Hilbg(t) — Bit Hilbg(t) + Bot* Hilbg(t) — - -
= (1= pit+ Bat® — -+ ) Hilbg(t) = Sg(—t) Hilbg(1),

as desired. The remaining statements follow from Proposition 4.27. O

The simplest example of a Koszul algebra is the polynomial ring S =
Klz,...,zy,]. Here the Koszul complex provides a (finite) linear resolution
of the residue class ring; see [HH10, Appendix A.3]. The polynomial ring
is the only graded K-algebra R for which the residue class field has a finite
free R-resolution; see for example [BH98, Theorem 2.2.7].

By far, not every standard graded K-algebra is Koszul. Indeed one has

Proposition 6.3. Let R = S/I be a Koszul algebra with I C (1, ..., x,)>.
Then I is generated by polynomials of degree 2.

Proof. Let f1,..., fin be a minimal homogeneous system of generators of
I, and let U C F = @}, Re; be the kernel of the canonical epimorphism
e: ' — m with e(e;) = #; for i = 1,...,n. Here f denotes the residue class
modulo I of a polynomial f € S.

For i = 1,...,m, write f; = 2?21 fijz; with homogeneous polyno-
mials f;;. We claim that U is generated by the homogeneous relations
up =% fije; together with the 7;; = Z;e; — Zje;, i < j, and that none
of the generators u; can be omitted. The claim implies that the matrix des-
cribing the relations of m has linear entries if and only if all f; are of degree
2. This yields the desired conclusion.

In order to prove the claim we first notice that obviously all the elements
u; and 7;; belong to U. Now let 2?21 g;je; be an arbitrary element in U.
Then > %, g;z; = 0, and so > ', gjz; € I. Hence there exist h; € S such
that >, gjo; = > 1% hifi. Tt follows that

Y ogimp =Y (> figrs) =Y (O hifij)z;.
j=1 =1 =1

j=1 i=1
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Consequently, > 7 (g; — > i%y hifij)z; = 0. This implies that > 7_,(g; —
>ity hifij)ej is an element of the kernel of the map @}_; Se; — (z1,...,7y)
with e; — x; for j = 1,...,n. By Problem 6.1 this kernel is generated by
the elements ry; = xpe; — xjep, k < . Thus there exist polynomials pg; such
that

n m
> (g =D hifi)e; = prrh
j=1 i=1 k<l
It follows that 2?21 gie; = oty hiu; + > k<1 PriTki- This shows that the
elements u; and 7, generate U.

Finally, suppose that one of the elements u;, say ui, can be omitted in
the above generating set. Then there exist polynomials ¢; and sg; in .S such
that uy = Y%, Gai + Y_jo; SkTri- This equation implies that

n m n n
> fyes =Y a(Y_ figes) + Y swrw € Pl
j=1 =2 j=1 k<l j=1
Substituting the e; by the x; we obtain that fi —> ", ¢;ifi € (z1,...,2n)],
which by Nakayama’s lemma is impossible since fi,..., fi,, is a minimal
system of generators of 1. [l

Next we want to discover classes of Koszul algebras. To this end we intro-
duce the following slightly stronger notion of Koszulness given in [HHROO].

Definition 6.4. A standard graded K -algebra R is called strongly Koszul
if its graded maximal ideal m admits a minimal system of homogeneous gene-

rators ui, . .., un such that for all subsequences u;,, ..., u;. ofui,...,u, and
for-all j =1,...,r — 1, the ideal quotient (u;,,...,ui;_,) : uj; s generated
by a subset of elements of {u1,...,un}.

The naming “strongly Koszul” is justified by the following theorem.

We recall that a graded R-module M is linear, if it admits a system of
generators gi, ..., gm, all of the same degree, such that for j = 1,...,m the
ideal quotients

(Rgr+---+ Rgj—1) : gj ={a € R: agj € Rg1 + -~ + Rgj—1}
are generated by subsets of {uy,...,u,}.
Theorem 6.5. Let R be strongly Koszul with respect to the minimal ho-
mogeneous system ui,...,uy of generators of the graded mazimal ideal m

of R. Then any ideal of the form (u;,...,u;.) has a linear resolution. In
particular, R is Koszul.

Proof. We first notice that all the ideals (u;,,...,u;,) are linear modules.
Hence the theorem will be proved if we have shown that a linear module M
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has linear relations, and that the first syzygy module (relation module) of a
linear module is again linear.

The first property is immediately clear. Indeed, if a1g1 + - - - + Gmgm is a
homogeneous generating relation of M, and a; is the last non-zero coefficient
of this relation, then a; is a generator of the ideal quotient (Rg; + --- +
Rg;_1) : gj, and hence is of degree 1. Therefore, the relation is linear.

Let Q' (M) denote the first syzygy module of M. We prove by induction
on the number of generators of M, that Q!(M) is a linear module. If M
is cyclic, then Q'(M) is an ideal generated by a subset of {ug,...,u,},
and hence is linear. Now suppose that M is generated by the m elements
Gly- -y Gm, m > 1, for which M is linear. Then N = Rg; + -+ + Rgm—1
is also linear, and by our induction hypothesis has a linear syzygy module
QL(N). Say, Q'(N) is linear with respect to its generators hy, ..., hy. Now
we build a suitable system of generators for Q! (M) using the exact sequence

0 — QYN) — QY (M) — QY (M/N) — 0.
The module M/N is cyclic with annihilator (Rg1+- - -+ Rgm—1) : gm, and so
there exist 1 < i; < iy < ... <4, < n such that QY(M/N) =~ (usy, ..., u;).
Now we choose homogeneous elements hy.1,. ..,y in QY(M) mapping

onto uj,...,u;. Then QY(M) is linear with respect to the generators
hi,..oo hgyr. O

From the preceding theorem we deduce the following remarkable result.

Corollary 6.6 (Froberg). Let R be the factor ring of a polynomial ring
modulo an ideal which is generated by quadratic monomials. Then R is
Koszul.

Proof. We prove that R is strongly Koszul. Let R = K[z1,...,x,]/I, and
denote the residue classes of the x; by 7;. We have to show that for any

sequence of elements y;,,...,v;,, the ideal quotient (y;,,..., v ,) © ¥, is
generated by a subsequence of y1,...,y,. We observe that
(6‘1) (yilv s 7yik71) “Yi, = [(Ivziu s 7mik—1) : xlk]/‘[
Let I = (uq,...,uy) where the u; are monomials of degree 2. Then
(I,xil, . 71’1’1@71) = (”U,jl, Ce 7“]}-71'1'17 . ,xikil),

where there u;, are those among the u; which are not divisible by any of
the variables x;,,...,2;,_,. Now it follows from Proposition 1.14 that
(62) (I,xil,. . .,xikil) : .’L'ik

- (ujl/ng(ujlaxik)a e 7ujr/g0d(ujr7 xik)v Liys--- axik,1)'

If z;, divides u;,, then u;, /gcd(u;,, x;, ) is a variable because u;, is a mono-
mial of degree 2, and if z;, does not divide u;_, then w;, / ged(uj,, x4, ) = uj, .
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Thus it follows from (6.1) and (6.2) that (vi,,...,¥i,_,) : Vi, is generated by
a subset of y1,...,yn, as desired. [l

As usual, let S = K[x1,...,xz,] be the polynomial ring over the field K
in the indeterminates x1,...,x,. We now come to the main result of this
section.

Theorem 6.7. Let I C S be a graded ideal and assume that I has a qua-
dratic Grobner basis with respect to a monomial order on S. Then R = S/I
15 Koszul.

This theorem is an immediate consequence of Corollary 6.6 and the next
result, as we shall see in a moment.

Theorem 6.8. Let I C J C S be graded ideals, and let < be a monomial
order on S. Then

51 (s 0) < B8/ ine (7).

Proof of Theorem 6.7. Let J be the graded maximal ideal (x1,...,x,)
of S. Then Theorem 6.8 implies that BZ-I;?(R/m) < Bgl (R'/w/) for all 7 and
J, where m denotes the graded maximal ideal of R = S/I and m’ the graded
maximal ideal of R’ = S/in.(I). By Froberg’s result (Corollary 6.6) it
follows that ﬂg-/(R//m’) = 0 for j # . Thus Bg(R/m) = 0 for j # 4, which
implies that R is Koszul. O

The proof of Theorem 6.8 needs some preparation. Given an integer
vector w = (w, ..., w,) € N we define a new grading on S = K{z1,..., 2]
by setting deg, (z;) = w; for ¢ = 1,...,n. Then deg, x* = (a,w) where
(, ) denotes the standard scalar product in R™. Let f =), ¢;x* € S. We
set deg,, f = max{(a;,w) : ¢; # 0}, and call the polynomial

PP =3 s T
i
the homogenization of f with respect to w. This definition coincides with

the definition given in Chapter 3 in the case that w = (1,1,...,1). Finally,
similarly as in Chapter 3, for any ideal I C S we set

"= (" fel,
and call I" the homogenization of I with respect to the weight w.
In the sequel we shall use the following fundamental facts which can be
found for example in [HH10, Chapter 3]:

(a) Let I C S be a standard graded ideal, and fix a weight w € N". We
assign to each z; the bidegree deg z; = (w;, 1) and to ¢ the bidegree
(1,0). Then
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(i) I" is bihomogeneous. In other words, I" is generated by biho-
mogeneous polynomials of S[t];
(ii) S[t]/I" is a free K[t]-module with respect to the natural K-
algebra homomorphism.
(iii) (S[t]/17)/(t — 1)(S[t)/I*) = S/1.
(b) Let I1,...,I, C S be standard graded ideals and < a monomial
order on S. Then there exists a weight vector w such that for the

homogenizations of the I; with respect to w we have that (I;)" =
inc(I;) for j = 1,...,r, where for an ideal J C S[t| we denote by
J its reduction modulo t.

Proof of Theorem 6.8. Let I" be the homogenization of I and J" be the
homogenization of J with respect to a suitable weight such that 1" = in_(I)
and JP = in_(J). Let F by the bigraded minimal free S[t]/I"-resolution
of S[t]/J". Then each Fj is of the form D ; S[t]/I"(—k, —j)%+. We set
Fij = @, S[t]/1"(—k,—j)%*, so that F; = @D, Fij. Since S[t]/I" and
S[t]/J" are free K[t]-modules, it follows that ¢ and ¢ — 1 are nonzerodivisors
onF and S[t]/J". Therefore F/tF is a free S/ in.(I)-resolution of S/ in_ (J),
and F/(t — 1)F is a free S/I-resolution of S/.J. Both resolutions are graded,
because t and ¢t — 1 respect the second component of the bidegree. The first
resolution is minimal, because ¢ belongs to the graded maximal ideal of S[t].
The second resolution may not be minimal. Thus we see that

5Z/I(S/J) < I‘anks/] Fij/(t — 1)Fij = ranks[ﬂ/lh Fij
= rankg) in_(p) Fy/tFy = B;) < (S/ inc (7)),

]

as desired. O

Let R = S/I where I is a graded ideal. Summarizing we have the
following implications:

I has a quadratic Grobner basis = R is Koszul = I is generated by quadrics.

All these implications are strict as the following examples due to Hibi
and Ohsugi [HO99, Example 2.2 and Example 2.1] show:

(a) The ideal I = (zoxg —x427, x126— T35, T123—T2xs) C K[z1,. .., 28] has
no quadratic Grobner basis. However, the ring K[z,...,z3]/I is Koszul.

(b) The ideal (564336 — X5X9,T3T10 — T4X8, T2T9 — T3L7,X1T10) — TH5L7, 1T —
x9x6) is the toric ideal attached to a graph whose toric ring is not Koszul.

Classes of Koszul algebras will be considered in the following sections.

We close this section with another important consequence of Theo-
rem 6.8. Here we refer to the definitions given in Subsection 4.4.6.



6.2. Sortable sets of monomials 105

Corollary 6.9. Let R = S/I be a standard graded K-algebra, and < a
monomial order on S with the property that S/ in.(I) is Cohen—Macaulay
(Gorenstein). Then R is Cohen—Macaulay (Gorenstein,).

6.2. Sortable sets of monomials

We have seen in Section 5.4 that if the toric ideal of an affine semigroup
H has a squarefree initial ideal, then the semigroup ring K[H] is normal
and Cohen-Macaulay. In addition, if K[H] is standard graded and its toric
ideal has a quadratic Grobner basis, then K[H| is Koszul (see Corollary 6.6).
Therefore, it is of interest to find classes of toric ideals which have squarefree
initial ideals or quadratic Grobner bases. For this purpose, we need to study
sortable sets of monomials, a concept which is due to Sturmfels [St95].

Let d be a positive integer, Sy the K-vector space generated by the
monomials of degree d in S = K|[z1,...,z,], and take two monomials u,v €
Sq. We write uv = x, x4, - - - 4y, With 1 <141 <idg <--- <i9q < n and define

u/ = Ty Tjg " " mizd,pvl = TijgLijy * Ligy-
The pair (u/,v’) is called the sorting of (u,v). In this way we obtain a map
sort : Sg X Sg — Sq x Sy, (u,v) — (u',0").
This map is called the sorting operator. For example, if u = :le% and v =
w33, then sort(u, v) = (v122w3, Tox3). A pair (u,v) is sorted if sort(u,v) =
(u,v). Notice that sort(u,v) = sort(v,u), and that if (u,v) is sorted, then
U Zex V.

Definition 6.10. A subset B C S; of monomials is called sortable if
sort(B x B) C B x B.

A significant example of a sortable set is the following set of monomials.
Let a = (a1, ...,a,) € N be a vector and consider the set

ma=1u=2a7" - deg(u) =d,c; < a; for 1 <i <n}.

The algebra K[S7 ;] is called of Veronese type. If a = (d,...,d), then
K[Sf;’d] is the dth Veronese subring of S, and if a = (1,...,1), then we
obtain the dth squarefree Veronese subalgebra of S.

Proposition 6.11. The set S7 ; is sortable.

Proof. Let u,v € S} ; and (u/,v") = sort(u,v). We have to check that for
every 1 <14 < n, the degree of z; in v’ and v’ is at most a;. Let deg, (u) = b;
and deg,. (v) = ¢;. We have max{b;, ¢;} < a;. By the definition of the sorting
operator, if b; + ¢; is even, then deg, (u') = deg, (v') = (b; + ¢;)/2, and if
bi + ¢; is odd, then {deg,, (u'),deg,, (v")} = {(bi +ci+1)/2,(bi +¢; —1)/2}.
In both cases we have deg, (u),deg, (v') < a;. O
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An r-tuple of monomials (u1,...,u,) € S} is called sorted if for any
1 <i < j <mn, the pair (u;,u;) is sorted. In other words, if we write the
monomials w1, ..., Up S UL = Tjy « - Tiy, U = Tjy ==+ Ty, -, Up = Ty, - Ty,
then (ug,...,u,) is sorted if and only if

(63) 1 <ji<- <l <ig<Gp< <Ly < <y <jgg <o <Ay

Indeed, from the above sequence of inequalities it clearly follows that
every pair (u;,u;) with ¢ < j is sorted. Conversely, let (u1,...,u,) be sorted.
In particular, the pair (u,ug) is sorted, hence i1 < j; <ig < jo < -+ <ig <
Ja- Let ug =z, - - - oy, where 1 < ky < --- < kg < n. Since (ug, us) is sorted,
we have j; < k1 < jo < kg < -+ < jg < kg. On the other hand, (u1,us) is
sorted as well, thus we get 11 < j1 < k1 <io < Jo < kg < -+ <ig < jg < ky.
Therefore, step by step, we get all the inequalities from (6.3).

Let (u1,...,u,) be an r-tuple such that for some i < j the pair (u;, u;)
is unsorted, and let (uj,u}) = sort(u;,u;). Then we call the assignment
(uy . up) = (ut, .oy ug, .ol up) & single sorting step.
Theorem 6.12. Let (uy,...,u,) be an r-tuple of monomials in Sy.

(a) There is a unique sorted r-tuple (u}, ..., ul.) such that uy - - - u, = uy -+ ul.

(b) The unique sorted r-tuple can be obtained from the original one in a finite
number of single sorting steps.

Proof. (a) If wjug - uy = @3, @iy -+~ , with 1 <45 <ig < -+ <ipg < mn,

d—1 .
then u} = [Tj=o Tippy; for 1< g <.
(b) We write uy = @, -+ @iy, 1 <ip <+ <dg <m, ug = x5, -+ xj,, 1 <
j1S---degn,...,andur:x51'~x@d,1§£1§---§£d§n. Then

urug e = (T3, @5y B, (Tig Ty - Tay) - (T Ty D)
We relabel the sequence i1, j1,...,01,%2,72,.-.,42, ... %4, jds---,¥q as
k= ki, ko, ... ke, kr-i-l? k?"+27 ooy kor, k(d—l)r-{-lv k(d—l)r—i—Q: ooy kg

We define a function s from the set of all r-tuples of monomials of degree
d to Z which is given by s(u) = >, _;(k; — k;). Obviously, this function is
bounded above. The proof is completed once we have shown that s(u) <
s(u’) where u’ is obtained from u by a single sorting step. Suppose that the
pair (u;,u;) is unsorted. The pair (u;,u;) defines a subsequence of k, let us
say ki, ..., kiy,, and let S = {i1, ..., i24}. We split the sum defining s(u) as
follows:

s(w)= > (ki —k)+ > (kj—k)+ > D (ki —ki)+ > (ki — kj)

i<j i<j eS| i<i i>j
i,jES i,5¢€S ies i€s
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We apply the same decomposition for s(u’) with respect to the pair
(ul, u;) Note that the set of indices defining the corresponding subsequence
for (u},u”) in k' is again § = {i1,...,i24}. Comparing the sums in the

decompoéitions for s(u) and s(u’,) we see that first sum becomes strictly
larger, the second sum does not change, and for each j ¢ S, the sums in the
square brackets do not become smaller. The first part of the above claim
follows in the following way. Let 1 = ¢1,...,¢, be a sequence of positive
integers and 1" = ¢|,..., ¢, a permutation of 1 such that ¢; < ... < £/.
Let f(1) = Zi<j(€j =), 9(1) = EK]' [¢; — 4], and g(V') = ZKJ‘ |€3 -
Gl = >2.;(¢; — ). We notice that g(I) = g(I'). Indeed, it is clear that
g(1) and g(l') have the same number of summands. Let now [¢; — ¢;| be a
summand of g(1). Then there exist uniquely determined integers p,q such
that £; = £}, and ¢; = £}. If p < g, then [{; — {;| = £}, — £}, and if p > g, then
|t —L;| = £;,— ;. Thus there exists a bijection between the summands of g(1)
and the summands of g(l'). We obviously have the inequality f(1) < g(1),
thus f(1) < g(l'). Moreover, the equality in the last inequality holds if and
only if f(1) = g(1), that is, ¢; < ¢; for all i < j.

Finally, we have to compare the last sums in the decompositions of s(u)
and s(u’). For a fixed j ¢ S, let SS={i€S:i<jland S~ ={ieS:
i > j}. Then, for j ¢ S, the inequality

S ki —k)+ D> (ki—k) = > (k= k) + > (K — k)
1€S< 1€S> 1€S< 1€S>

is equivalent to

D ki= Y k= D> K- K

1ES< €S> i€S< €S>
Since > ,cski = Y ics ki, the last inequality is equivalent to >, g< ki >
> ics< ki, which obviously holds by the construction of the sorting of a pair
of monomials. g

Let B C Sy be a sortable set of monomials and K[B] the semigroup ring
generated over K by B. Let R = K[{t, : u € B}| be the polynomial ring with
the order of indeterminates given by ¢, > t, if u >1ex v and ¢ : R — K[B]
the K-algebra homomorphism defined by t, +— wu for all u € B. Let Pp be
the kernel of . We are interested in studying the Grobner basis of P with
respect to a suitable monomial order. We need the following

Definition 6.13. Let F = {f1,...,fs} C R be a finite family of marked
binomials in R. In other words, f; = m;—m, for some monomials m;, m, € R
foralli=1,...,s, where the monomial m; in f; is marked by underline. F
is called marked coherently if there exists a monomial order < on R such
that ino(f;) =m; for 1 < i <s.
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The next theorem, due to Sturmfels [St95], gives a necessary and suf-
ficient condition for a finite set F = {f1,..., fs} of marked binomials to
be marked coherently. In order to recall this theorem we need one more
definition. Let g € R be a nonzero polynomial, and let w be one of the
monomials of the support of g. If w is divisible by the marked monomial m;
of fi = m; —m} € F, we replace the factor m; in w by m). We let h be the
new polynomial obtained in this way and say that g reduces to h modulo

F.

Theorem 6.14. Let F C R be a set of marked binomials. Then F is marked
coherently if and only if every sequence of reductions modulo F terminates
in a finite number of steps.

With these tools at hand we have the following result.
Theorem 6.15. Let B be a sortable subset of monomials of Sq and
F = {tuty — twty : u,v € B, (u,v) unsorted, (u',v") = sort(u,v)}.

Then there exists a monomial order < on R which s called the sorting
order such that for every g = tyt, — tyty € F, inc(g) = tyty.

Proof. By Theorem 6.12, any r-tuple of monomials (ug,...,u,) can be
sorted by a finite number of sorting steps. This statement is equivalent to
saying that our set F is marked coherently by Theorem 6.14. O

Finally, as the main result of this subsection we obtain

Theorem 6.16. Let K[B] be the K-algebra generated by a sortable set of
monomials B C S; and Pg C R its toric ideal. Then

G = {tuty — twty : u,v € B, (u,v) unsorted, (u',v") = sort(u,v)}

is the reduced Griobner basis of Pg with respect to the sorting order.

Proof. By Theorem 6.15, (in(G)) is generated by the monomials ¢,t,
where (u,v) is unsorted. Therefore, the K-basis of R/(in-(G)) is the set
X of the monomials t,, ---t,, of R with (uj,...,u,) sorted. By Proposi-
tion 4.29 we only need to show that the set X forms a K-basis of R/Pgp. By
Theorem 6.12, every polynomial of R reduces to a finite K-linear combina-
tion of monomials in X. Therefore, the set X generates R/ Pp over K. Next,
since any linear combination of distinct monomials in X maps to a linear
combination of distinct monomials in K[B] it follows that X is K-linearly

independent. U

There are examples which show that in general the sorting order is nei-
ther lexicographic nor reverse lexicographic [St95, Proposition 14.4.].
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It follows from Proposition 6.11 and Theorem 6.16 that the toric ideals
of Veronese type algebras have quadratic Grobner bases with respect to the
sorting order.

If we choose the reverse lexicographic order induced by the natural order
of the indeterminates, then the Grobner basis of the Veronese type algebras
is no longer quadratic. For example, choose S§; C K|r1,x2, 73] where
a=(2,2,2). Then

a 2 2 2 2 2 2
53,3 = {xlxzaﬂﬁx?w T1X9,X1T2X3, 13, T3, UC2$3}.

Let P C K|[ti,...,t7] be the presentation ideal of the semigroup ring associ-
ated with S% 5. Its reduced Grobner basis with respect to the reverse lexico-
graphic order is Greviex = {t112 — tat7, L1tz — t3ty, tots — tity, toty — tits, tats —
tits, t421 — t1t7,t3ts — t1t7, tals — toly, tatg — t1t7, tate — L3t7, t5te — t4t7}.

However, we can show that the degree of the binomials in the reduced
Grobner basis for Veronese type algebras with respect to the reverse lexico-
graphic order is at most three.

Theorem 6.17. Let G be the reduced Gréobner basis of the toric ideal of
K[S2 )] with respect to the reverse lexicographic order induced by t, > t, if
U >1ex V. Then, every binomial g € G has degree at most 3.

Proof. Let g =ty -+ -ty, — tu, -+ ty, € G With in_(g) = ty, - - - ty,. Since g
is primitive, hence irreducible, it follows that t,, > t,,, that is, ug; >1ex vg.
Therefore, there exists an index ¢ such that deg, (u;) = deg, (vq),...,
deg,,  (uq) = deg,,  (vy), and deg,, (uy) > deg,, (vq). But uy and v, have
the same degree, thus there exists A > ¢ such that deg,, (uy) < deg,, (v,)-
On the other hand, wu; ---uy = v1 -+ - vy, thus, by comparing the degrees of
each indeterminate in both products, we may find 1 < a,b < ¢ — 1 such that

deg,,(uq) < deg,,(va) and deg,, (up) > deg,, (vp)-

If ug = up, then we set uy, = wous/xp and uy, = wpuy/xe. It follows that
h = tu,tu, — tuytu, € Py and ty, > ty;, whence inc(h) = ty,tu,. Since G
is a reduced Grobner basis we have in.(g) = in<(h), which implies that
deg(g) = 2.

Finally, if uq # up, there exists j such that deg, (uq) > deg, (u.) In
this case, we consider the monomials

/ / /
Uy = ToUa /T, Uy, = Tjup/Th, and ug = Tpue/Ty.

It follows that ugupug = uguyug, thus h = ty,ty,tu, — tu, tutu, € Pr, and
Ug >lex u;, hence inc(h) = ty,tu,ty,. Since G is reduced, it follows that
in.(g) is a monomial of degree at most 3. O
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6.3. Generalized Hibi rings

In 1985 Hibi [Hi87] introduced a class of algebras which nowadays are called
Hibi rings. They are semigroup rings attached to finite posets, and may be
viewed as natural generalizations of polynomial rings. Indeed, a polynomial
ring in n variables over a field K is just the Hibi ring of the poset [n] =
{1,2,...,n}.

Hibi rings appear naturally in various combinatorial and algebraic con-
texts, for example, in invariant theory.

Let P = {p1,...,pn} be a finite poset. A poset ideal I of P is a subset
of P which satisfies the following condition. For every p € I, if ¢ € P and
q < p, then g € I. Let Z(P) be the set of the poset ideals of P. It is easily
seen that Z(P) is a sublattice of the power set of P, hence it is a distributive
lattice. By Birkhoff’s theorem any finite distributive lattice arises in this
way. Let K be a field. Then the Hibi ring over K attached to P is the toric
ring K[Z(P)] generated by the set of monomials {zst: I € Z(P)} where
zr = [l,,erxi- Let T = K[{t;: t; € Z(P)}] be the polynomial ring in the
variables t; over K, and ¢: T' — K[Z(P)] the K-algebra homomorphism
with t; — x;t. One fundamental result concerning Hibi rings is that the
toric ideal Lp = Ker ¢ has a reduced Grobner basis consisting of the so-
called Hibi relations:

trty —tingtiuy with I J and J 1.

Hibi showed [Hi87] that any Hibi ring is a normal Cohen-Macaulay domain,
and that it is Gorenstein if and only if the attached poset P is pure, that is,
all maximal chains of P have the same cardinality.

More generally, for any lattice £, not necessarily distributive, one may
consider the K algebra K[L] with generators yo, o € £, and relations y,yz =
YarsYavp Where A and V denote meet and join in £. Hibi showed that K[L]
is a domain if and only if £ is distributive, in other words, if £ is an ideal
lattice of a poset.

Hibi ideals were first introduced in [HHO5]. To each finite poset P =
{p1,...,pn}, one may attach the Hibi ideal Hp as the monomial ideal in the
polynomial ring with 2n indeterminates K[z1,...,Zn, Y1, ..., yn| generated
by the monomials x;yp\; with I € Z(P). Note that the toric ring generated
over K by these monomials is isomorphic to the Hibi ring attached to P.

We now present the theory of generalized Hibi rings as introduced in
[EHM10].

Let Z(P) be the set of poset ideals of P and r a positive integer. An
r-multichain of Z(P) is a chain of poset ideals of length r,

I:L1 CLC...CI.=P.
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We define a partial order on the set Z,.(P) of all r-multichains of Z(P) by
setting Z < Z'if I}, C I for k =1,...,r. Observe that the partially ordered
set Z,(P) is a distributive lattice, if we define the meet of Z: [y C --- C I,
and Z': I] € --- C Il as TNZ where (ZNT'), = I, NI for k=1,...,r,
and the join as ZUZ' where (ZUZ"), = I, Ul for k=1,...,r.

With each r-multichain of Z,(P) we associate a monomial uz in the
polynomial ring S = K[{z;; : 1 <i < r,1 <j < n}]in rn indeterminates
which is defined as

UT = 11 X2 " " Lrdpy
where x5, = HPZEJk xpe and Jp = I \ Ix—1 fork=1,... 7.

Lemma 6.18. Let Z and I’ be two r-multichains of Z(P). Then
UZUT = UTUT UINT' -

Proof. Indeed, the equality holds if and only if
Ty, Py Ttnpnn o Ton

Lel—y  Tery o Tenang_, Te,_q0I

fort=1,...,r.

In order to see that this identity holds, just observe that

LN, = ng{xtqutIt’}v i, = ng{xtItflvxtI£71}7

and
Lty - xtlg Ttli—q ~ LI

t—1
xtlt,lul’ = .
ged{zyy,, xtlg} =t ged{wy, fl«“t[;_l}

Tinur, =

O

Theorem 6.19. The set of monomials {uz : Z € Z,(P)} C S,y is sorted
with respect to x11 > To1 > -+ > XTpl > X1g > 0 > Tpg > 0 > Xy > v >

Ty

Proof. Let Z,7' € Z,(P) be two r-multichains. We show that, with respect
to the given order of the indeterminates, sort(uz,uz) = (uzuz/, uznz7). By
Lemma 6.18, we have uzuz = uzupuznz - Next, we notice that for every 1 <
J < n, there exist uniquely determined 1 < k, ¢ < r such that p; € I \ Iy
and p; € I;\I,_,. Therefore, z¢; and zj; are the unique indeterminates with
second index j which divide the product uzuz:. If k = £, then obviously xy;
divides uz 7 and uznz. Let k < £. By the definition of the sorting and the
chosen order of indeterminates, the conclusion follows once we show that
xpjluzur and xgj|uzng. Since k < £ and p; € i, we obtain p; € I, as well.
Therefore, we get p; € (I, N I)) \ (Ir—1 N I,_,) since p; & I, ;. We thus
have x¢;|uznz. On the other hand, as p; & I;_, and k < £, it follows that
pj € Iy, thus p; € (I, UIL) \ (Iy—1 U I},_;). Therefore, z);j|luzur and the
proof is completed. O
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Let R,(P) be the K-subalgebra of S generated by the set {uz : Z €
Z.(P)}. The ring R, (P) is called a generalized Hibi ring. This naming is
justified by the fact that for » = 2 one obtains the classical Hibi ring. Let T
be the polynomial ring over K in the set of indeterminates {t7 : Z € Z,.(P)}.
Furthermore, let p: T'— R,.(P) be the surjective K-algebra homomorphism
with ¢(t7) = uz for all T € Z,.(P).

By applying Theorem 6.16 and Theorem 6.19 we get the following
Theorem 6.20. The set
G = {trty — truptzne € T : L, € Z,(P) incomparable},

is a reduced Grobner basis of the ideal L, = Ker ¢ with respect to the sorting
order on T induced by x11 > Tog > -+ > Tpp > T1g > -+ > Tpg > -0 >
Tip >+ > Trnp.-

Corollary 6.21. For any poset P and all integers v > 1, the toric ring
R.(P) is a normal Cohen—Macaulay domain.

It is interesting that the set of binomials which gives the reduced Grobner
basis of L, with respect to the sorting order coincides with the reduced
Grobner basis with respect to the reverse lexicographic order induced by a
total order of indeterminates with the property that Z < 7’ implies that
tr > tg.

Theorem 6.22. The set
G = {trty — truptzny € T : Z,7' € L,(P) incomparable},

is a reduced Grobner basis of the ideal L, = Ker ¢ with respect to the reverse
lexicographic order induced by the given order of the variables tr.

Proof. Let [[¢_, tz, — [[!_, tzz be a primitive binomial in L, with initial
monomial [[?_; tz,. We are going to show that there are two indices k and
¢ such that Z, and Z, are incomparable r-multichains of ideals, and that
tz,tz, is the leading monomial of t7,t7, — t7,uz,t7,n7,.- This will then show
that G is Grobner basis of L,.. It is obvious that G is actually reduced.

Suppose to the contrary that 7 < 7o, < ... < Z,. We will show that
I, < I, for all s. Indeed, since []_,tz, — [[f_,tzy € L, we see that
[T uz, =TI ug. It follows that

q q
H( xklsk\lskfl) = H(
s=1 k=1 s=1 k

Here Z; is the r-multichain of ideals Iy; C I;o C -+ C I, = P, and Z, the
r-multichain of ideals I, C I, C .- C I, = P.

14 L

aprar, ) foralll=1,...r.
1
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Now for all j and k£ we apply the substitution x; — x;, and obtain

q q
Hxlsl = foéz’ 0=1,...,r
s=1 s=1

where z; = [[;c;z; for J C [n].

Since 7; < Iy < -+ < I, it follows that supp([]?_, z1,,) = Iy. Thus
the equation [[!_; zr, = [14, zy/, implies that zy/ |zp,, for all £ and all s.
It follows that 7] < Z,. We cannot have equality, since []_, tz, — []Z_, tz/
is a primitive binomial. This contradicts the fact that []?_, ¢z, is the initial
monomial of [[?_, tz, — [TL_; tz:.

Finally, t7,t7, is the leading monomial of ¢z, t7, — t7,uz,t7,nz, thanks to
the monomial order on 7. ]

6.4. Grobner bases for Rees rings

6.4.1. The /-exchange property. This subsection is devoted to the study
of the Grobner bases of presentation ideals of Rees rings defined by monomial
ideals.

Let I € S = K[x1,...,z,] be a graded ideal. Recall from Example 3.10
that the Rees ring of I = (f1,... fm), denoted by R(I), is the graded subring
of S[t] given by

R(I) = EP Pt = S[fit, ..., funl].

>0
The Rees ring R(I) has the I])resentation
©:R=Syi,....,ym] — R),
defined by
i w; for 1<i<n and y;— fjt for 1 <5< m.
The ideal J = Ker(yp) C S[y1,-..,ym] is called the presentation ideal of
R(I).

In the following we concentrate on the case that I = (ui,...,up) is a
monomial ideal generated in one degree. In this case R is a polynomial
ring which admits a natural bigraded K-algebra structure which is given by
setting deg(z;) = (1,0) for: = 1,...,n and deg(y;) = (0,1) for j = 1,...,m.

On the other hand, let T = Kly,...,ym| and L be the toric ideal of
Kluy, ..., uy] which is the kernel of the surjective homomorphism

VT — Kluy, ..., up]
defined by ¥(y;) = w; for all i.
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Notice that Kuy, ..., up] is isomorphic to the fiber R(I)/mR(I) of R(I)
since all generators of I have the same degree. Here m = (x1,...,xz,) is the
graded maximal ideal of S.

Let < be a monomial order on 7. A monomial y? in T is called a
standard monomial of L with respect to <, if it does not belong to the
initial ideal of L.

The following definition appears first in [HHVO05].

Definition 6.23. The monomial ideal I satisfies the (-exchange property
with respect to the monomial order < on T, if the following condition is
satisfied: let y* and vy be any two standard monomials of L with respect to
< of the same degree with u = ¥(y?) and v = ¥(yP) satisfying

i) deg, u=deg, v fort=1,...,q—1 withq<n-—1,
Tt Tt
(ii) deg,, u < deg,, v.

Then there exists an integer k, and an integer ¢ < j < n such that xquy/x; €
I.

The usefulness of this concept becomes apparent in the next theorem
which is taken from [HHVO05].

Let <’ be an arbitrary monomial order on T" and <j.y the lexicographic
order on S with respect to x1 > -+ > x,. A new monomial order <{CX is
defined on R as follows: for two monomials x?y? and x°y9 in R, we set
x2yP <f x®yd if and only if (1) x? <jex x€ or (i) x* = x° and yP <’ y4.

Recall that <{CX is just the product order of <’ and <oy as introduced
in Chapter 2.

Theorem 6.24. Let I = (uy,...,uny) be a monomial ideal generated in one
degree, satisfying the (-exchange property. Then the reduced Grobner basis
of the toric ideal J with respect to <| . consists of all binomials belonging to
the reduced Grobner basis of L with respect to <' together with the binomials

LiYk — TjYL,

where x; > x; with x;up = xju; and x; is the smallest variable for which
xyug/x; belongs to I.

Proof. Let G denote the finite set which consists of all binomials belonging
to the reduced Grobmer basis of L with respect to <’ and the binomials
Ty — xjy1, as described in the theorem.

Our goal is to show that G is a Grobner basis of J with respect to <iex.
Let f € R be an irreducible binomial belonging to J. If in_r (f) € T,
l T

then f € JNT = L and in_, (f) is divided by the initial monomial of
<
lex
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a binomial belonging to the Grobner basis of L with respect to <’. This
is due to the fact that <icx is an elimination order for xy,...,z,. Next,
suppose that in<gez(f) ¢ T and write f = x;x%yP — :):jxa/yb/, where x;
is the biggest variable appearing in f and where ¢ < j. We may assume
that yP® is a standard monomial of L with respect to <’. We will show that
x;yP is divided by the initial monomial of a binomial of type z;y;, — Ty, as
described in the theorem.

Replacing y®' with its standard monomial of L with respect to </, we
may assume that both y? and y® are standard monomials of L with respect
to <.

Since none of the variables xp with k < ¢ appears in f, it follows that,
for each 1 < k < 1, the power of the variable x; appearing in the monomial
u = (yP) is equal to the power of the variable z;, appearing in v = 1 (y®).
In other words, deg,, u =deg, vfor k=1,2,...,:—1. On the other hand,
since the variable z; does not appear in x2 , we also have deg,. u < deg, v.

The f(-exchange property of I with respect to <’ yields the existence of
integers s and i < ¢ < n such that z;(us/z) € I. Say, x;(us/x¢) = u,. Then
Tiys — ey € J and its initial monomial divides xiyb. This shows that G is
indeed a Grobner basis of J. It is easy to see that it is a reduced Grobner
basis. O

6.4.2. The Rees ring of generalized Hibi ideals. In this subsection we
use the f-exchange property to compute the Grobner basis of the presenta-
tion ideal of the Rees ring of generalized Hibi ideals.

The following proposition provides classes of ideals which satisfy the /-
exchange property. To describe the result we need to introduce the following
concept due to M. Kokubo and T. Hibi [KHO06].

Definition 6.25. A squarefree monomial ideal I which is generated in one
degree is called weakly polymatroidal with respect to the order x1 > x2 >

- > x, of the variables, if for any two generators uw = x;, ---x;, with
1 < g < -+ < g, and v = T Ty with j1 < jo < -+ < jqg of I
such that i1 = ji,...,0t—1 = je—1 and iy < j¢, there exists £ > t such that
Liy (v/sz) el

Now we have

Proposition 6.26. Let I C K(xy,...,z,] be a weakly polymatroidal ideal
which is sortable. Then I satisfies the (-exchange property with respect to
the sorting order.

Proof. Let I = (u1,...,un), L the toric ideal of KJuy,...,u,| and y®
and y® be two standard monomials of L with respect to the sorting order
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satisfying (i) and (ii) of Definition 6.23. Suppose that ¢ (y*) = wi, - - - u;,
and ¥(y®) = uj, - - - uj,, and that all pairs (u;,u;,) and (uj,,u;,) are sorted.
It follows from (i) that deg,,(u;) = deg,, (u;) for [ = 1,...,d and for
t=1,...,q—1, and (i) implies that there exists 1 <1 < d with deg,, (u;) <
deg, (uj,). Since deg,, (u;,) = deg,, (uj,) fort =1,...,g—1 and deg, (u;) <
degxq(ujl), and since I is weakly polymatroidal there exists 7 > ¢ with
xqu, [z € I, as desired. O

Let P be a finite poset and H,(P) C K[{z;:i=1,...,r,j=1,...,n}]
the rth generalized Hibi ideal as introduced in Section 6.3.

Proposition 6.27. The ideal H,(P) is weakly polymatroidal with respect to
the order

T11 > X12 > - > Ly > T > - >Togp > > Tpl > - > Ty

of the variables.

Proof. Let Z: [ C L, C.---CIl,=Pand J: 1 C JoC.---C J. =P
be two different chains of poset ideals and uz and uy the corresponding
generators of H,(P). Let k be the first index such that I # J, and let
Ik\Ik—l = {pil, C ,pia} with i1 <119 < ... < i, and Jk\Jk_l = {pjl, e ,pjb}
with j1 < jo < ... < jp. We may assume that there exists ¢ such that
11 = J1,...,04—t = Ji—1 and 4y < j;. By our assumption on k, there exists
¢ > k such that p;, € Jp\ Joe—1. It follows that xy;, (uy/zw,) € H.(P),
because x;, (w7 /Tsi,) = ug where L is the chain

JICJC--- CJU{pi} C---C T U{py,} S C---CJ. =P

of poset ideals of P. This shows that H,(P) is indeed weakly polymatroidal.
[l

Finally, as a consequence of Theorem 6.19, Proposition 6.27, Proposi-
tion 6.26 and Theorem 6.24 we obtain

Theorem 6.28. Let <’ be the sorting order given by the sorting of the
monomial generators ui, ..., uy of H,(P). Then the reduced Grébner basis
of the presentation ideal of R(H,(P)) with respect to <l consists of all
binomials belonging to the reduced Grébner basis of the toric ideal L of the
fiber R(H,(P))/mR(H,(P)) together with the binomials

TirYk — TjsYl,

where Ty > s with Tyup = xjsu; and x5 s the smallest variable for which
Tipu/xjs belongs to H,(P).

Corollary 6.29. The Rees ring R(H,(P)) is Koszul and a normal Cohen—
Macaulay domain.
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Proof. Since the fiber of R(H,(P)) is generated by a sortable set of mono-
mials, Theorem 6.16 implies that the reduced Grobner basis of its toric ideal
L is generated by binomials of degree 2 with squarefree leading terms. By
Theorem 6.28, the reduced Grobner basis of the presentation ideal J of
R(H,(P)) is composed of the reduced Grobner basis of L and of binomials
of the type x;;yr — z;sy;. Therefore the reduced Grébner basis J consists of
binomials of degree 2 with squarefree leading terms. Hence the assertions
follow from Theorem 6.7 and Theorem 5.16. ]

6.5. Determinantal ideals

This section is based on the paper [HT96] and the article [BC03]. There
the interested reader can find more details related to determinantal ideals
as well as extensions of the results presented here. A classical reference
for determinantal rings are the lecture notes [BV88] by Bruns and Vetter.
Here we approach the theory of determinantal ideals via Grobner bases. To
compute the Grébner bases of these ideals we follow the elegant method of

[St90).

6.5.1. Determinantal ideals and their initial ideals. In this section
we compute a Grobner basis for the ideal of ¢t-minors of an m X n-matrix of

indeterminates. The proof presented here is due to Sturmfels [St90].
Let K be a field and X = (z;;)i=1,...m a matrix of indeterminates. We
j=1,..., n

P
denote by K[X] the polynomial ring over K with indeterminates w;;.

Let 1 <t < min{m,n} be an integer. We fix two sequences of integers,
1<ai<a<--<a<m and 1<b <by<---<b<n,

and consider the determinant

xalbl walbz . xalbt

xa2b1 wa2b2 . x@bt
[y aglby - b i=det |

xatbl xatbg e xatbt

Any such determinant is called a t-minor of X. The ideal generated by all
t-minors of X will be denoted I;(X).

There is a natural partial order on the set M (X) of all the minors of X
defined as follows:

[al"'at|b1“'bt]§ [Cl"‘Cs|d1“'ds]7
ifand only if t > s, a; < ¢; and b; < d; fori=1,...,s.

A product of minors & = §105 -0, with 3 < dg < --- < 4, is called a
standard monomial.
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One calls an array A of positive integers (a;;) with 1 < ¢ < r and

1 < j < s; such that s; > sg > --- > s, with strictly increasing rows and
nondecreasing columns a standard (Young) tableau. The shape of the
tableau A is the sequence (s1,...,s,) and s; + --- + s, is called its degree.

A bitableau is an ordered pair T' = (A4, B) of tableaux of same shape, and
we set degT = deg A(= deg B).

A standard monomial can be naturally identified with a bitableau. For
example, if 0 = 1203 with 0; = [124]123], d2 = [13|23] and 03 = [24]25],
then the bitableau associated with the standard monomial § is given in
Figure 1.

11214 11213
113 213
24 215

Figure 1. A bitableau

The following remarkable fact is a consequence of the straightening law
of Doubilet-Rota-Stein; see for example [BCO03] for the proof.

Theorem 6.30. Let t be an integer with 1 < t < min{m,n}. Then the
standard monomials 6 = 8192 - - - 6, with degdy >t form a K-basis of I;(X).

For the computation of a Grobner basis of I;(X) we apply the Knuth-
Robinson-Schensted correspondence. For this purpose we first describe
Schensted’s deletion algorithm applied to a standard tableau A of shape
(s1,...,8): the input of DELETE is a positive integer k < r with s > sp41,
the output is an element a of A and a standard tableau B = (b;;) of shape
(Sty-voysp—1,..0,8).

Set ar = as,, and for ¢ = k —1,...,1, let a; be the largest element
< ajy1 in the ith row of A. Then a = ay, and the standard tableau B is
obtained from A by replacing a; by a;11 in the ith row fori =1,...,k—1
and by deleting the element as, in the kth row of A.

In order to demonstrate this algorithm we apply DELETE for k = 3 to
the tableau in Figure 2.

The Knuth-Robinson-Schensted correspondence assigns to each standard
bitableau T' = (A, B) of degree t a two-line array

U, U2, ..., Ut
(64) ) ) Y
U1, 02,...,0t
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11214 11314
315 = | 4|5
4

a3:4, a2:3, a; =2
Figure 2

with vy < ug < --- < wy and v; > v+ if w; = u41. This assignment is
defined as follows: starting with ¢ we define recursively standard bitableaux
and pairs of integers,

(At7Bt)7(At—hBt—l)a"w(Al?Bl) and Uty UV, Up—1,Vg—15 -+, UL, V1.

We let (4, B;) = (A, B). Suppose (4;, B;) is already defined. Then let u;
the maximum of the elements in A;, and s the maximal number with the
property that u; belongs the sth row of A;. The tableau A;_; is obtained
from A; by removing the element u; form the sth row of A;. Now we apply
DELETE to B; for the integer s, which we defined before and obtain v; and
B;_1 as output.

Applying this recursion to the bitableau (A7, B7) in Figure 1 we obtain
u7 = 4 and s = 3. Now DELETE applied to By yields v7 = 3 and the new
bitableau in Figure 3:

11214 11213
113 215
2 2
(Asg, Bs)
Figure 3

Proceeding in this way we obtain the two-line array

1,1,2,2,3,4,4
2,2,51,2,3,3 )
We may identify the two-line array (6.4) with the monomial ., - - Ty, -

Thus, since any standard monomial in 6 € K[X] can be identified with
a bitableaux (A, B), the Knuth-Robinson-Schensted equivalence defines a
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map, denoted KRS, between the set of standard monomials of K[X] to the
set of monomials of K[X].

Theorem 6.31. The map KRS is a degree preserving bijection between the
set of standard monomials and the set of monomials of K[X].

We still need another important result regarding this correspondence.

Theorem 6.32 (Schensted). Let 6 = d1--- 0, be a standard monomial and

KRS(5) _ ( UL, U2y -« oy Ut )

U1, 02,...,0t

Then deg d1 is the length of the longest increasing subsequence of vi,vs, ..., vt.

Now we are ready to compute the Grobner basis of I;(X). For this
purpose we fix a diagonal monomial order, that is, a monomial order <
which selects the diagonal of a minor as its initial term. In other words, if
§ =[ay---ailby--- by, then

inc (5) = Ta1biLazby " " Lagb -

An example of a diagonal monomial order is the lexicographic order induced
by

T11 > X112 > > Tip > T2l > X2 > -+ > Ty > T30 > T32 > > Tmn.-

Theorem 6.33. For any diagonal monomial order the set of all t-minors
of X is a Grobner basis of It(X).

Proof. By Theorem 6.30, the standard monomials § = d1d2---9d, with
degd; > t form a K-basis of I;(X). Let us denote this set of standard
monomials by D;. Schensted’s theorem implies that for each d € Dy, the
monomial KRS(d) contains as a factor the main diagonal of a ¢-minor of X.
Therefore, for § € D; there exists a t-minor o such that in.(o)| KRS(9).
Thus, if J denotes the ideal generated by the initial monomials of the ¢-
minors of X, we see that KRS(D;) C J C inc([4(X)).

For a subset S C K[X] consisting of homogeneous polynomials we denote
by KS the K-vector space spanned by the elements of S. Then KS is a
graded K-vector space, whose ith graded component we denote by (KS);.
Since (K Dy); = I(X);, Theorem 6.31 implies that

dimK [t(X)z = dimK(K KRS(Dt))Z < dimK Jz
S dlmK in<(It(X))Z- = dimK It(X)z

for all 7. Consequently, Hilbg,;(t) = Hilbg; s _(7,(x))(t). Thus the desired
conclusion follows from Proposition 4.29. O
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6.5.2. The initial complex of a determinantal ideal. In the previous
subsection we have seen that for any diagonal monomial order < the set of
all t-minors of X is a Grobner basis of I;(X). Hence for such a monomial
order we have

inc (1i(X)) = ({Tarby Tagbs ** * Tagby }1<ar<ap<--<ar<m, 1<by <by<-<by<n)-

In particular, we see that in.(I;(X)) is a squarefree initial ideal. Thus,
identifying the variable z;; with the point (i,7) € [m] x [n], we may view
in (I¢+(X)) as the Stanley—Reisner ideal of a simplicial complex on the vertex
set [m] x [n]. We denote this simplicial complex by A, and call it the initial
complex of the determinantal ideal I;(X).

To better understand the nature of this complex we start with a very
simple special case, namely the initial complex of the ideal of 2-minors of a
generic m x 2-matrix. In this case the vertex set is [m] x [2], and the minimal
nonfaces are the subset of the form {(j,1),(k,2)} with 1 <j <k <m.

Figure 4 shows the minimal nonface {(2,1), (4,2)} in [5] x [2].

(5,2)

(1,1)

Figure 4

Thus, a facet of Ag is a maximal subset of [m]x[2] which does not contain any
pair of vertices in a position as indicated in Figure 4. In other words, if F' is
a facet of Ay and (4,2), (j, 1) € F, then we must have ¢ < j. It is then obvious
that the facets of Ay are the sets Fj, = {(1,2),...,(k,2), (k,1),...,(m,1)},
k=1,....,m.

One of the facets of Ay in [5] x [2] is shown in Figure 5.

(5,2)

(1,1)

Figure 5

We define a partial order on [m] x [n] by setting
(6.5) (,5) < (k1) if i<k and j>1I.
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With the partial order introduced, the facets of Ay are just the maximal
chains of the poset [m] x [2].

We will now study A; for general t. Note that a t-antichain of [m] x [n]
is a subset {(a1,b1), (a2,b2),...,(at,bt)} € [m] x [n] with a1 < ag <--- < at
and by < b < --- < by. This shows that the set of t-antichains in [m] x [n]
is in bijection with the minimal set of monomial generators of in([;(X)),
that is, with the minimal nonfaces of A;.

Next we will identify the facets of A;: let Z be a subset of [m] x [n]. We
denote by §(Z) the set of all elements (i,7) € Z such that there exists no
element (k,1) € Z with the property that k£ < ¢ and I < j. Obviously, 0(2)
is a chain of [m] x [n]. An iterated application of the operation Z — §(2)
yields a chain decomposition as follows:

Zy = 0(2),
Zi = 6(z\\Jz), for i>1
j<i
This decomposition of Z into disjoint sets of chains is obtained by the “light

and shadow” procedure of Viennot, where the source of the light is in (1, 1),
see Figure 6.

(1,1) (1,1)

Figure 6
In the following we call a sequence of points (u1,v1),. .., (us,vs) in [m] x
[n] a path if (u; — u;—1,v; — v;_1) is equal to either (1,0) or (0,—1) for all
i =2,...,s. Obviously, a path is a saturated chain of [m] x [n].

Theorem 6.34. A subset F' C [m] x [n] is a facet of A, if and only if F
is the family of t — 1 nonintersecting paths from P, = (r,n) to Q, = (m,r)
forr=1,...t—1.

Proof. We first observe that a subset G C [n] x [m] belongs to A; if and
only if G does not contain a t-antichain.

Suppose now that F' is a family of ¢ — 1 nonintersecting paths from
P. = (r,n) to @, = (m,r), r=1,...,t — 1. Since an antichain intersects a
chain in at most one point it follows that ' does not contain a t-antichain,
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and hence it is a face of A;. Suppose F' is not a facet. Then there exists a
vertex P = (i,j) ¢ F such that F'U {P} is a face of Ay.

Let
C={(kl)em]xn:l—-k>n—t+1 or k—Il>m—t+1}.

Figure 7 displays four nonintersecting paths in [10] x [7]. The vertices of C
belong to the upper left and lower right triangles indicated by the dotted
lines.

PPy, Py Py
7
/7
/
Ve
, —Q:
// QS
/7
; Q>
Q1
Figure 7

Since the vertices of C' do not belong to any t-antichain, it follows that
C C F. Inparticular, P ¢ C. This implies that the set {(i+k, j+k): k € Z}
intersects F'U{P} in t vertices; see Figure 7 where we have chosen P = (7,5)
and where the dashed line through P indicates the line {(7+k, 5+k): k € R}
within [10] x [7]. It follows that (FU{P})N{(i+k,j+k): k€ Z} is a
t-antichain contained in F'U { P}, a contradiction.

Conversely, let F' be a facet of A, and let F' =, F} be its decomposi-
tion into disjoint chains. We have F,. = () for r > ¢t — 1, because otherwise F’
would contain a t-antichain, which is impossible. Moreover, since C' C F, it
follows that P., @, € F, for r = 1,...,t — 1. Thus it remains to be shown
that the chains F;. are saturated.

If P, = (a1,b1) and Py = (a2, b2), then we write P, < Py, if a; < az and
b1 < ba. We note the following two facts:

(i) if Q" € Fy, then for each [ < k there exists P’ € F; with P’ < Q’;
(ii) if Ql € Fp and P’ < Q,, then P’ & Fy.
For the proof of (i) suppose that there exists an integer [ < k such that for
no P’ € F; one has P’ < '. Let [ be the largest integer with this property.
Then there exists R € Fj,; with R < @’ such that for no P’ € F; one has

P’ < R. Therefore there is no vertex T'< R with T' € F'\ U§;11 F;. By our
definition of chain decompositions it follows that R € F}, a contradiction.
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In order to prove (ii) assume that P’ € Fj. Then P’ > Q" or P’ < Q.
Let P’ = (a,b) and Q" = (¢,d) with respect to the partial order defined in
(6.5). In the first case we have a < ¢ and b > d, while in the second case
a > c and b < d. However, since P/ < Q' we have a < c and b < d, a
contradiction.

Now let P,@ € F, with @ > P, and let |P,Q[= {R € [m] x [n]: Q >
R > P}, where < denotes the partial order defined in (6.5). It is enough to
show that if | P, Q[# 0, then | P, Q[NF, # 0.

Let R €|P,Q|. If R ¢ F, then
FU{R}:F1U-"UFT71U(F7«U{R})UF7~+1U-"Uthl

is a decomposition of F' into ¢t — 1 chains. Thus F' U {R} does not contain
a t-antichain, and hence is a face of A¢, contradicting the fact that F' is a
facet of A;. Thus we may assume that R € F.

Consider first the case that P and () are in horizontal position, that is,
if P = (a,b) and Q = (¢,d), then b = d and a < ¢. Suppose R € Fy for some
s < r. By (i), there exists T' € Fs; with T' < P. Then T' < R, contradicting
(ii), since T" and R both belong to Fs. On the other hand, if R € F; for
some s > r, then there exists T' € F,. with T' < R. It follows that T' < Q,
contradicting the fact that 7" and ) both belong to F.. Similarly, one argues
when P and @) are in vertical position.

Now consider the case that ¢ > a and d < b, and let R = (¢, b). Suppose
R € F for some s < r. Let T € Fy, with T < P. Then T < R, in
contradiction to (ii), since T, R € Fs. Finally, suppose that R € F for some
s > r. Then there exists T' € F,. with T' < R. It follows from the choice of
R that P < T < Q. Thus in all cases, we see that |P, Q[NF, # 0. O

As a first consequence of Theorem 6.34 we obtain

Theorem 6.35. The determinantal ring K[X]/1;(X) is an integral domain
with
dimK[X]|/L(X)=(m+n—t+1)(t—1).

Proof. By Corollary 4.30 and Theorem 5.9 one has
dim K[X]/I;(X) = dim K[X]/ in ([;(X))
=dimA; + 1 = max{|F|: F € A}.
Since any path from P, to @, has cardinality m +n — (2r — 1), it follows
from Theorem 6.34 that all facets of A; have cardinality
t—1
d(mtn—(2r—1)=({t—1)(m+n—t+1).

r=1
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This yields the desired dimension formula.

In order to see that K[X]/I;(X) is a domain, we proceed by induction
on t. The assertion is trivial for £ = 1. Now let ¢t > 1; then xy, does not
belong to any diagonal of X. Let < be a diagonal monomial order. Then
Theorem 6.33 implies that z1, does not divide any of the generators of
inc(I;(X)). Therefore 1, is a nonzerodivisor on K[X]|/in<([¢(X)). Thus
the subsequent lemma implies that z1, is a nonzerodivisor on K[X]/I;(X)
as well. It follows that the natural map K[X|/[(X) — (K[X]/1(X))z,
is injective. This implies that K[X]/I;(X) is a domain provided that the
ring (K[X]/I(X))s,, is a domain. That the latter ring is indeed a domain
follows by induction, because

(KIX1/1o(X ), = (K[Y]/ L1 (Y)) 11, @1n, @20, - T (27, ],

where Y = (y;;) i=2...m is a matrix of indeterminates. This isomorphism

i=1,...,n—1

is induced by théisomorphism of K-algebras
K[X] — K[Y][:Ell, ey TN, 20y o v vy l’mn][l'l_r}]
given by the substitutions

-1 . .
Tij —r Yij +T1Tinxy,, for 1=2,....m and j=1,...,n—1,
Tij > T, for i=1 or j =n.

Indeed, this substitution maps X to a matrix Z from which one obtains the
matrix X' with entries x,, = z1p, 2j; = 0fori = 1 or j = n, and zj; = y;; for
1> 2and j < n—1 by clearing the last column and first row of Z with x,, as
a pivot element. It follows that for [;(Z), which is the image of I;(X) under
this substitution, we have It(Z) = 1, [1—1(X') = 21, 4—1(Y) = L_1(Y). O

Lemma 6.36. Let K be a field, S = K|x1,...,x,] the polynomial ring over
K in the indeterminates x1,...,x, and I C S an ideal. Let < be a monomial
order on S and suppose that x1 is a nonzerodiwvisor on S/ in(I). Then x;
is a nonzerodivisor on S/I.

Proof. Let x1f € I for some f € S, f # 0. Then z; in.(f) € in.(I). Our
assumption implies that there exists g € I such that in(f) = in-(g). Thus
we may choose a € K\ {0} such that in.(h) < in.(f) for h = f —ag. Since
x1h € I, we now may assume, by using induction on the initial monomial,
that h € I. But then f € I, as well. O

We have seen in the proof of Theorem 6.35 that A; is a pure simplicial
complex. We even have

Theorem 6.37. The simplicial complex A; is shellable.
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Proof. Let F and G be facets of Ay, and F = (JIZ] F; and G = /2] G;
their decomposition into disjoint paths. We set F' < G if for all ¢, GG; is on
the upper right side of F;. In other words, for all ¢ and all (a,b) € G; there
exists (¢,d) € F; such that a > ¢ and b > d. We extend this partial order
to a total order of the facets of Ay, and claim that this is a shelling order.
To this end, we have to show that for F' < G, there exists P € G \ F and a
facet H < G such that G\ H = {P}.

Since F' < (G, there exists some j such that F} is not on the upper right
side of Gj. Let i be the smallest integer with this property. Then there
exists an upper corner P = (a,b) of G; which does not belong to Fj; see
Figure 8. Here we call a point P = (a,b) of a path R an upper corner of R,
if both (a — 1,b) and (a,b — 1) belong to R.

Figure 8

Let 7 be the largest integer such that (a —k,b—k) € G for k=1,...,r.
Then Qr = (a — k,b—k) € Gi_y for k = 1,...,7. Set Qo = P. Then
the desired facet H of A; is obtained from G by replacing G;_x by G;_ \
{Qr}U{Qpy1} for k=1,...,r—1, and by letting H; = G; for all other G;.
Figure 9 shows in an example how H arises from G. ]

Qo

Q@1

Q2

Figure 9



6.6. Sagbi bases and the coordinate ring of Grassmannians 127

Theorem 6.37 together with Theorem 5.13 and Corollary 6.9 finally im-
ply
Corollary 6.38. The determinantal ring K[X]/I;(X) is Cohen—Macaulay.

6.6. Sagbi bases and the coordinate ring of Grassmannians

6.6.1. Sagbi bases. Sagbi bases, introduced by Robbiano and Sweedler
[RS90] and independently by Kapur and Madlener [KIM89], are used to
study subalgebras of polynomial rings. The philosophy is the same as that
for Grobner bases. By passing from a given subalgebra A of the polynomial
ring S = Klz1,...,x,) to the so-called initial algebra of A, one obtains an
algebra in. (A) generated over K by monomials of S. Many good properties
of in(A), for example, being Cohen—-Macaulay, are inherited by A. Since
the structure of in. (A) is usually much simpler than that of A, the study of
the initial algebra of A provides a useful technique for the study of A itself.

The terminology “Sagbi” is the acronym for “Subalgebra analog to
Grobner bases for ideals”.

Definition 6.39. Let K be a field and A o K-subalgebra of the polynomial
ring S = Klx1,...,z,]. Given a monomial order < on S we let in.(A)
be the K-subalgebra of S generated over K by all monomials in<(f) with
f € A. The algebra in(A) is called the initial algebra of A with respect
to the monomial order <.

A set S C A is called a Sagbi basis of A with respect to <, if the
elements in-(f) with f € S generate the K-algebra in-(A).

In the following we will always assume that A is a finitely generated
K-algebra. But, in general, this does not imply that in.(A) is finitely
generated, as the following example shows: let A be the subalgebra of K|z, y]
generated by fi =z +v, fo = 2y and f3 = zy?. Let < be a monomial order
with 2 > 3. We show by induction on ¢ that for all i > 0 the monomials xy’
belong to in.(A). This is obviously the case for i = 0,1,2. Suppose now
that i > 2, and that 2y'~! € in_(A). Then xy’ = fi(zy'!) — fo(zy'™2) €
in.(A). (The argument actually show that 2y’ € A fori > 0.) Since in_ (A)
is a monomial subalgebra of K|z,y| containing for all ¢ > 0 the monomial
xy’ but no pure power of y, it follows that in_(A) is not finitely generated;
see Problem 6.8.

On the other hand, if in-(A) is finitely generated, then so is A, as follows
from the next result.

Proposition 6.40. Assume that in(A) = K[in<(f1),...,in<(fm)]. Then
A=Klfi,..., fm].
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Proof. Let B = K|[fi,..., fm] and assume that B # A. Let f € A\ B
with smallest initial monomial. Since in.(f) € in-(A) there exist integers
a; > 0 and ¢ € K, ¢ # 0, such that ino(f) = cin(f1)* -+ inc(fm)*™.
It follows that g = f — cfj"* --- fom € A with in.(g) < in<(f). Thus we
conclude that g € B. But then f € B as well, a contradiction. ([

In the case that A is generated by homogeneous polynomials, then A
inherits a natural grading from S by setting A; = AN S, for all 7. In this
situation we have

Proposition 6.41. Let A = K|[f1,..., fm] be a K-subalgebra of S with the
property that each f; € S is a homogeneous polynomial. Then

Hilba(t) = Hilbs,_ () (t).

In particular, if in<(A) is finitely generated, then A and in(A) have the
same Krull dimension.

Proof. Given an integer i, and homogeneous polynomials gy, ..., g, with
leading coefficient 1 such that in(g1),...,in<(g,) is a K-basis of in-(A);,
then ¢1,...,g, is a K-basis of A;. Indeed, let g € A;, g # 0. Then there
exists ¢ € K such that either g — cg; = 0 or in.(g — cg;) < in<(g). In the
first case, we are done, and in the second case we may assume by an obvious
induction argument that g —cg; € Y ;_; Kgg. Thus, again, we obtain the
desired conclusion.

These considerations show that Hilba(t) = Hilbj,_(4)(t). By [BH9S,
Proposition 4.4.1 ] the Krull dimension of a positively graded K-algebra is
the pole order of its Hilbert series at ¢ = 1. This implies the second assertion
of the proposition. O

Remark 6.42. Assume that in the situation of Proposition 6.41, in.(A) is
generated in degree d, then A is generated in degree d, too. Thus we may
consider both algebras to be standard graded, in which case it also follows
directly from our definition of the Krull dimension of a graded module in
Subsection 4.4.6 that dim A = dim in.(A).

A deformation argument as it is used in the proof of Theorem 6.8 shows
that depth in.(A) < depth A. In particular, if in.(A) is Cohen-Macaulay,
then so is A. For details we refer the reader to [BC03, Theorem 3.16].

The following criterion for Sagbi bases is the analogue to the Buchberger
criterion and a variation of the criterion due to Robbiano and Sweedler
[RS90].

Theorem 6.43. Let < be a monomial order on S, f1..., fm polynomials
in S with leading coefficient 1 and A = K|f1,..., fm] the K-subalgebra of
S generated by fi ..., fm. Let o: R= K[y1,...,ym| — A be a presentation
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of A with p(y;) = fi fori =1,...,m, J = Ker(p) the presentation ideal
of A. Furthermore, let B = K[in<(f1),...,in<(fm)] and Jy = Ker())
where ¥: R = Klyi,...,ym] — B is the K-algebra homomorphism with

Bys) = inc(fi) fori=1,...,m.

Let y21 —yP1 . y2a —yPr be a system of binomial generators of the
toric ideal Jy. Then fi,..., fm is a Sagbi basis of A, if and only if the
relations y® —yP1, ..., y@ —yPr can be lifted to relations of A, that is, for

each j there exist elements C;(ij) € K such that
(6.6) £ —fP% =" with in(f?) < in (f%) forall a,
a

where £2 = fi'* - fom for a= (a1,...,am).

If the equivalent conditions hold, then the polynomials
Gilyr-ym) =y —y» =Ny, =17,
a
generate J.

Proof. Suppose that the given set of monomial generators of Jy can be
lifted. We first show that then any other binomial y©—y9 in Jy can be lifted.
To this end we give R a Z"-graded structure by setting degy; = c; where
inc(f;) = x%. With this grading of R, the ideal Jy is Z"-graded. Thus
y® — y4 is a K-linear combination of binomials of the form y8(y® — yP)
with degy® = degy8y®. This implies that in.(f°) = in(f®) in(f®).

Since y? — yPi can be lifted we have

£ — 2 = 3" with  inc(f%) < in (f%) forall a.
a

It follows that y&(y® — yP7) is liftable, since
FE(F% — %) = 3 el FEf2 with inc (F8f%) < in. (F8) inc (fY) = in (f°)

a
for all a.

Now since f¢ — fd is a K-linear combination of elements of the form
f&8(f2 —fPi) and since each of them is a K-linear combination of monomials
in the f; whose initial monomial is less than in. (f¢), it follows that £¢ — fd
can be expressed in the same way. In other words, y© — y9 is liftable.

Now we are going to show that B = in.(A). To this end let h € A,
h # 0. We have to show that in.(h) € B. Since h € A there exists a
presentation h = ) daf? with dy € K. If in (f*) < in.(h) for all a with
da # 0, then in (f*) = in.(h) for some a, and we are done. Otherwise

max{in<(f*): da # 0} > in-(h).
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Let ajy,...,as be the exponents for which in.(f?) is maximal. Then we
have "7 | da, = 0, and hence

i do, £ = Z da, (£2 — £31).
=1 1=2

Since in.(f*1) = in.(f?!), we see that y?' — y? € Jp, and since all the
binomials in Jy can be lifted, it follows that Y | da,f? can be rewritten as
a K-linear combination L of monomials f® in the fj with

in (f?) < max{in.(f*): da # 0}.

Hence if we substitute the sum ) 7| da,f?, which is part of the sum ), daf?,
by the linear combination L, we obtain a new presentation h = __ d,f? of
h with

max{in.(f?): d # 0} < max{in<(f*): da # 0}.
An obvious induction argument completes the proof.

Conversely, assume that B = in-(A) and let y¢ — y9 € J;. We want
to show that y© — y9 is liftable. Since in.(f¢) = in_(f9) it follows that
in (f¢ — f4) < in_(f°). Since B = in(A), there exists a; € N and
ca, € K such that

in (f21) = in (f¢ — f9) and in (¢ —f9 — ¢, f31) < in (F2).
As before we find as and ¢, € K such that
ine (FC — £9 — cy, £ — o, f22) < in_ (F*2).

This process must terminate and yields after a finite number of steps the
desired lifting.

Finally, we show that the relations G;(yi,...,ym) generate J. To see
this, let H(y1,...,ym) € J with H(y1,...,ym) = >_, cay® be an arbitrary
element. By using the fact that H(f1,..., fim) = 0, the arguments presented
above which showed that B = in-(A) if the given set of generators can be
lifted, also show that modulo the relations G(y1, ..., ¥ym) the sum > cay®
can be rewritten as ), c,y® such that

max{in.(f®): ¢, # 0} < max{in(f*): ca # 0}.

Thus arguing by induction the desired conclusion follows. (I

6.6.2. The coordinate ring of Grassmannians. Let K be a field and
X = (wjj)i=1....m a matrix of indeterminates. We denote by K[X] the poly-
J

=1,....n

nomial ring_ over K with indeterminates x;j, and by A the K-subalgebra of
K[X] generated by all maximal minors of X. Notice that A is the coordinate
ring of Grassmannians of the m-dimensional vector K-subspaces of K™.
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In this section we want to study A by means of its initial algebra with
respect to the lexicographic order induced by the order of the variables

T11 > XT12 > - > T p > X2 > T2 > > Tyml > Tm2 > - > Tmn-
It is convenient to denote the maximal minor of X with columns 1 < a; <
ag < -+ < apy <nbyla,...,ay]. Then
in<[a17 cee 7am] = T1a1T2as * * " Tmap, -

Let B be the K-algebra generated by the initial monomials of all the maxi-
mal minors of X. Our ultimate goal will be to show that B = in-(A4). On
the set L of all maximal minors we define a partial order be setting

[a1,...,am] < [b1,....bp] < a; <b; forall i.

This partially ordered set admits meets and joins; in other words, for any
two elements 41, do € L there exists a unique smallest element > 91, do, called
the join and denoted by §; V d2, and a unique largest element < §1, do, called
the meet and denoted by 01 A d2. In fact, we have

[a1, ... am] V [b1,...,by] = [max{ai, b1}, max{as, b2}, ..., max{anm, b}
and
[a1,...,am] A b1, ..., by] = [min{ay, b1 }, min{as, ba}, ..., min{am,, by}

It is obvious that L is a distributive lattice with meets and joins as described.

An element § in a distributive lattice is called join irreducible, if it
is different from the unique smallest element in the lattice and cannot be
written as the join of two elements of the lattice which are properly smaller
that 4.

In our lattice £ of maximal minors, the join irreducible elements can be
easily identified.

Lemma 6.44. The join irreducible elements of L are

(6.7) ik =1[1,2,...,6,i+1+k,i+2+k,...,m+ k|
withi1=0,1,....m—1and k=1,...,n—m.

Proof. Given an integer 0 < i < m — 1, we say that a minor [ay, as,. .., Gy

has a gap at position 7 if a;11 —a; > 1 where we have set ag = 0. Notice that
the minors listed in (6.7) are exactly those which have precisely one gap.

We claim that if [a;, ag,. .., a,] has at least two gaps, say at position i and
position j with i < j, then [a1,as,...,ay] is not join irreducible. Indeed,
we have

[aluazu"'7a’m] — [a’17a27"'7ai7a”i+1_17ai+27"'7a’m]

Voo lar,a,. a5, 054010 — 1, a549, ..., G-
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This shows that each join irreducible minor is one of the minors listed in
(6.7). Since each of these minors is obviously join irreducible, the desired
conclusion follows. O

Let P be the subposet of £ consisting of all join irreducible elements. By
Birkhoft’s theorem the ideal lattice Z(P) of P is isomorphic to £. Figure 10
shows the poset P in the case that m = 3 and n = 5.

3,4, 5]
2,3, 4] [1,4,5]

[1,3,4] [1,2,5]

[1,2,4]
Figure 10

For the rest of this section we fix a diagonal monomial order <.

Theorem 6.45. The K-algebra B generated over K by the initial monomi-
als of the mazximal minors of X is isomorphic to the Hibi ring attached to
L, that is, B = K[L], and dim B = m(n —m) + 1.

Proof. Let T be the polynomial ring over K in the variables ts with 6 € L,
and let ¢¥: T — B be the K-algebra homomorphism with 1 (ts) = in-(d).
It is easily seen that the so-called Hibi relations

(68) t51 t52 - ttsl\/52t51/\527 517 51 S L

belong to J = Kert. The Hibi relations are exactly the relations of the
Hibi ring K[L]; see [HH10, Theorem 10.1.3]. In particular, they generate a
prime ideal P,. We will show that .J = P, thereby proving the theorem.
Since Py C J and since both ideals are prime ideals, it will follow that
P = J, once we have shown that dim B = dim K[£]. The dimension of K |[L]
is known to be 1 plus the cardinality of the underlying poset P (which is the
subposet of join irrreducible elements of £); see [Hi87]. Thus it follows from
Lemma 6.44 and a simple counting argument that dim K[£] = m(n—m)+1.

On the other hand, since B is an affine K-algebra we have dim B =
trdeg Q(B)/K, where Q(B) is the quotient field of B and “tr deg” denotes
the transcendence degree of a field extension. Let

T ={in<(d): 6 € L, 0 is joint irreducible} U {x11222 ... Zpm }-

We now claim that Q(B) = K(T), and that the set 7 is algebraically
independent over K. This will then prove that indeed dim B = dim K[£] =
m(n —m) + 1.
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Let < be a total order extending the partial order on £, and let § € L.
If 6 ¢ T, then there exist d1,09 < ¢ such that § = &1 V d2. Thus

inc(0) = in<(61) inc (82) inc (61 A d2) 7L

Since d1,602,01 A d2 < & we may assume by induction on the “size” of §
with respect to < that in(d1),in<(d2),inc (61 A d2) € K(T). Therefore,
in(§) € K(T). Hence we have shown that in.(0) € K(T) for all 6 € L.
This shows that Q(B) = K(T).

In order to see that the monomials in 7 are algebraically independent
over K, we first notice that
inc (i) = 11722 TiiTig1it 14k Trnymtk-
Thus, if we set x = x11292 - - * Ty, then
inc(0i) /X = yik,

where
Yik = Vit Lit14kYit2it24k Ymmek  and  yu = x5/2j;.
It follows that K(7) = K()), where
Y=Ayu: i=0,....m—1,k=1,....n—m}U{x}.
Next we observe that yix/yit1k = Yi+1,i+1+k, SO that the set
V=A{ypp: i=1,....mk=1,...,n—m}U{x}
generates K (7)) over K.

Consider the semigroup ring R generated over K by the set monomials

V. The exponent vectors in Z™™~™)+1 of the elements in V are obviously
linearly independent. This implies that R is a polynomial ring. In other
words, the set V is algebraically independent over K. Since |T| = |V, it
follows that the set 7 is also algebraically independent over K, as desired.
O

Now we are in the position to prove

Theorem 6.46. The mazimal minors of X form a Sagbi basis of A. In
other words, B =~ in.(A).

Proof. We apply Theorem 6.43 and have to show that the Hibi relations
(6.8) can be lifted. To show this we use the fact the any product of two
incomparable minors can be straightened. This means the following: let
0 = [a1,a2...,ay) and 69 = [b1,ba,...,by] be two incomparable minors
(with respect to the partial order given in £). Then ;2 can be written as
a linear combination ¢ of products of minors [c1, ¢, ..., cnlld1, da, ..., dpy)
satisfying the following condition (x) (see [BH98, Section 7.1 and 7.2]):
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(1) [e1,e2,. .. cm]) <[d1,da,...,dy] and
[c1,¢2, ..., ¢ < [min{ar, b1}, ..., min{am,, by}

(2) The sequence (c1,c2, ..., Cm,d1,da,...,dy,) arises from the sequence
(ar,a2...,am,b1,b2,...,by) by a permutation.

For example, if 6; = [2,3, 6] and §; = [1,4, 5], then §;J3 is a linear combina-
tion of the following products of minors:

[1,2,4][3,5,6],[1,2,3][4,5,6],[1,3,4][2,5,6], 1,3, 5][2, 4, 6].

Among the potential summands in ¢ we have also (d; A d2)(d; V d2) which in
our example is [1, 3, 5][2, 4, 6]. The crucial fact to observe is that any product
of maximal minors o7 satisfying (x) which is different from (61 A d2)(d1 V d2)
has the property that inc(07) < in<(0102) = in<((61Ad2)(01Vd2)). Indeed,
let k£ be the integer such that

¢i =min{a;,b;} and d; = max{a;,b;} for i=1,...,k—1,

and ¢, # min{ag, by} or di # max{ag,br}. We first notice that due to (2)
and the choice of k the sequence (cg,...,¢m,dk,...,dy,) and the sequence
S = (ag,...,am,bg,...,by) coincide up to a permutation of their elements.
If ¢, # min{ag, by}, then condition (1) implies that ¢, < min{ag, by} which
is impossible because ¢, € S§. Assuming, without loss of generality, that
ar < by we then have ¢, = ap and di # max{ag,br}. Suppose that dj <
max{ay,bi}. If d = ap, we reach a contradiction since ¢, and dj are
different elements of the sequence & while ay, is the unique smallest element
in §. On the other hand, if d, < max{ag, by} and dj # ay, there exists j > k
with a; < by such that di = a;. It follows that a1 < a; < by < bg41, SO
that min{agy1,bxr1} = arr1. This implies that

ar = ¢ < g1 < minfagir, b1} = At

It follows that cp+1 = agy1 since in between ay and agyi there is no other
element from the sequence S, and cx41 belongs to this sequence. Proceeding
in the same way we get

aj—1 = Cj—1 < Cj < mln{aj, b]} = a;.

Thus we deduce as before that c; = a;. Since we also have d = a; it
follows that a; appears twice in the sequence c, ..., c¢p,dy, ..., d, which
is a permutation of the sequence S. However, a; appears exactly once in
the sequence (ag, . .., an,) and cannot appear in (b, ..., by,) since a; < by, <
e < bm

We conclude that dy > max{ag, bi}. Now, we get

inc((61 A 92)(01V 02)) = T1,a, 16, = TheT,ar_ 1 Th—1,bp 1 Thyax Thiby " "
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and
Inc(07) = T1a @1y ** ThoLiag 1 Th—Lby_1 Thay Thdy "
with dj, > bg. This shows that indeed in.(o7) < in<((d1 A d2)(d1 V d2)).

Since 6105 — £ = 0, the initial monomial of d1d2 must cancel against the
initial monomial of a summand in /. However, by what we have seen, this
summand can only be (01 A 62)(d1 V 62). Thus (51 A d2)(d1 V d2) actually
appears in ¢ with coefficient 1. It follows that

0109 — (51 VAN (52)(51 V 52) = fl,

where ¢/ = {— (61 A\d2)(01Vd2) is a linear combination of products of maximal
minors o7 with inc(07) < in<(6162), as desired. O

Corollary 6.47. The coordinate ring A of the Grassmannian of m-dimen-
sitonal vector K-subspaces of K" is a Gorenstein ring of dimension

m(n —m) + 1.

Proof. By Corollary 6.29, the Hibi ring B is Cohen-Macaulay. Moreover,
dim B = m(n—m)+1 as shown in Theorem 6.45. Thus by Proposition 6.41
and Remark 6.42 it follows that A is a Cohen—Macaulay ring of dimension
m(n —m) + 1. Hibi showed [Hi87] that a Hibi ring is Gorenstein, if and
only if the underlying poset P is pure, that is, if all maximal chains in P
have the same length. In our case all maximal chains of P have length n—1.
Thus B is Gorenstein, and since B is standard graded it has a symmetric
h-vector. Since B = in.(A) and since by Proposition 6.41, in.(A) and
A have the same Hilbert function, we conclude that the h-vector of A is
symmetric, as well. Since A is a domain, [BH98, Corollary 4.4.6] implies
that A is Gorenstein. O

6.7. Binomial edge ideals

Classically one studies the edge ideal of a graph G on the vertex set [n]
which is generated by all the squarefree monomials z;z; € Klz1,...,zy]
where {i,j} is an edge of G. Edge ideals were introduced by Villarreal in
[V90] and they have been widely studied since then.

In this section we consider a class of binomial ideals associated with
graphs which is a natural generalization of the ideal of 2-minors of a 2 x n-
matrix of indeterminates. They were introduced in [HHHKR10] and ap-
peared independently in [O10]. Our presentation follows HHHKR10]. In
simple terms, a binomial edge ideal is just an ideal generated by an arbitrary
collection of 2-minors of a 2 X n-matrix whose entries are all indeterminates.

Let G be a simple graph on the vertex set [n], that is, without loops
and multiple edges. Let K be a field and S = Klz1,...,Zn,y1,...,Ys] the
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polynomial ring in 2n indeterminates. For any 1 < ¢ < j < n, we set
fij = x;yj — xjy;. The binomial edge ideal associated with G is the ideal
Jg C S generated by all the binomials f;; where i < j and {i,j} is an
edge of G. In particular, the ideal of 2-minors of a 2 X n-matrix may be
interpreted as the binomial edge ideal of the complete graph on [n]. Note
that if G has an isolated vertex 4, that is, there is no edge of G incident to
i, then Jg = Jgr, where G’ is the restriction of G to the vertex set [n] \ {i}.

In this subsection we are concerned with the computation of the Grobner
basis for binomial edge ideals. For this purpose we define the following
notion.

Definition 6.48. Let G be a simple graph G on [n] and let i and j be two
vertices of G with i < j. A path i = ig,01,...,4 = j from i to j is called
admissible if the following conditions are fulfilled:
(i) i # i¢ for k # £
(ii) for each k =1,...,7 — 1 one has either iy, < i or iy > 7j;
(iii) for any proper subset {ji,...,7s} of {i1,...,ir—1}, the sequence
U, 71,5 s, J 98 not a path in G.

With an admissible path
W:i:io,il,...,ir:j
from ¢ to j where ¢ < j, we associate the monomial
Ur = (H xlk)(H Yie)-
1 >7 1<t
In the next theorem we characterize the Grobner basis of Jg with respect
to the lexicographic order on S with z1 > - >z, >y > -+ > Yn.

Theorem 6.49. The set of binomials

g= U{uﬂfij :mis an admissible path from i to j}
i<j

is a reduced Grobner basis of Jg with respect to lexicographic order on S.

Proof. We organize this proof as follows: First we prove that G C Jg.
Then, since G is a system of generators, we show that G is a Grobner basis
of Jg by using Buchberger’s criterion. Finally, in the last step, it is proved
that G is a reduced Grobner basis.

First Step. We show that, for each admissible path 7 from ¢ to j, where ¢ < j,
the binomial u, f;; belongs to Jg. Let m : 4 = ig,41,...,%—1,% = j be an
admissible path in G. We proceed by induction on r. Clearly, the assertion
istrue if r =1. Let r > 1 and A = {i : iy, < i} and B = {ip: iy > j}. One
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has either A # 0 or B # (. If A # (), then we set iy, = maxA. If B # (),
then we set iy, = min B.

Suppose A # ). It then follows that each of the paths
VN ikoyiko—la ce ,il,io =4 and T2 ! iko,iko+1, cee ,Z'rfl,ir = ]
in G is admissible. Now, the induction hypothesis guarantees that each of
U, fiko 4 and ug, fiko ,j belongs to Jg. A routine computation says that the
S-polynomial S(ur, fiko,ivumfiko,j) is equal to ur f;j. Hence urfi; € Jg, as
desired.
When B # (), the same argument as in the case A # () is valid.

Second Step. It will be proven that the set of those binomials wuy f;;, where
7 is an admissible path from i to j, forms a Grobner basis of Jg. In order to
show this we apply Buchberger’s criterion, that is, we show that all S-pairs
S(ur fij, uo fre), where ¢ < j and k < /£, reduce to zero. For this we will
consider different cases.

In the case that i = k and j = ¢, one has S(ur fij, us fre) = 0.

In the case that {i,j} N {k,¢} = 0, or i« = ¢, or k = j, the initial
monomials inc(f;;) and in.(fy¢) form a regular sequence. Hence the S-
pair S(ur fij, us fre) reduces to zero, because of the following more general
fact: let f,g € S such that in.(f) and in.(g) form a regular sequence

and let u and v be any monomials. Then S(uf,vg) reduces to zero; see
Problem 2.17.

It remains to consider the cases that either i = k and j # £ or i # k
and j = £. Suppose we are in the first case. (The second case can be proved
similarly.) We must show that S(ur fij, usfi¢) reduces to zero. We may
assume that j < £, and must find a standard expression for S(ur fij, us fir)
whose remainder is equal to zero.

Let 7 : i = ig,41,...,4, = j and o: ¢ = 4(,4},...,i, = £. Then there
exist indices a and b such that
/la:’lé and {Za+1,,lr}ﬂ{lg+1,,z;}:®
Consider the path
TJ =y ipet, . lat 1yl = Gy g gy e ooy by 1,0y =4
from j to . To simplify the notation we write this path as
T:j:jo,jl,...,jtzg.
Let
Jey =min{ je : je > g, e=1,...,t}

and

Ju2) = min{ je : je > g, c=t(1)+1,...,t}.
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Continuing these procedures yield the integers
0=t0) <t(l)<---<tlg—1) <t(q) =t.
It then follows that

7= Jr0) < Jr) < < Ji(q)—1 < Ji(q) = ¢
and, for each 1 < ¢ <, the path

Te - jt(c—l)vjt(c—l)—i—lv s 7jt(c)—17jt(c)
is admissible.

The crucial point of the proof is to show that

q
S(“Tl’f’ij? uU’fif) = Z UTcuchjt(c—l)jt(c)

c=1

is a standard expression of S(ur fij, us fir) whose remainder is equal to 0,
where each v,, is the monomial defined as follows: Let w = y; lem(ur, uy).
Thus S(ur fij, us fie) = —wfje. Then

(i) if ¢ =1, then
Tow
Ury = ————;
Ut Loy

(ii) if 1 < ¢ < g, then
TjTow
V7, = ] N
uTCl’]t(cfl) :Ejt(c)
(iii) if ¢ = ¢, then
xjw
Uy, = J

q . :
uqu.]t(q—l)

Thus we have to show that

WLy WL Ty W5
wfie = fjjtu) + Z T T fjt(c—l)jt(c) + Py f]t(q 1t
Jt(l) Jt(c—1)""Tt(c) Jt(q—1)

is a standard expression of w f;, with remainder 0. In other words, we must
prove that

(z LiYjey — 'Tjt(l)yj)

WL Ty

(1) w(zjye — zey;) = —xjt(l)
= Fdp(e—1) Tt (e)
x

Tyig (xﬂtw DY~ TeYjy))

(xjt(c—l)yjt(c) ~ Ty yjt(c—l))

is a standard expression of w(z;y, — x¢y;) with remainder 0.
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Since
. W wrjxye
WrjYe = — Tjug-n¥e = - Tijs(q—2)Yira—1)
Jt(g—1) Jt(q—2)"Jt(qg—1)
wr; ;T wIy
> T T Loy Yiu2) > T LiYje(1y
Jt(1) 7 It(2) Jt(1)

it follows that, if the equality (f) holds, then (f) turns out to be a standard
expression of w(x;jy, — xy;) with remainder 0. If we rewrite () as

Y1)

w(wjye — wey;) = w(w;me — Tgy;)

Je(1)

q—1
Yijee Yije(e—
+ wzxjxy Z(t_“ _ Dty
=2 Titey  Tir(e-1)

Yiea-1)
+ w(wjye — xjr——"—),
Jt(q—1)

then clearly the equality holds.

Third Step. Finally, we show that the Grobner basis G is reduced. Let wur f;;
and v, fre, where i < j and k < /, belong to G with ur fi; # usfre. Let
Tl =1g,41,...,0 = jand o : k = ko, k1,..., ks = £. Suppose that u,x;y;
divides either u,zrys or uszyr. Then {ig,i1,...,4,} is a proper subset of
{ko, k1, ..., ks}.

Let ¢ = k and j = ¢. Then {i1,...,i,—1} is a proper subset of the set
{ko,k1,...,ks} and k,i1,...,i,—1,¢ is an admissible path. This contradicts
the fact that o is an admissible path.

Let i = k and j # ¢. Then y; divides u,. Hence j < k. This contradicts
1< 7.

Let {i,5} N{k,¢} = 0. Then z;y; divides u,. Hence i > ¢ and j < k.
This contradicts ¢ < j. O

Corollary 6.50. Every binomial edge ideal is a radical ideal.

Proof. The statement follows immediately by the above theorem and the
next easy lemma. ([

Lemma 6.51. Let I C K[x1,...,x,]| be a graded ideal which has a squarefree
initial ideal with respect to some monomial order. Then I is a radical ideal.

Proof. Let < be a monomial order on S such that in.(I) is a squarefree
monomial ideal. We have to show that v/T = I. Let us assume that I - VI ,
and let us choose a polynomial f € /T \ I which has the smallest initial
monomial with respect to < among all the homogeneous polynomials in
VI \ I. There exists an integer m > 1 such that f™ € I, which implies
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that ino(f™) = (in<(f))™ € in<(I). Then there exists w, a squarefree
monomial generator of in.(I), which divides (in<(f))™. It follows that w
divides in.(f) as well. Let g € I be a homogeneous polynomial such that
inc(g) = w. We may choose a suitable term cu with ¢ € K and u a
monomial in S, such that the polynomial f’ := f — ug has initial monomial
inc(f’) strictly smaller than in.(f). On the other hand, it is obvious that
f" € VI \ I, a contradiction to the choice of f. O

By applying Theorem 6.49 we may characterize the binomial edge ideals
which have a quadratic Grobner basis with respect to the lexicographic
order.

Corollary 6.52. Let G be a simple graph on the vertex set [n] with the edge
set E(Q), and let < be the lexicographic order on S induced by x1 > -+ >
Ty > Y1 > -+ > yn. Then the following conditions are equivalent:

(a) The generators fij of Jg form a quadratic Grébner basis.
(b) For all edges {i,j} and {k, ¢} withi < j and k < £, one has {j,¢} €
E(G) ifi=Fk and {i,k} € E(G) if j = L.

6.8. Connectedness of contingency tables

6.8.1. Contingency tables and the y2-statistics. In statistics, a con-
tingency table is often used to record and analyze the relation between
two or more categorical variables. It displays the (multivariate) frequency
distribution of the variables in a matrix format. For example, suppose one
hundred individuals from a large population are randomly sampled to find
out whether there is any correlation between the color of their hair and the
color of their eyes. A contingency table as displayed in Figure 11 records
the result of this sampling.

The sequence of row and column sums is called the marginal distri-
bution of the contingency table.

The question is whether there is any correlation between eye and hair
color. To answer this question we have to decide on some statistical model
(which is our null hypothesis) and to test to what extent the given table fits
this model.

In general a (2-dimensional) contingency table is an m x n-matrix whose
entries are called the cell frequencies. Say that our contingency table
has cell frequencies a;;, while our statistical model gives the expected cell
frequencies e;;. Then the y2-statistic of the contingency table is computed

by the formula
2
Qi5 — €44
O

.. 7
] J
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HAIR COLORS

Blonde Red Black Totals

Brown 3 4 20 27
EYE COLORS Green 14 | 18 8 40
Blue 16 12 5 33
Totals 33 34 33 100
Figure 11

Under the hypothesis of independence and homogeneity of proportions one
has e;; = ricj/N where r; = Zj a;j is the ith row sum, ¢; = ). a;; is the
Jjth column sum and N =}, r; =, ¢; is the total number of samples. In
our example we obtain x? = 29.001.

6.8.2. Random walks. Does the value of x? tell us that the data given
in the table of Figure 11 fits well our hypothesis of independence and ho-
mogeneity of proportions? One strategy to answering this question is to
compare the y2-statistic of the given table with a large number of randomly
selected contingency tables with the same marginal distribution. If only a
rather low percentage (which is commonly fixed to be 5 %) of those ran-
domly selected contingency tables has a greater x? than that of the given
table, the null hypothesis is rejected.

But how can we produce such random contingency tables with fixed
marginal distribution? We start at the given table A and take random
moves that do not change the marginal distribution. Each single move is
given as follows: choose a pair of rows and a pair of columns at random, and
modify A at the four entries where the selected rows and columns intersect
by adding or subtracting 1 according to the following pattern of signs

+ - - +

— _l’_ or + —
with probability 1/2 each. In this way we obtain a random walk on the set
of contingency tables with fixed marginal distribution.

If the move produces negative entries, discard it and continue by choos-
ing a new pair of rows and columns. We will show below that each table with
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the same marginal distribution can be obtained from A in a finite number of
moves. If A is a contingency table of shape m x n, then the number of possi-
ble moves is (ZL) (g), which is a rather big number. In practice one obtains a
pretty good selection of randomly selected contingency tables with the same
marginal distribution as that of A which allows us to test the significance of
A, if we restrict the set S of possible moves. For example, one could allow
only moves where the selected rows and columns are consecutive. Another
natural choice for the set of possible moves (studied by Glonek [G87]) is
to allow only moves which involve the first row and first column. We say
that two contingency tables A and B are connected via S, if B can be
obtained from A by a finite number of moves. The question arises how to
decide whether two contingency tables are connected.

By converting the rows of a contingency table of shape m x n to a
vector, we may view it as an element in the set N™*" of nonnegative integer
vectors. Then the connectedness problem can be rephrased and generalized
as follows: let B be a subset of vectors of Z". One defines the graph Gp
whose vertex set is the set N of nonnegative integer vectors. Two vectors
a and c in N are connected by an edge of Gg if a — ¢ € +B. Then the
problem we have to deal with is to describe the connected components of
this graph. We say that a and ¢ are connected via B, if they belong to
the same connected component of Gg.

Now we arrived at a point where we can use commutative algebra. We
fix a field K and define the binomial ideal
Ig = (Xb+ —xP :beB)C Klz,... 2,
where for a vector a € Z", the vectors at,a~ € N” are the unique vectors
witha=a" —a".
The crucial observation is the following:

Theorem 6.53. The nonnegative integer vectors a and ¢ are connected via
B if and only if x* — x° € Ij.

Proof. Suppose first that a and c are connected via B. Then there exist
b1,...,b,, € £B such that
at+by+bs+---+b; eN* forall i=1,...,m,

and

c=a+bi+by+ -+ bp.
We show by induction on m that x® — x® € Iz. Suppose that m = 1. Then
c = a+ by € N, which implies that supp(b]") C supp(c). It follows that
d:=a—-b] :c—bir € N, and hence

x® — x¢ = xd(xP1 — Xb;r) € Ip.
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Now suppose m > 1 and that the assertion is true for ¢ < m. Since a 4+ by
and c are connected via m — 1 edges of G, our induction hypothesis implies
that x2tP1 — x© ¢ I, and this implies that

x® — x® = (x* — x2P1) 4 (x@TP1 _x®) e I3

Conversely, suppose that x* — x® € Ig. Then there exist by,...,b,, €

+B and monomials x% such that
m

x? —x¢ = Zxd (xbl+ —xP);

see Problem 5.8.

We show by induction on m that a is connected to ¢ via B. If m = 1,
then x — x¢ = x4 (Xbl+ — xP1). Therefore, a =d; +b] and ¢ =d; + by,
so that

a—Db; :d1+bi~_—b1 =d; +b; =c,
which means that a and ¢ = d; + b are connected by the edge —b;. Now
let m > 1. Then there exists an integer ¢, say ¢ = 1, such that x* = xdi b1
It follows that

xd1by X_EX XZ—XZ).

Hence our induction hypothesis 1mphes that d; + b; and c are connected
via B. Since a and d; + b} are connected by the edge —by, the desired
conclusion follows. O

As a first consequence we obtain

Corollary 6.54. Let C(m,n) be the set of all contingency tables of shape
m xn, and S the set of all possible moves. Then any two contingency tables
in C(m,n) with the same marginal distribution are connected via S.

Proof. The ideal Is corresponding to the set of moves S is just the ideal
I>(X) of all 2-minors of the matrix X = (x;;)i= L By Theorem 6.35 we
J]=

,,,,,

know that I2(X) is a prime ideal. Hence it follows from Proposition 5.4 that
Is is a lattice ideal of a sublattice L C Z™*". The lattice is generated by the
m X n-matrices of integers which correspond to the generators of Is, which
are the 2-minors of X. Thus we see that the generators of L are matrices
whose row and column sums are zero. It follows that all matrices in L have
row and column sums equal to zero. Conversely, any integer m x n-matrix
with row and column sums equal to zero belongs to L; see Problem 6.27.

Now let A and B be two contingency tables with same marginal distri-
bution, and consider the monomial x* —x?. Since A and B have the same
marginal distribution, it follows that A — B is an m X n-matrix of integers
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with row and column sums equal to zero. This implies that x4 — xZ € I,
and the desired conclusion follows from Theorem 6.53. O

6.8.3. Contingency tables of shape 2xn. In Corollary 6.54 we have seen
how powerful Theorem 6.53 is in helping to decide whether two contingency
tables are connected via the set S of all possible moves. In general, however,
if we only allow a restricted proper subset 7 C S of moves, then we obtain an
ideal I which is properly contained in I3(X) and whose structure is much
less understood than that of Io(X). The ideal I7 may not be a prime ideal,
and not even a radical ideal; see Problem 6.28. Nevertheless, for contingency
tables of shape 2 x n there is a full-fledged theory, due to the fact that in
this case the ideal I is nothing but the edge ideal of a suitable graph which
was studied in Section 6.7.

In general we are confronted with the following problem. Given a bi-
nomial ideal I and a binomial f, can we find feasible conditions in terms
of the exponents appearing in f that guarantee that f € I?7 The following
strategy suggested in [DES98] may be successful in some cases. Write the
given binomial ideal I as an intersection I = (),_; Ji of ideals J;. Then
f € I if and only if f € Ji for all k. This strategy is useful only if each
of the ideals Jp has a simple structure, so that it is possible to describe
the conditions that guarantee that f belongs to Ji. A natural choice for
such an intersection is a primary decomposition of I. In the case that [ is
a radical ideal the natural choice for the ideals J; are the minimal prime
ideals of I. While the existence of a primary decomposition of an ideal in
a Noetherian ring can easily be shown in a nonconstructive way by using
the ascending chain condition for ideals, it is much harder to give an algo-
rithm which yields a primary decomposition for a given ideal. There exist
several such algorithms (see for example [GTZ88] and [EHV92]), which
are implemented in various computer algebra systems. Here we are dealing
with binomial ideals. In [ES84] it is shown that a binomial ideal has a
primary decomposition in terms of binomial ideals, provided that the base
field is algebraically closed. In this context, a binomial ideal is understood
to contain binomials and monomials. In a special case described below we
give such a primary decomposition.

The binomial edge ideal of a graph is a radical ideal, as we have seen
in Corollary 6.50. Thus if we want to apply the above described strategy
to study connectedness of contingency tables of shape 2xn we are lead to
determine the minimal prime ideals of binomial edge ideals. The description
of the minimal prime ideals of these ideals is taken from [HHHKR10].
Other interesting cases where the minimal prime ideals of a class of binomial
ideals is known in quite explicit terms can be found, for example, in the
papers [HS00], [HS04]| and [HH11].
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Let K be afield and R = K|z1,...,Zn, Y1, .., Yn| the polynomial ring in
2n indeterminates. We consider ideals generated by a given set of maximal
minors of the 2 X n-matrix

( r1 T2 ... Ip >

Yioy2 oo Yo )

Thus these ideals are generated by polynomials of the form f;; = x;y; —x;v;
with 1 < i < j < n. Any such ideal determines in a natural way a unique
simple graph G on the vertex set [n] with {i,j} an edge of G if and only
if f;; is the generator of the ideal. The ideal of 2-minors associated with

the graph G is called the binomial edge ideal of G and denoted Jg; cf.
Section 6.7

Let G be a simple graph on [n|. For each subset S C [n| we define
a prime ideal Ps(G) C R. Let T' = [n]\ S, and let G1,...,Gg) be the
connected component of Gp. Here G is the induced subgraph of G whose
edges are exactly those edges {i,j} of G for which 4,5 € T. For each G; we
denote by G; the complete graph on the vertex set V(G;). We set

PS(G) - (U{xlayl}v Jél7 sy JGC(S))'
€S
Obviously, Pg(G) is a prime ideal. In fact, each Jg, is the ideal of 2-minors
. Since all the ideals Jéj, as

of a generic 2 x nj-matrix with n; = [V(Gj)
well as the ideal (| J;cg{i,%:}) are prime ideals in pairwise different sets of
variables, Ps(G) is a prime ideal, too.

Lemma 6.55. With the notation introduced we have height Ps(G) = |S| +
(n—c(9)).

Proof. We have

c(S) c(S)
height Ps(G) = height(U{xi,yi}) + Zheight Ja, = 2|S| + Z(n] -1)
i€s j=1 j=1
c(9)
= IS1+(IS1+ D> _ny) = e(8) =S|+ (n — c(S)),
j=1

as required. Here we used that the ideal of 2-minors of a 2 X nj-matrix has
height n; — 1; cf. Theorem 6.35. U

In [ES84| Eisenbud and Sturmfels showed that all associated prime
ideals of a binomial ideal are binomial ideals in the sense that each polyno-
mial generator has at most two terms. In our particular case we have

Theorem 6.56. Let G be a simple graph on the vertex set [n]. Then Jg =
ﬂSC[n} PS(G)
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Proof. It is obvious that each of the prime ideals Pg(G) contains Jg. We
will show by induction on n that each minimal prime ideal containing Jg is
of the form Pg(G) for some S C [n]. Since by Corollary 6.50, J¢ is a radical
ideal, and since a radical ideal is the intersection of its minimal prime ideals,
the assertion of the theorem will follow.

Let P be a minimal prime ideal of Jg. We first show that x; € P if
and only if y; € P. For this part of the proof we may assume that G is
connected. Indeed, if G1,...,G, are the connected components of GG, then
each minimal prime ideal P of Jg is of the form P; + - - -+ P, where each P,
is a minimal prime ideal of J,. Thus if each P; has the expected form, then
so does P. Let T = {x;: i € [n|,z; € P,y; ¢ P}. We will show that T' = 0.
This will then imply that if x; € P, then y; € P. By symmetry it then also
follows that y; € P implies z; € P, so that the final conclusion will be that
x; € P if and only y; € P.

We first observe that 7' # {z1,...,z,}. Because otherwise we would
have Jg C Jz C (21,...,2,) C P, and P would not be a minimal prime
ideal of Jgq.

Suppose that T # (). Since T # {x1,...,z,}, and since G is connected
there exists {4, j} € F(G) such that z; € T but z; ¢ T. Since x;y; — z;y; €
Ja C P, and since z; € P it follows that z;y; € P. Hence since P is a prime
ideal, we have x; € P or y; € P. By the definition of 7" the second case
cannot happen, and so z; € P. Since z; ¢ T', it follows that y; € P.

Let G’ be the induced subgraph of G with vertex set [n] \ {j}. Then
(JG’7$j7yj) = (JG,LE],y]) CcP.

Thus P = P/(zj,y;) is a minimal prime ideal of Jo with z; € P but y; & P
for all z; € T C P. By induction hypothesis, P is of the form Pg(G’) for
some subset S C [n] \ {j}. This contradicts the fact that 7" # (.

Now let G be again an arbitrary simple graph. By what we have shown
it follows that there exists a subset S C [n] such that P = (;cs{zi, v}, P)
where P is a prime ideal containing no variables. Let G’ be the graph G [m]\S-
Then reduction modulo the ideal (J;cg{i,%:}) shows that P is a binomial
prime ideal J which contains no variables. Let G, ..., G, be the connected
components of G'. We will show that P = (Jél’ e Jéc). This then implies
that P = (U;cgli, v} JaG e JGC), as desired.

To simplify notation we may as well assume that P itself contains no
variables and have to show that P = (JG~1, e Jéc)7 where G1,...,G,. are
the connected components of G. In order to prove this we claim that if 7, j
with i < j is an edge of G}, for some k, then fij € P. From this it will
then follow that (Jz,...,J5 ) C P. Since (Jg,,...,Jg ) is a prime ideal
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containing Jg, and P is a minimal prime ideal containing Jg, we conclude
that P = (Jél’ ey Jéc)'

Let ¢ = 49,%1,...,% = j be a path in Gy from ¢ to j. We proceed by
induction on r to show that f;; € P. The assertion is trivial for r = 1.
Suppose now that r > 1. Our induction hypothesis says that f;;; € P. On
the other hand, one has z;, fi; = x; fii, + zifi;;. Thus z;, fi; € P. Since P
is a prime ideal and since z;, ¢ P, we see that f;; € P. O

Now let G be an arbitrary simple graph. Which of the ideals Ps(G) are
minimal prime ideals of Jz7 The following result helps to find them.

Proposition 6.57. Let G be a simple graph on [n], and let S and T be
subsets of [n]. Let G1,...,Gs be the connected components of G g, and
Hy, ..., Hy the connected components of G,\r. Then Pr(G) C Ps(G), if
and only if T C S and for all i = 1,...,t one has V(H;) \ S C V(G;) for
some j.

Proof. For a subset U C [n] we let Ly be the ideal generated by the vari-
ables {z;,y;: ¢ € U}. With this notation introduced we have Ps(G) =
(LsyJg,s---»Ja,) and Pr(G) = (Lr,Jg,,...,Jg,). Hence it follows that
Pr(G) C Ps(G), if and only if
T cCS and (LS’th""’Jﬁt) C (L57jél7' . "JGS)‘
Observe that (Lg, Jg ,...,Jgz,) = (Ls, Jiigs - Jffé) where H| = (H;)pn)\ s-
Therefore, Pr(G) C Ps(G) if and only if
(LSania---nyﬂ) C (LS’Jél"“’JG‘s)

which is the case if and only if (Jffi’ cee Jﬁ;) C (Jg

+---»Ja,), because the

., J& ) have no variables
S

generators of the ideals (Jﬁ{, e Jﬁg) and (Jél, ..

in common with the x; and y; for i € S.

Since V(H!) = V(H;) \ S, the assertion will follow once we have shown
the following claim: let Ay,..., As and By, ..., By be pairwise disjoint sub-
sets of [n]. Then

(JAl,...,JAS) C (Jél""’JBt)’
if and only if for each i = 1,..., s there exists a j such that A; C B;.

It is obvious that if the conditions on the A; and Bj are satisfied, then
we have the desired inclusion of the corresponding ideals.

Conversely, suppose that (inlv cel JAS) C (Jél’ el ']Bt)' Without loss
of generality, we may assume that U;zl Bj = [n]. Consider the surjective
K-algebra homomorphism

e: R — K[{zi,xiz1}tieBys - {Tis Tizi bie,) C Klx1, ..., 20, 21, ..., 2]
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with €(z;) = x; for all i and €(y;) = x;2; for i € Bj and j =1,...,t. Then
Ker(e) = (Jél, ey JBt)‘

Indeed, one may check that the set U};:l{:c,-yj — 2y 1< J,4,j € By} isa
Grobner basis of Ker(e) with respect to the lexicographic order induced by
TL> o> Ty >SYL> o > Un.

Now fix one of the sets A; and let k € A;. Then k € B; for some k.
We claim that A; C Bj. Indeed, let ¢ € A; with ¢ # k and suppose that
{ € B, with r # j. Since zryr — Toyr € Ji, C (JBN'”’JE)’ it follows
that zrye — zoyr € Ker(e), so that 0 = e(zryr — Toyr) = Tp202j — TpTe2r, a
contradiction. O

Let G1,...,G, be the connected components of G. Once we know the
minimal prime ideals of Jg, for each ¢ the minimal prime ideals of Jg are
known. Indeed, since the ideals Jg, are ideals in different sets of variables,
it follows that the minimal prime ideals of J¢; are exactly the ideals > _;_, P;
where each P; is a minimal prime ideal of Jg,.

The next result detects the minimal prime ideals of Js when G is con-
nected.

Corollary 6.58. Let G be a connected simple graph on the vertex set [n],
and S C [n|. Then Ps(G) is a minimal prime ideal of Jg if and only if
S =0, 0rS#0 and for each i € S one has c(S\ {i}) < ¢(9).

Proof. Assume that Pg(G) is a minimal prime ideal of Jg and fixi € S. Let
G1,..., G, be the connected components of G, g. We distinguish several
cases.

Suppose that there is no edge {3, j} of G such that j € Gy, for some k. Set
T = S\ {i}. Then the connected components of G|,\r are G1,...,Gy,{i}.
Thus ¢(T) = ¢(S) + 1. However, this case cannot happen, since Proposi-
tion 6.57 would imply that Pr(G) C Ps(G).

Next suppose that there exists exactly one G, say G, for which there
exists j € G such that {i,j} is an edge of G. Then the connected com-
ponents of Gp,\r are G',Ga,...,G, where V(G]) = V(G1) U {i}. Thus
c(T) = ¢(5). Again, this case cannot happen since Proposition 6.57 would
imply that Pr(G) C Ps(QG).

It remains the case that there are at least two components, say G, . . ., G,
k>2 and j, € Gy for £ = 1,...,k such that {7, j,} is an edge of G. Then
the connected components of Gp,\p are G, Gry1, ..., Gy, where V(G) =
Ul;:1 V(Gy) U {i}. Hence, in this case, ¢(T") < ¢(S5).

Conversely, suppose that ¢(S \ {i}) < ¢(S) for all i € S. We want to
show that Pg(G) is a minimal prime ideal of Jg. Suppose this is not the
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case. Then there exists a proper subset ' C S with Pr(G) C Ps(G). We
choose i € S\ T. By assumption, we have ¢(S\ {i}) < ¢(S). The discussion
of the three cases above shows that we may assume that G|, Gy, ..,G,
are the components of G\ syuqi3 Where V(G) = UL, V(Gy) U {i} and
where k > 2. It follows that G|,;\7 has one connected component H which
contains G. Then V(H)\ S contains the subsets V(G1) and V(G2). Hence
V(H)\ S is not contained in any V' (G;). According to Proposition 6.57, this
contradicts the assumption that Pr(G) C Ps(G). O

In the terminology of graph theory, Corollary 6.58 says that if G is a
connected graph, then Pg(G) is a minimal prime ideal of Jg, if and only if
each ¢ € S is a cut-point of the graph G [\ s)u{:}-

The following example demonstrates Corollary 6.58.

Example 6.59. Consider the path graph G of length 4 as shown in Fi-
gure 12. Then the only subsets S C [4], besides the empty set, for which

1 2 3 4

*———o—o0—o

Figure 12

each i € S is a cut-point of the graph G\ s)uyi}, are the sets S = {2} and
S = {3}. Thus

Ja = I(X) N (x2, y2, x3ys — x4y3) N (23, Y3, T1Y2 — T2y1),

X:(wl o I3 x4>’
Y Y2 Ys Y4

Next we analyze what it means that a binomial f belongs to a prime
ideal of type Ps(G). For that we need the following

where

Lemma 6.60. Let X; = (a:z(»jl-)),...,XT = (xz(;)) be t-row matrices (with
possibly different numbers of columns) in pairwise disjoint sets of variables.
Then the binomial

7= )™ - T Te™

k=1 i, k=1 i,

belongs to I = Io(X1) + I2(X2) + - - - + I2(X,) if and only if

Z al(.f) = Z bf-f) and Z al(f) = Z bﬁf’ for all k.
J J i i
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Proof. The ideal I is a binomial prime ideal. Hence by Proposition 5.4, I
is a lattice ideal. In fact, if nj is the number of columns of X, then I = I,
where

L C Ztan % ZtXnQ N ZtXTLT
with L = L1 X Lo x - -~ x L,, and Lj, C ZY™ consists of all integer matrices

(cl(f)) ZP"k vwith all row and column sums equal to zero. Here we identify

row-wise the ¢ X ng-matrix (cz(f)) with the corresponding t x ng-vector.

We may assume that f is primitive. Then f € I if and only if
( (1) b(l)) x (a (2 _ b(?)) NI (az(;) b(T)) €L,

m ij
and this is the case if and only for all k, the matrix (al(?) - bgj )) has row and

column sums equal to zero. This yields the desired conclusion. O

Let A = (aij) =1, 2 be a 2 x n-matrix. The set supp(A) = {(4,): aij #
Jj=1

.....

0} is called the support of A. If T C [n] we denote by Ar the matrix
restricted to T'. In other words, A7 = (aij)i=1,2, jeT-

Now we have

Theorem 6.61. Let G be a simple graph on the vertex set [n], and S C [n].
Let A = (aij) =12 and B = (bjj) i=12 be contingency tables. Then the
j=1 j=1

PR ¢ =1,...,

binomial

belongs to Ps(G) = (Usesi®i, vits Jg,s- - - Jéc(S)) if and only if the following
condition (x) is satisfied:

Z(au +ag) >1 and Z(blj +boj) > 1, or

JES JES
supp(A — B) C UC(S V(G)), and Ay, ond By g,y have equal marginal

distribution fori=1,...,¢(S), where Gy, ... ;Go(s) are the connected com-
ponents of G\s-

Proof. Suppose that f € Ps(G) and that ). ¢(a1j+az;) = 0or >, g(bij+
boj) = 0. Say, >~ cg(arj+az;) = 0. Then } . o(b1;j+b2;) = 0, too, because
otherwise it would follow that

al a2 /
H 2% ( Gl,...,JGC(s))R,

where R is the polynormal ring over K in the variables x;,y; with j & S.

Since P’ := (Jél’ o da (S))R’ is a prime ideal, this would imply that one

of the variables z; or y; with j & S would belong to Ps(G), a contradiction.
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It follows that f € P’. Let f = ug where u is a monomial and ¢ is a
binomial whose monomial terms have greatest common divisor 1. By using
the fact that P’ is a prime ideal containing no variables we conclude that
g € P'. Now we apply Problem 5.8 and deduce that ¢ € P” with P” =

(Jg,s-- e o) JR", where R” is the polynomial ring over K in the variables

xj,y; with j € UC(S V(G;). Thus if C' = (c;5) e and B = (d;j) =12
with g = [}, a:;“ yjc»z] - ;l“ Y; 42 , then
c(9)
supp(A — B) = supp(C — D) U V(G

As g € P" it follows from Lemma 6.60 that for i = 1,...,¢(S) the tables
CV( G and Dy, V(G have equal marginal distributions. SIDCG there exists a
matrix £ such that A =C + F and B = D + E the same holds true for A
and B. Thus condition (x) follows.

Conversely, suppose that » . g(a1; + az;) > 1 and 3, o(b1j + ba;) >
1. Then f € (Ujes{j.y}), and hence f € Ps(G). On the other hand,

if supp(A — B) C UC(S V(G;), and f = ug with u a monomial and ¢ a
binomial as in the first part of the proof, then the condition that AV(CL,) and
BV(éi) have equal marginal distribution for i = 1,...,¢(S) together with
Lemma 6.60 guarantee that g € P”, so that f € Ps(G). O

Now we are in the position to give numerical conditions for two contin-
gency tables of shape 2 X n to be connected via a given set of moves.

Corollary 6.62. Let A and B be contingency tables with equal marginal
distribution. Furthermore, let S be a set of moves and I the binomial edge
ideal whose binomial generators correspond to the moves in S. Then A and
B are connected via S, if and only if for each subset S C [n] for which each
J € S is a cut-point of G\s)uyy}y the contingency tables A and B satisfy
condition (%) of Theorem 6.61.

Proof. By Theorem 6.53 we have to show that the binomial f which is
associated to the pair (A, B) of contingency tables belongs to . Since
by Corollary 6.50 the ideal I is a radical ideal it follows that f € Ig if
and only if f belongs to all minimal prime ideals of I5. By Corollary 6.58
these are exactly the prime ideals Pg(G) where each j € S is a cut-point of
G(n)\s)u{j}- What it means that f belongs to such a prime ideal is described
in Theorem 6.61. Thus the assertion follows. O
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Example 6.63. Let A = (a;;) and B = (b;j) be two contingency tables of
shape 2 x 4. Let S be the set of adjacent moves

1 -1 00 0 1 -1 0 00 1 -1

-1 1 00)’\'0 -1 10/)°’\0O0 -1 1 )°
Then we deduce from Example 6.59 and Corollary 6.62 that A and B are
connected via S if and only if the following conditions are satisfied:

(a) E?zl Aj5 = E?:l bij for i = 1, 2;

(b) a1 + agj = bij + by for j =1,2,3,4;

(c) either a12 + aga > 1 and bia + by > 1, or a;; = b;; for 4, j < 2, and
a13 + a1q = b13 + b14 and agg + agq = bag + bay;

(d) either a13+ a3 > 1 and by3 + baz > 1, or a;; = by; for 4,5 > 3, and
a1 + a1z = b1y + b2 and az1 + aze = ba1 + bao.

Problems

Problem 6.1. Let fi,..., f;, € S be a regular sequence, and let
m
€ @Sez — (fl?"'?fm)
i=1

the S-module homomorphism with €(e;) = f; for ¢ = 1,...,m. Show that
Ker € is generated by the elements f;e; — fje; with i < j.

Problem 6.2. Let R be a hypersurface ring, that is, a ring of the form
R = S/(f) where f € (x1,...,2,)? is a homogeneous polynomial. Show
that R is Koszul if and only if f is of degree 2.

Problem 6.3. By using Proposition 6.2 and the result of Problem 6.2 com-
pute the Poincaré series of a hypersurface ring.

Problem 6.4. Prove that a hypersurface ring R = S/(f) where f is a
quadratic binomial is strongly Koszul.

Problem 6.5. Show that the 2-squarefree Veronese subalgebra of S =
K[z, z2,x3, 4] is strongly Koszul.

Problem 6.6. Let ui,...,uy € S = K[z1,...,2,] be monomials of same
degree d and R = Kluy, ..., uy| the toric ring endowed with the standard
grading given by R; = RN Sy for i > 0. Show that R is strongly Koszul if
and only if the ideals (u;) N (u;) of R are generated in degree 2 for all i # j.

Problem 6.7. Let R be the 2-squarefree Veronese subalgebra of S =
K[z, z9,23, x4, 25]. Show that R is Koszul, but not strongly Koszul.
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Problem 6.8. Let A C K|[z,y] be a monomial subalgebra of K|z,y] con-
taining the set of monomials M = {xy’: i > 0} but no pure power of .
Show that M is part of any minimal set of generators of A.

Problem 6.9. Let B C S = K[z1,...,xy,] be a sortable set of monomials
and s = (s1,...,S,) an element in N”. Show that the set
By ={z{"---ap" € B: a1 < s1,...,an < Sp}.

is also sortable.

Problem 6.10. Let L C S = K|x1,...,x,) be a set of monomials of degree
d. The set L is called an initial lexsegment if for all © € L and monomials
v € Sg with v > u it follows that v € L. Show that initial lexsegments
are not always sortable and characterize those which are sortable.

Problem 6.11. By analyzing carefully the arguments in the proof of The-
orem 6.17, show that the toric ideal of the squarefree Veronese algebra has
a squarefree initial ideal with respect to the reverse lexicographic order.

Problem 6.12. Let P be a finite poset and Z,.(P) the distributive lattice
of r-multichains of poset ideals of P, as defined in Subsection 6.3. Let Q,_1
be the poset of the integers 1 < i < r — 1 equipped with the natural order.
Then PxQ,_1 is again a poset with the partial order defined componentwise.
Show that the distributive lattice Z,.(P) can be naturally identified with the
distributive lattice Z(P x @Q,_1) of poset ideals of P X Q,_1.

Problem 6.13. A finite poset P is called pure if all maximal chains in P
have the same length. A well-known theorem of Hibi [Hi87] says that the
Hibi ring attached to a poset P is Gorenstein if and only if P is pure. Use
this fact and Problem 6.12 to deduce that for any given integer r > 2 one
has that Ry(P) is Gorenstein if and only if R,(P) is Gorenstein.

Problem 6.14. Let K be a field, S = K[z, z2] the polynomial ring over K
in two variables with graded maximal ideal m = (x1,x2). Given an integer
k > 1, compute the presentation ideal of the Rees ring R(mk)

Problem 6.15. Let K be a field, S = K[z, 2, ..., 2, the polynomial ring
in n variables over the field K and I = (2%,23,...,22) C S. Compute the
presentation ideal of the Rees ring R(I).

Problem 6.16. Let K be a field, S = K[z, 2, ..., 2, the polynomial ring
in n variables over the field K and m = (x1,...,2,) the graded maximal
ideal of S. Show that the presentation ideal of the Rees ring R(m) can be
interpreted as the ideal Io(X) of 2-minors of a suitable 2 x n-matrix. Deduce
from this fact that R(m) is Cohen-Macaulay. What is the dimension of
R(m)?
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Problem 6.17. Let K be a field, X = (x;;) an m x n-matrix of inde-
terminates with m < n and I,,(X) C K[X] the ideal of maximal minors
of X. Consider the ideal J generated by the elements xz;; with i > j or

J =t +m together with the elements x1; — ;4,1 with ¢ = 1,...,m and
j=1,...,m. Show that (K[X]/I,(X))/J(K[X]/In(X)) = T/m™, where
T = K[z11,...,Z1m) and m = (211, ...,Z1y,) is the graded maximal ideal of

T. Conclude that J is generated by a regular sequence of linear forms.

Problem 6.18. Let K be a field, X = (z;;) an m x n-matrix of indetermi-
nates and fix a diagonal monomial order < on K[X]. Compute the minimal
prime ideals of in.([;(X)) in the case that m = n — 1 and in the case that
m = 2 and n is arbitrary. How many minimal prime ideals does one have in
each of these cases?

Problem 6.19. Let K be a field, X = (z;;) an m x n-matrix of indeter-
minates, and let A be the K-subalgebra of K[X] generated by the maximal
minors of X. Show that A is isomorphic to a polynomial ring if and only if
m=1, m=norm=n-—1.

Problem 6.20. Let K be a field, X = (z;;) an m x n-matrix of indetermi-
nates and fix a diagonal monomial order < on K[X], and let A be the K-
algebra generated by the maximal minors of X. According to Theorem 6.45
the initial algebra B = in-(A) is isomorphic to a Hibi ring attached to a
suitable poset. In the case that m = 2 and n > 2 is arbitrary, determine
this poset and compute the Hilbert series of A.

Problem 6.21. Let K be a field and A the algebra generated by the 2 x 2-
minors of the matrix

X — Try T2 T3 T4 Y1
T2 X3 T4 Ts Y2

Show that the 2 x 2-minors generating A do not form a Sagbi basis of X
with respect to the lexicographic order induced by x1 > zo > x3 > x4 >
T5 > y1 > Yo, while the 2 x 2-minors of the matrix

XZ(:Ul x2 w3 :B4>

ro I3 T4 T

form a Sagbhi basis of the algebra they generate with respect to the lexico-
graphic order induced by x1 > x2 > x3 > x4 > 5.

Problem 6.22. Let A be a K-subalgebra of the polynomial ring S =
Klzy,...,zp] and {f1,..., fn} a Sagbi basis of A with respect to a monomial
order < . Prove that if in<(f1),...,in<(f,) are algebraically independent
over K, then f1,..., f,, are algebraically independent over K too.
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Problem 6.23. Let G be a simple graph on the set [n]. With an admissible
path
Th=100,01,.,bp =]
where i < j, we associate the monomial
Ur = (H m'Lk)(H yiz)'
i) <i ip>7
Show that the set of binomials

G= U{vﬂfij : m is an admissible path from i to j}
i<j
is a reduced Grobner basis of Jg with respect to reverse lexicographic order
on S where x1 > -+ xp, >y1 > - > Yn.

Problem 6.24. Compute the reduced Grobner basis with respect to (re-
verse) lexicographic order with 1 > -+ > z, > y; > --- > y, for the
binomial edge ideal Jg where G is:

(a) the graph with edge set {{1,j}:2<j <n};

(b) an n-cycle with edge set {{1,2},{2,3},...,{n—1,n},{n,1}}.
Problem 6.25. Let G be the graph displayed in Figure 13. Show that there
exists a labeling of its vertices such that the corresponding binomial edge

ideal Jg has a quadratic Grobner basis with respect to the lexicographic
order induced by the natural order of the indeterminates.

Figure 13

Problem 6.26. Let G be the graph displayed in Figure 14. Show that for
any labeling of its vertices, the corresponding binomial edge ideal Jg does
not have a quadratic Grobner basis with respect to the lexicographic order
induced by the natural order of the indeterminates.

Figure 14
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Problem 6.27. Let A be an m x n-matrix of integers with row and column
sums equal to zero. Show that A belongs to the sublattice of Z™*"™ which
is generated by the matrices of the form D = (d;;), where for some integers
1 <ip <ig <mand 1 < 751 < j2 < none has d;, j, = di,j, = 1,
d;i, j, = diy j; = —1 and d;; = 0 otherwise.

Problem 6.28. Consider the matrix

T11 T12 T13
X =\ 221 w22 23 |,
Tr31 T32 I33

and let I be the ideal generated by the following minors:
T11022 — X12021, T12T23 — T13T22, L21L32 — L22L31, L22X33 — T23X32

of X. Show that f = zi3291230 — x11290233 & I but f? € I. In particular,
I is not a radical ideal.

Problem 6.29. Let G be a cycle of length n. Determine the minimal prime
ideals of Jg.

Problem 6.30. Describe the conditions for two contingency tables of shape
2 x 4 to be connected via the moves which correspond to the binomial
generators of the binomial edge ideal of a cycle of length 4. How many
connected components of contingency tables do we have in this example?
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