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Preface

Gröbner basis theory has become a fundamental field in algebra which pro-
vides a wide range of theoretical and computational methods in many areas
of mathematics and other sciences. Bruno Buchberger defined the notion
of Gröbner basis in 1965 [Bu65]. An intensive research in this theory,
related algorithms and applications developed, and many books on this
topic have appeared since then. Among them, the books of Adams and
Loustaunau [AL94], Becker, Kredel, Weispfenning [BKW93], Cox, Little,
O’Shea [CLO05], [CLO07], and Eisenbud [E95] give a fine introduction to
Gröbner basis theory and its applications. Many computer algebra systems
like CoCoA, Macaulay2, Magma, Maple, Mathematica, or Singular have
implemented various versions of Buchberger’s algorithm.

This book aims to provide a concise but rather comprehensive introduc-
tion to the theory of Gröbner bases and to introduce the reader to different
current trends in theoretical applications of this theory. The complexity
level of the presentation increases gradually. The first three chapters and
part of Chapter 4 are self-contained and lead to a quick insight into the
basics of Gröbner basis theory. They require only a very basic knowledge of
algebra. Therefore, this first part of the book would also be appropriate for
those readers who are only familiar with elementary algebraic concepts. The
second part of Chapter 4 and the last two chapters discuss more advanced
topics related to the theory together with applications of it and require a
reasonable knowledge in commutative and homological algebra.

Our purpose in writing this book was to provide young researchers
and graduate students in commutative algebra and algebraic geometry with
methods and techniques related to the Gröbner basis theory. Although it
was not our goal to illustrate the algorithmic and computational attributes

ix

                

                                                                                                               



x Preface

of the Gröbner basis theory, the usage of the computer in testing examples
is indispensable. Users of computer algebra systems may consult specialized
monographs like [GP02], [Mac01] or [KR00], [KR05].

We give now a brief summary of the book’s content. Chapter 1 presents
polynomial rings in finitely many indeterminates over a field together with
their basic properties and studies ideals in this class of rings. The last two
sections are devoted to monomial ideals and standard operations on them.
Chapter 2 provides a short but comprehensive exposition of the Gröbner
basis notion and Buchberger’s criterion and algorithm. In Chapter 3 we
discuss first applications based on the Elimination Theorem. Chapter 4 is
devoted to the extension of the Gröbner basis theory to submodules of free
modules over polynomial rings. The chapter begins with a quick introduc-
tion to module theory. The more general concepts discussed here lead to a
proof, due to Schreyer, for the celebrated Hilbert’s Syzygy Theorem. Chap-
ter 5 opens the series of applications of Gröbner basis theory in commutative
algebra and combinatorics. In this chapter we discuss semigroup rings and
toric ideals which are intensively studied nowadays from different points of
view. Chapter 6 intends to introduce the reader to more advanced topics
and to subjects of recent research. The topics treated in this section are
not presented in the largest possible generality. Instead, one of the main
goals of this last chapter of this monograph is to inspire and to enable the
reader, who is interested in further developments and other aspects of the
theory, to read more advanced monographs and articles on these subjects,
for example, the monograph of Sturmfels [St95] which influenced the writ-
ing of this chapter substantially, the book [MS05] of Miller and Sturmfels,
the influential monograph [S96] of Stanley and the book of Hibi [Hi92]. A
compact and detailed presentation of determinantal ideals can be found in
the article of Bruns and Conca [BC03]. A reader who is interested in fur-
ther results on monomial ideals should consult the book [V01] of Villarreal
and the book [HH10] of Herzog and Hibi. Further references to research
articles are given in the text of Chapter 6. In the first section of the chapter
Gröbner bases are used to study Koszul algebras. In particular, it is shown
that algebras whose defining ideal has a quadratic Gröbner basis are Koszul.
Large classes of algebras whose defining ideal has a quadratic Gröbner basis
are provided by algebras generated by sortable sets. This is the topic of the
next section. The theory of sortable sets is then applied in the following
sections to study generalized Hibi rings and Rees algebras. Next we outline
the approach to the theory of determinantal ideals via Gröbner basis with
the conclusion that these ideals are all Cohen–Macaulay. Then we give a
short introduction to Sagbi bases and apply the theory to show that the
coordinate ring of the Grassmannian of m-dimensional vector K-subspaces
of Kn is a Gorenstein ring and compute its dimension. The last two sections

                

                                                                                                               



Preface xi

of the chapter deal with binomial edge ideals and some aspects of algebraic
statistics.

The book contains over one hundred problems with a moderate level of
difficulty which illuminate the theory and help the reader to fully understand
the results discussed in the text. Some of them complete the proofs. Other
problems are more complex and encourage the reader to re-examine the
simple but essential ideas, to establish connections, and to become interested
in further reading.

We wish to express our thanks to Marius Vlădoiu for the careful reading
of earlier drafts of this book.

Viviana Ene and Jürgen Herzog

                

                                                                                                               



                

                                                                                                               



Chapter 1

Polynomial rings and
ideals

Gröbner basis theory allows explicit calculations in polynomial rings. In
this chapter we introduce polynomial rings in several variables defined over
a field K, prove some of their basic properties and study the ideals in these
rings. In this book all rings under consideration are commutative and have
a unit element.

1.1. Polynomial rings

1.1.1. Definition of the polynomial ring. Let K be a field. We define
the polynomial ring S = K[x1, . . . , xn] in n variables overK. The underlying
set of this ring has the structure of a K-vector space. The basis elements of
this K-vector space are expressions of the form

xa11 xa22 · · ·xann with ai ∈ N,

where we denote by N the set of nonnegative integers. These expressions
are called monomials. Thus an arbitrary element in S is a finite linear
combination of monomials with coefficients in K. The elements in S are
called polynomials.

It is customary to omit the factors in a monomial whose exponents are
0, and to view 1 as the monomial with all ai = 0. For example, with this
convention, x31x

0
2x

2
3 ∈ K[x1, x2, x3] is written as x31x

2
3. Each monomial is of

course also a polynomial.

1

                                    

                

                                                                                                               



2 1. Polynomial rings and ideals

Here is an example of a polynomial:

f =
1

7
x1x

3
2x

2
3 − 5x31x

5
3 +

12

25
(1.1)

in the polynomial ring Q[x1, x2, x3].

We write xa for the monomial with exponent vector a = (a1, . . . , an).
Then a polynomial f ∈ S can be written as f =

∑
a∈Nn cax

a with ca ∈ K
and all but finitely many ca = 0. We set supp(f) = {xa : ca �= 0}, and call
this (finite) set of monomials the support of f . Observe that supp(f) = ∅
if and only if f = 0.

In order to give S a ring structure we have to explain how to add and
to multiply polynomials. Let f, g ∈ S be two polynomials. Since S has the
structure of a K-vector space the sum f + g is already defined. Indeed, if
f =

∑
a∈Nn cax

a and g =
∑

a∈Nn dax
a, then

f + g =
∑
a∈Nn

(ca + da)x
a.

For example, if g = 5x31x
5
3 + x1x2 + 1 and f is the polynomial in Exam-

ple (1.1), then f + g = 1
7x1x

3
2x

2
3 + x1x2 +

37
25 .

A polynomial of the form cxa with c ∈ K is called a term. We first
define the multiplication of terms by setting

cxa · dxb = cdxa+b.

Since any polynomial is a finite sum of terms and since the multiplication
should satisfy the distributive law, the multiplication of any two polynomials
is determined. For example, let f = 2x21 + x2x3 and g = x21x3 − 3x2x

2
3 be

polynomials in Q[x1, x2, x3]. Then

fg = (2x21 + x2x3)(x
2
1x3 − 3x2x

2
3)

= 2x41x3 − 6x21x2x
2
3 + x21x2x

2
3 − 3x22x

3
3

= 2x41x3 − 5x21x2x
2
3 − 3x22x

3
3.

In general, if f =
∑

a∈Nn cax
a and g =

∑
a∈Nn dax

a, then

fg =
∑
g∈Nn

(
∑

a+b=g

cadb)x
g.

The reader easily checks that S with the addition and multiplication so
defined is indeed a ring.

A K-algebra is a ring containing the field K as a subring. Our polyno-
mial ring S is a K-algebra, since we may identify the constant polynomials
in S with the field K. The nonzero constant polynomials are those whose
support is the set {1}.

                

                                                                                                               



1.1. Polynomial rings 3

Let A and B be K-algebras. A ring homomorphism ϕ : A → B is called
a K-algebra homomorphism, if ϕ(a) = a for all a ∈ K. In other words,
the restriction ϕ|K of ϕ to K is the identity map.

The polynomial ring has the following nice universal mapping property.

Theorem 1.1. Let R be a K-algebra, and let α1, . . . , αn be arbitrary ele-
ments in R. Then there is a unique K-algebra homomorphism

ϕ : S −→ R

with the property that ϕ(xi) = αi for i = 1, . . . , n.

Proof. Suppose there exists a K-algebra homomorphism ϕ : S → R with
ϕ(xi) = αi for i = 1, . . . , n, and let f =

∑
a∈N cax

a be an arbitrary polyno-
mial in S. Then, since ϕ is a K-algebra homomorphism, it follows that

ϕ(f) =
∑
a∈Nn

ϕ(ca)ϕ(x
a) =

∑
a∈Nn

caα
a.(1.2)

This calculation shows that if such a K-algebra homomorphism exists, then
it is uniquely determined. Hence we have no other choice but to define ϕ
as in (1.2). The map ϕ is therefore defined by substituting the variables xi
in the polynomials by the αi. This substitution is compatible with the ring
operations and is the identity on the constant polynomials. Therefore, ϕ is
a K-algebra homomorphism. �

The K-algebra homomorphism ϕ defined in the proof of Theorem 1.1 is
called the substitution homomorphism.

The set of monomials in K[x1] is {x01 = 1, x1, x
2
1, . . .}. This set of mono-

mials is naturally ordered according to the exponents of x1. For n > 1 there
is a priori no order of the monomials given. But at least we can define a
natural partial order given by the total degree of the monomials which is
defined as follows. Let xa = xa11 · · ·xann be a monomial. Then we set

degxa = |a|, where |a| =
n∑

i=1

ai,

and define the degree of an arbitrary polynomial to be the number

deg f = max{degxa : xa ∈ supp(f)}.

The monomials in the support of the polynomial f in Example (1.1) have
different degrees. The highest degree among them is 8, and hence deg f = 8
in this example.

                

                                                                                                               



4 1. Polynomial rings and ideals

A polynomial f is said to be homogeneous of degree i, if all monomials
in the support of f are of degree i. Let f =

∑
a∈Nn cax

a be an arbitrary
polynomial. We set

fi =
∑

a∈Nn, |a|=i

cax
a.

Then fi is homogeneous of degree i and is called the i-th homogeneous
component of f . One has f =

∑
i≥0 fi, and this decomposition into ho-

mogeneous components is unique. It follows that

S =
∞⊕
j=0

Sj ,

where Sj is the K-subspace of S consisting of all homogeneous polynomials
in S of degree j.

Let R be an arbitrary commutative ring. A nonempty subset I ⊂ R is
called an ideal, if f + g ∈ I and hf ∈ I for all f, g ∈ I and h ∈ R.

Ideals naturally occur as kernels of ring homomorphisms. Let ϕ : R → R′

be a ring homomorphism. The kernel of ϕ is defined to be the ideal

Ker(ϕ) = {r ∈ R : ϕ(r) = 0}.
It is easily verified that Ker(ϕ) is indeed an ideal in R.

In geometric context, ideals appear as sets of all the polynomials van-
ishing on a given subset of Kn, as we will explain later, in Section 3.3.

Given an arbitrary subset G ⊂ R, we define I = (G) to be the set of
all linear combinations of elements in G, that is, the set of all finite sums∑s

i=1 gifi with fi ∈ G and gi ∈ R. This set I is indeed an ideal, and is called
the ideal generated by the set G. If G is a finite set, say, G = {f1, . . . , fm},
then we write I = (f1, . . . , fm) and say that I is generated by f1, . . . , fm.

An ideal I in the polynomial ring S = K[x1, . . . , xn] is said to be graded,
if I is generated by homogeneous polynomials.

Proposition 1.2. Let I ⊂ S be an ideal. The following conditions are
equivalent:

(a) I is a graded ideal;

(b) if f ∈ I, then all homogeneous components fj of f belong to I;

(c) I =
⊕∞

j=0 Ij where Ij = I ∩ Sj .

Proof. (a) ⇒ (b): Let G be a homogeneous system of generators of I, and
let f ∈ I be an arbitrary polynomial. Then there exists g1, . . . , gm in G
and h1, . . . , hm ∈ S such that f =

∑m
i=1 higi. Let ai = deg gi; then the

jth homogeneous component fj of f is equal to
∑m

i=1 kigi, where ki is the
(j − ai)th component of hi. In particular, fj ∈ I.

                

                                                                                                               



1.1. Polynomial rings 5

(b) ⇒ (c): Let f ∈ I. Then fj ∈ I, and hence fj ∈ I ∩ Sj . This
shows that I =

∑∞
j=0 Ij . Since the decomposition of a polynomial into

homogeneous components is unique, we see that
∑∞

j=0 Ij =
⊕∞

j=0 Ij .

(c) ⇒ (b): Obvious.

(b) ⇒ (a): Let G be an arbitrary system of generators of I, and for each
g ∈ G let gj be the jth homogeneous component of g. Then F = {gj : g ∈
G, j = 0, 1, . . .} is a homogeneous system of generators of I. �

1.1.2. Some basic properties of polynomial rings. The polynomial
ring R[x] in one variable over a ring R is known from basic courses in algebra.
A polynomial f ∈ R[x] is an expression of the form f =

∑n
i=0 rix

i, where
n > 0 is an integer and ri ∈ R for i = 0, . . . , n. The degree of a polynomial
f �= 0, denoted by deg f , is the number max{i : ri �= 0}. If f = 0, we set
deg f = −∞.

We now consider the special case that R = K[x1, . . . , xn−1] and consider
the polynomial ring R[xn] in one variable over this ring R. Since R is a K-
algebra, R[xn] is a K-algebra as well. As before we set S = K[x1, . . . , xn].

Theorem 1.3. There is a natural isomorphism S ∼= R[xn] of K-algebras.

Proof. Let f ∈ S. Then f can be uniquely written as f =
∑

i≥0 fix
i
n with

fi ∈ R. Thus we may view f also as an element of R[xn]. The K-algebra
isomorphism S → R[xn] is then just the expansion of f with respect to the
powers of xn as described above. One has to verify that this assignment is
compatible with the K-algebra structures on both sides. �

This simple result has the following nice consequence.

Corollary 1.4. The polynomial ring S = K[x1, . . . , xn] is a factorial do-
main.

Proof. By using Theorem 1.3, we may identify S with R[xn], where R =
K[x1, . . . , xn−1]. Proceeding by induction on n, we may assume that R is a
factorial domain. Thus as a consequence of the lemma of Gauss on primitive
polynomials, known from the algebra courses, the assertion follows. �

Another important consequence of Theorem 1.3 is

Corollary 1.5 (Hilbert’s basis theorem). The ring S = K[x1, . . . , xn] is
Noetherian. In other words, each ideal in S is finitely generated.

The more general version of Hilbert’s basis theorem says that the poly-
nomial ring R[x] over R is Noetherian, if R is Noetherian. Corollary 1.5
follows from this fact and Theorem 1.3 by using induction on the number

                

                                                                                                               



6 1. Polynomial rings and ideals

of the variables. A different proof of Corollary 1.5 will be given later in
Section 2.2 by using Gröbner basis arguments.

1.2. Ideals

1.2.1. Operations on ideals. In the previous section we have already
introduced ideals. Here we discuss some algebraic operations on ideals. Let
R be an arbitrary commutative ring, and let I and J be ideals in R. The
sum and product of the two ideals is defined as follows:

I + J = {f + g : f ∈ I, g ∈ J},
and

IJ = (G), where G = {fg : f ∈ I, g ∈ J}.
The product IJ is by its definition an ideal. But obviously the sum I + J is
an ideal, too. Let I, J,K be ideals. Then:

(i) IJ = JI and I + J = J + I;

(ii) (IJ)K = I(JK) and (I + J) +K = I + (J +K);

(iii) I(J +K) = IJ + IK.

Observe that the intersection I ∩ J of the ideals I and J is again an
ideal, and the following rules hold:

(iv) IJ ⊆ I ∩ J ;

(v) I ∩ J + I ∩K ⊆ I ∩ (J +K).

The ideal quotient of the ideals I and J is defined to be the ideal

I : J = {f ∈ R : fg ∈ I for all g ∈ J}.
The following rules hold:

(vi) I : JK = (I : J) : K;

(vii) I : (J +K) = (I : J) ∩ (I : K);

(viii) I : K + J : K ⊆ (I + J) : K.

An ideal P ⊂ R,P �= R, is called prime if it satisfies the following
condition: for any x, y ∈ R, if xy ∈ P, then x ∈ P or y ∈ P. An ideal
M ⊂ R,M �= R, is called maximal if it is a maximal element (with respect
to inclusion) of the set of all ideals properly contained inR. By Problem 1.14,
the ring S = K[x1, . . . , xn] has a unique graded maximal ideal, namely
(x1, . . . , xn).

Let I ⊂ S = K[x1, . . . , xn] be a graded ideal and m = (x1, . . . , xn) the
graded maximal ideal of S. The ideal I is called saturated, if I : m = I.

We introduce the ideal Isat to be I : m∞ =
⋃∞

i=1 I : mi, and call it the
saturation of I. This naming is justified by the next result.

                

                                                                                                               



1.2. Ideals 7

Proposition 1.6. Let I, J ⊂ S be graded ideals. Then the following hold:

(i) Isat is saturated;

(ii) if I ⊂ J , then Isat ⊂ J sat;

(iii) if I and J are saturated, then I ∩ J is saturated;

Proof. (i) Suppose that fm ∈ I : m∞. Then there exists an integer k such
that fm ∈ I : mk. In other words, f ∈ (I : mk) : m = I : mk+1 ⊆ I : m∞.
(ii) Is obvious.
(iii) Suppose that fmk ⊆ I ∩ J for some k. Then fmk ⊆ I and fmk ⊆ J .
Since I and J are saturated, it follows that f ∈ I and f ∈ J , and hence
f ∈ I ∩ J . �

Finally, we consider the radical
√
I of an ideal I. We define

√
I = {f ∈ R : fk ∈ I for some integer k > 0}.

√
I is indeed an ideal. To see this, let f, g ∈

√
I and h ∈ R. Then fk ∈ I

and gl ∈ I for some integers k, l > 0. Therefore, (hf)k = hkfk ∈ I. This

shows that hf ∈
√
I. Furthermore, (f + g)k+l =

∑k+l
i=0

(k+l
i

)
f igk+l−i ∈ I,

because for each i = 0, . . . , k+ l either f i ∈ I or gk+l−i ∈ I. This shows that
f + g ∈

√
I .

An ideal I is said to be a radical ideal if I =
√
I . Since

√√
I =

√
I ,

it follows that
√
I is a radical ideal. In fact, it is the smallest radical ideal

which contains I.

1.2.2. Residue class rings. Let I ⊂ R be an ideal, and f an element in
R. The set f +I = {f+h : h ∈ I} is called the residue class of f modulo
I, and f is called a representative of the residue class f + I. Observe that
f + I = g + I, if and only if f − g ∈ I. Thus different representatives of a
residue class differ only by an element of I.

The set of residue classes modulo I is denoted by R/I. We give R/I a
ring structure by defining the addition and multiplication on R/I as follows:

(f + I) + (g + I) = (f + g) + I and (f + I)(g + I) = (fg) + I.

The reader checks easily that the definitions do not depend on the particular
chosen representatives and that R/I with the so-defined addition and mul-
tiplication is indeed a ring. The natural map ε : R → R/I with ε(f) = f + I
is a surjective ring homomorphism, called the canonical epimorphism,
and one has Ker(ε) = I.

It is well known from the basic algebra courses that the following equi-
valences hold.
(i) P ⊂ R is a prime ideal if and only if R/P is a domain.
(ii) M ⊂ R is a maximal ideal if and only if R/M is a field.

                

                                                                                                               



8 1. Polynomial rings and ideals

1.2.3. Monomial ideals and Dickson’s lemma. Let S = K[x1, . . . , xn]
be the polynomial ring over a field K. A monomial ideal in S is an ideal
generated by monomials. This class of ideals is of interest to us, because
Gröbner basis theory reduces difficult algebraic calculations to calculations
with monomial ideals, which are essentially of combinatorial nature.

Given two monomials u = xa11 · · ·xann and v = xb11 · · ·xbnn in S, then u
divides v, if ai ≤ bi for all i. In this case we write u|v. Since S is factorial,
for any two polynomials f, g ∈ S, there exists the greatest common divisor
gcd(f, g) and the least common multiple lcm(f, g). We have

gcd(u, v) = x
min{a1,b1}
1 · · ·xmin{an,bn}

n

and

lcm(u, v) = x
max{a1,b1}
1 · · ·xmax{an,bn}

n .

The following characterization of monomial ideals is of fundamental im-
portance.

Theorem 1.7. Let I ⊂ S be an ideal. The following conditions are equiva-
lent:

(a) I is a monomial ideal;

(b) for any f ∈ I, one has supp(f) ⊆ I.

Proof. (a) ⇒ (b): Let M be a set of monomial generators of I, and let
f ∈ I. Then there exist u1, . . . , um ∈ M and f1, . . . , fm ∈ S such that f =∑m

i=1 fiui. It follows that supp(f) ⊆
⋃m

i=1 supp(fiui). Thus if u ∈ supp(f),
then there exists i such that u ∈ supp(fiui). Since each v ∈ supp(fiui) is
of the form wui, it follows that u = wui for some i and some monomial w.
Hence u ∈ I.

(b) ⇒ (a): Let G be any system of generators of I. Then the set⋃
f∈G supp(f) is contained in I and is a set of monomial generators of I. �

Corollary 1.8. Let I ⊂ S be a monomial ideal, and M a set of monomials
in I. Then M is a set of generators of I, if and only if for each monomial
v ∈ I there exists u ∈ M such that u|v.

Proof. Assume M is a set of generators of I. Let v ∈ I be a monomial.
There exist u1, . . . , um ∈ M and f1, . . . , fm ∈ S such that v =

∑m
i=1 fiui.

Therefore v ∈
⋃m

i=1 supp(fiui), and hence v ∈ supp(fiui) for some i. This
implies that ui divides v.

Conversely, suppose that for each monomial v ∈ I there exists u ∈ M
such that u|v. Let f ∈ I be an arbitrary polynomial. Since I is a monomial
ideal, Theorem 1.7 implies that supp(f) ⊂ I. Let supp(f) = {v1, . . . , vm}
and f =

∑m
i=1 civi with ci ∈ K. By assumption, vi = wiui with ui ∈ M and

                

                                                                                                               



1.2. Ideals 9

wi a monomial in S. It follows that f =
∑m

i=1 ciwiui. This shows that M
generates I. �

Next we will show that each monomial ideal has a finite set of monomial
generators. To this end we first need to prove

Theorem 1.9 (Dickson’s lemma). Let M be a nonempty set of monomials
in S. Then with respect to the partial order given by divisibility, the set M
has only a finite number of minimal elements.

Proof. We prove Dickson’s lemma by induction on n, the number of vari-
ables of S. If n = 1, then M consists of certain powers of x1, and the set
of minimal elements of M is the set {xa1}, where a is the smallest number
such that xa1 ∈ M.

Now let n > 1, and let N be the set of monomials xc ∈ K[x1, . . . , xn−1]
such that xcxdn ∈ M for some d ≥ 0. By induction hypothesis, the set Nmin

of minimal elements of N is finite, say Nmin = {xc1 , . . . ,xcr}. For each xci

there exists ai ≥ 0 such that xcixain ∈ M. Let a = max{a1, . . . , ar}, and
for each b with 0 ≤ b < a let Nb = {xc ∈ K[x1, . . . , xn−1] : xcxbn ∈ M}.
Again by induction hypothesis, Nmin

b is a finite set. We denote the set of

monomials xcxbn with xc ∈ Nmin
b by Nmin

b xbn, and claim that

Mmin ⊆ {xc1xa1n , . . . ,xcrxarn } ∪
a−1⋃
b=0

Nmin
b xbn.

Since the right-hand side of this inclusion is a finite set, the assertion of the
theorem follows from this claim.

In order to prove the claim, let u = xcxdn be a monomial in M. If d ≥ a,
then some monomial in {xc1xa1n , . . . ,xcrxarn } divides u. If 0 ≤ d < a, then
u is divisible by a monomial in Nmin

d xdn, as desired. �

Now we give a direct proof of the Hilbert’s basis theorem (Corollary 1.5)
for monomial ideals.

Corollary 1.10. Let I be a monomial ideal. Then each set of monomial
generators of I contains a finite set which generates I.

Proof. Let M be a set of monomial generators of I. By Dickson’s lemma,
the set of minimal elements ofM is finite. This finite set is a set of monomial
generators of I. �

Let I be a monomial ideal. A set of monomial generators of I is called
minimal if any proper subset of it is not a set of generators of I. By the
preceding corollary, each minimal set of monomial generators of I is finite.
Moreover, we have

                

                                                                                                               



10 1. Polynomial rings and ideals

Proposition 1.11. Let I be a monomial ideal. Then there exists a unique
minimal set of monomial generators of I.

Proof. The existence of a minimal set of monomial generators of I fol-
lows from Corollary 1.10. Now let {u1, . . . , ur} and {v1, . . . , vs} be minimal
monomial set of generators of I. Since I = (v1, . . . , vs) and since ui ∈ I,
it follows from Corollary 1.8 that vj |ui for some j. Similarly, uk|vj for
some k, and hence uk|ui. Since {u1, . . . , ur} is a minimal monomial set
of generators of I, we see that i = k, and hence ui = vj . This implies
{u1, . . . , ur} ⊆ {v1, . . . , vs}. Similarly, {v1, . . . , vs} ⊆ {u1, . . . , ur}. �

Henceforth, the unique minimal set of monomial generators of I will be
denoted by G(I).

As another consequence of Dickson’s lemma we have

Proposition 1.12. Each ascending sequence of monomial ideals

I1 ⊆ I2 ⊆ · · · ⊆ Ij ⊆ · · ·

in S terminates, that is, there exists an integer k such that I� = Ik for all
� ≥ k.

Proof. Let M =
⋃∞

j=1G(Ij). According to Dickson’s lemma, the set Mmin

is finite. Hence there is an integer k such that Mmin ⊆
⋃k

j=1G(Ij). Now

let � ≥ k and let u be a monomial in I�. Then there exists v ∈ Mmin which
divides u. This implies that u ∈

⋃k
j=1 Ij = Ik, as desired. �

1.2.4. Operations on monomial ideals. Let I and J be monomial ideals.
Then I +J and IJ are again monomial ideals with G(I +J) ⊆ G(I)∪G(J)
and G(IJ) ⊆ G(I)G(J), where G(I)G(J) = {uv : u ∈ G(I), v ∈ G(J)}.

For example, let I = (x1x2, x2x
2
3) and J = (x21x2, x2x3). Then by Pro-

blem 1.5,

I + J = (x1x2, x2x
2
3, x

2
1x2, x2x3) and G(I + J) = {x1x2, x2x3},

and

IJ = (x31x
2
2, x1x

2
2x3, x

2
1x

2
2x

2
3, x

2
2x

3
3) and G(IJ) = {x31x22, x1x22x3, x22x33}.

The intersection of two monomial ideals can be computed as follows.

Proposition 1.13. Let I and J be monomial ideals with G(I) = {u1, . . . , ur}
and G(J) = {v1, . . . , vs}. Then

I ∩ J = ({lcm(ui, vj) : i = 1, . . . , r, j = 1, . . . , s}).
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Proof. We first observe that I∩J is a monomial ideal. Indeed, let f ∈ I∩J .
Then Theorem 1.7 implies that supp(f) ∈ I and supp(f) ∈ J , since both I
and J are monomial ideals. It follows that supp(f) ∈ I ∩ J , and so, again
applying Theorem 1.7, we see that I ∩ J is a monomial ideal.

Now let u ∈ I ∩ J be a monomial. Then by Corollary 1.8 there exists
ui ∈ G(I) and vj ∈ G(J) such that ui|u and vj |u. Therefore, lcm(ui, vj)|u,
and hence u ∈ ({lcm(ui, vj) : i = 1, . . . , r, j = 1, . . . , s}). On the other
hand, since lcm(ui, vj) is a multiple of ui and a multiple of vj , it follows that
lcm(ui, vj) ∈ I ∩ J . �

The ideal quotient of two monomial ideals can also be easily computed.

Proposition 1.14. Let I and J be monomial ideals with G(I) = {u1, . . . , ur}
and G(J) = {v1, . . . , vs}. Then I : J =

⋂s
j=1 I : (vj), and

I : (vj) = ({ui/ gcd(ui, vj) : i = 1, . . . , r}).

Proof. Similarly, as in the proof of Proposition 1.13, one deduces from The-
orem 1.7 that the ideal quotient of two monomial ideals is again a monomial
ideal.

The fact that I : J =
⋂s

j=1 I : (vj) follows from Problem 1.7. Now let u ∈
I : (vj). Then uvj ∈ I, and hence there exists i such that ui|uvj . This implies
that ui/ gcd(ui, vj) divides u. In other words, u ∈ ({ui/ gcd(ui, vj) : i =
1, . . . , r}).

On the other hand, we have ui/ gcd(ui, vj) ∈ I : (vj) for all i, since ui
divides (ui/ gcd(ui, vj))vj. �

By using Proposition 1.13 and Proposition 1.14 we are now able to
compute the ideal quotient of two monomial ideals. For example, let I =
(x1x

2
2, x2x

2
3) and J = (x1x2x3, x

2
2). Then

I : J = (x1x
2
2, x2x

2
3) : (x1x2x3, x

2
2)

= (x1x
2
2, x2x

2
3) : (x1x2x3) ∩ (x1x

2
2, x2x

2
3) : (x

2
2)

= (x2, x3) ∩ (x1, x
2
3) = (x1x2, x1x3, x

2
3).

Finally, we want to discuss how to compute the radical of a monomial
ideal. We say that a monomial xa is squarefree if ai ≤ 1 for i = 1, . . . , n.
A monomial ideal I is called a squarefree monomial ideal if all elements
in G(I) are squarefree monomials. According to Problem 1.19, a mono-
mial ideal P is a prime ideal if and only if P is generated by a subset of
the variables. Thus monomial prime ideals are a special class of squarefree
monomial ideals. Since by Problem 1.20 an intersection of squarefree mono-
mial ideals is again a squarefee monomial ideal, it follows in particular that

                

                                                                                                               



12 1. Polynomial rings and ideals

the intersection of monomial prime ideals is a squarefree monomial ideal.
The converse is true as well. Indeed, we have

Proposition 1.15. Let I be a squarefree monomial ideal. Then I is a finite
intersection of monomial prime ideals.

Proof. Let G(I) = {u1, . . . , ur}. We prove the assertion by induction

on r. If r = 1, then I = (u1) = (xi1 · · ·xid) =
⋂d

j=1(xij ). Now as-
sume r > 1 and that u1 = xi1 · · ·xid . Then by Proposition 1.13 we have

I =
⋂d

j=1(xij , u2, . . . , ur). By induction hypothesis, (u2, . . . , ur) =
⋂s

i=1 Pi,

where each Pi is a monomial prime ideal. We then get I =
⋂d

j=1

⋂s
i=1((xij )+

Pi). �

Corollary 1.16. Let I be a monomial ideal. Then I is a radical ideal if
and only if I is a squarefree monomial ideal.

Proof. Assume that I is a squarefree monomial ideal. Then by Propo-
sition 1.15, I is a finite intersection of monomial prime ideals. Hence by
Problem 1.13, I is a radical ideal.

Conversely, assume that I is not squarefree. Then there exists an element
u = xa1i1 · · ·xarir ∈ G(I) with i1 < · · · < ir, ai > 0 for all i and aj > 1 for some

j. Let a = max{a1, . . . , ar}. Then (xi1 · · ·xir)a ∈ I. Hence xi1 · · ·xir ∈
√
I .

On the other hand, since u = xa1i1 · · ·xarir ∈ G(I), one has xi1 · · ·xir �∈ I.
Therefore, I is not a radical ideal. �

Let u = xa be a monomial. We set
√
u =

∏n
i=1, ai �=0 xi. For example, if

u = x1x
4
3x

2
4, then

√
u = x1x3x4.

Theorem 1.17. Let I be a monomial ideal. Then
√
I = (

√
u : u ∈ G(I)).

Proof. Let J = (
√
u : u ∈ G(I)). Then I ⊆ J and J is a radical ideal

according to Corollary 1.16. Let f ∈
√
I. Then fm ∈ I for some integer

m > 0, and so fm ∈ J . Since J is a radical ideal it follows that f ∈ J . This
shows that

√
I ⊆ J .

As in the proof of Corollary 1.16, it follows that for each u ∈ G(I) there

exists an integer αu > 0 with (
√
u)αu ∈ I. This implies that J ⊆

√
I. �

Problems

In the following problems, K is a field and S denotes the polynomial ring
K[x1, . . . , xn].
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Problem 1.1. Let A and B be subsets of S. We set AB = {fg : f ∈ A,
g ∈ B}. For any two polynomials f, g ∈ S, show that

(i) supp(f + g) ⊆ supp(f) ∪ supp(g);
(ii) supp(fg) ⊆ supp(f) supp(g).

Give examples for which these inclusions are strict.

Problem 1.2. Let A be an n×n-matrix with entries aij in K and let αi =∑n
j=1 ajixj . Furthermore, let ϕ : S → S be the substitution homomorphism

with ϕ(xi) = αi. Show that ϕ is an isomorphism if and only if A is invertible.

Problem 1.3. Let f, g ∈ S be two polynomials. Express the i-th homoge-
neous component of fg in terms of the homogeneous components of f and
the homogeneous components of g.

Problem 1.4. Show that the two ideals (x1 + x2, x
2
2) and (x1 + x2, x

2
1)

coincide.

Problem 1.5. Let I = (f1, . . . , fr) and J = (g1, . . . , gs) be two ideals. Show
that

I + J = (f1, . . . , fr, g1, . . . , gs)

and

IJ = (figj : i = 1, . . . , r, j = 1, . . . , s).

Problem 1.6. Give an example of ideals I, J,K for which the inclusions
IJ ⊆ I ∩ J and I ∩ J + I ∩K ⊆ I ∩ (J +K) are strict.

Problem 1.7. Let I and J be ideals and suppose that J = (g1, . . . , gm).
Show that I : J =

⋂m
i=1 I : (gi).

Problem 1.8. Let I be a graded ideal. Show that Isat and
√
I are again

graded ideals.

Problem 1.9. Let I ⊂ S be a graded ideal. Prove the equality Isat =
n⋂

i=1
(I : x∞i ).

Problem 1.10. Let R be an arbitrary ring and I an ideal of R. An element
f ∈ R is called R/I-regular if, for any g ∈ R, f(g+I) = 0 implies g+I = 0,
that is, fg ∈ I implies g ∈ I. f1, . . . fm ∈ R is an R/I-sequence if fi is
R/(I, f1, . . . , fi−1)-regular for all i ≥ 1. Show that the following conditions
are equivalent:

(a) f1, . . . , fm is an R/I-sequence;

(b) (I, f1, . . . , fi−1) : (fi) = (I, f1, . . . , fi−1) for all i ≥ 1.

Problem 1.11. Show that the intersection of radical ideals is a radical
ideal.

                

                                                                                                               



14 1. Polynomial rings and ideals

Problem 1.12. Let I = (xy, xz, yz). Show that I is saturated and that I2

is not saturated.

Problem 1.13. Let I =
⋂k

i=1 Pi, where each Pi is a prime ideal. Then I is
a radical ideal. (In fact, in a Noetherian ring the converse is also true, but
need not be proved here).

Problem 1.14. Prove that the ideal (x1, . . . , xn) is the only graded maximal
ideal of the ring K[x1, . . . , xn].

Problem 1.15. Let I be a graded radical ideal different fromm = (x1, . . . , xn).
Prove that I is saturated.

Problem 1.16. Let I be an ideal in K[x, y] generated by k + 1 K-linearly
independent homogeneous polynomials of degree k. Is I a monomial ideal?

Problem 1.17. Let I, J and K be monomial ideals. Show that

I ∩ (J +K) = (I ∩ J) + (I ∩K).

Problem 1.18. Let I be a monomial ideal and let J = (x1, . . . , xr). Show
that I : J �= I if there exist integers ai > 0 such that xaii ∈ G(I) for
i = 1, . . . , r. Is the converse true as well?

Problem 1.19. Show that a monomial ideal P is a prime ideal if and only
if P is generated by a subset of the variables.

Problem 1.20. Let I, J be squarefree monomial ideals. Prove that I ∩ J
is a squarefee monomial ideal.

                

                                                                                                               



Chapter 2

Gröbner bases

Given polynomials f, g ∈ Q[x] with g �= 0, there exist uniquely determined
polynomials q and r in Q[x] such that f = qg+ r and deg r < deg g. The
polynomial r is called the remainder of f with respect to g.

This fundamental fact, known from high school, can be generalized to
polynomial rings over an arbitrary field. Indeed, there is an algorithm,
known as the Euclidian algorithm, to compute q and r. The algorithm
works as follows: if deg f < deg g, then q = 0 and r = f . If deg f ≥ deg g,
let axn with a ∈ K be the leading term of f and bxm with b ∈ K the leading
term of g. Then the degree of r1 = f − (a/b)xn−mg is less than deg f . If
deg r1 < deg g, then q = (a/b)xn−m and r = r1. Otherwise one applies
the same reduction to r1 and arrives, after a finite number of steps, to the
desired presentation.

We would like to have a similar division algorithm for polynomials in
several variables. In Section 2.3 we will give such an algorithm. Apparently
there are two problems to overcome. The first is, that it is not clear what
the leading term of such a polynomial should be. For example, what should
be the leading term of f = x21x2 + x1x

2
2? To define a leading term we must

have a total order on the monomials. The second is, that one has to say
what it means that the remainder is “small” compared with the divisor. We
will deal with these problems in the following sections.

2.1. Monomial orders

2.1.1. Examples and basic properties of monomial orders. Let X
be a set. A partial order on X is a binary relation ≤ over X which is

15

                                    

                

                                                                                                               



16 2. Gröbner bases

reflexive, antisymmetric and transitive, i.e., for all a, b, and c in X, we
have:

• a ≤ a (reflexivity);

• if a ≤ b and b ≤ a, then a = b (antisymmetry);

• if a ≤ b and b ≤ c, then a ≤ c (transitivity).

It is common to write a < b if a ≤ b and a �= b. We also write a ≥ b (a > b),
if b ≤ a (b < a). A typical example of a partially ordered set is the set of all
subsets of a given set ordered by inclusion.

A partial order ≤ on X is called a total order, if for any two elements
a, b ∈ X one has a ≤ b or b ≤ a.

Let K be a field and S = K[x1, . . . , xn]. We now define a total order
on Mon(S), the set of all monomials in S, which respects the multiplicative
structure on this set.

Definition 2.1. A monomial order on S is a total order ≤ on Mon(S)
with the properties:

(i) 1 ≤ u for all u ∈ Mon(S);

(ii) if u < v and w ∈ Mon(S), then uw < vw.

A monomial order satisfies the following two conditions.

Proposition 2.2. Let ≤ be a monomial order on S. Then the following
holds:

(i) if u, v ∈ Mon(S) with u|v, then u ≤ v;

(ii) if u1, u2, . . . is a sequence of monomials with u1 ≥ u2 ≥ · · · , then
there exists an integer m such that ui = um for all i ≥ m.

Proof. (i) If u|v, then there exists a monomial w such that v = uw. Since
1 ≤ w, it follows that u ≤ wu = v.

(ii) LetM = {u1, u2, . . .}. By Dickson’s lemma this set has, with respect
to divisibility, only a finite number of minimal elements, say ui1 , . . . , uir with
i1 < i2 < · · · < ir. Let j be any integer ≥ ir. Then there exists an integer
1 ≤ k ≤ r such that uik |uj . By (i), this implies that uik ≤ uj . Hence
uik ≥ uir ≥ uj ≥ uik , and so uir = uj . Therefore we may choose m = ir. �

Next we consider some standard monomial orders on S. Let xa,xb be
two monomials in S.

The lexicographic order: xa < xb, if either
∑n

i=1 ai <
∑n

i=1 bi or∑n
i=1 ai =

∑n
i=1 bi, and the left-most nonzero component of a−b is negative.

                

                                                                                                               



2.1. Monomial orders 17

The pure lexicographic order: xa < xb, if the left-most nonzero com-
ponent of a− b is negative.

The reverse lexicographic order: xa < xb, if either
∑n

i=1 ai <
∑n

i=1 bi
or

∑n
i=1 ai =

∑n
i=1 bi, and the right-most nonzero component of a − b is

positive.

Observe that for each of these three orders we have x1 > x2 > · · · > xn.

The difference between the lexicographic and the reverse lexicographic
order is subtle. Consider, for example, the monomials of degree 3 in 3
variables in lexicographic order,

x31 > x21x2 > x21x3 > x1x
2
2 > x1x2x3 > x1x

2
3 > x32 > x22x3 > x2x

2
3 > x33,

and in reverse lexicographic order,

x31 > x21x2 > x1x
2
2 > x32 > x21x3 > x1x2x3 > x22x3 > x1x

2
3 > x2x

2
3 > x33.

A good rule to memorize the lexicographic order and the reverse lexico-
graphic order is the following: u > v in the lexicographic order if u has
“more from the beginning” than v; and u > v in the reverse lexicographic
order if u has “less from the end” than v.

2.1.2. Construction of monomial orders. We describe a few techniques
to create new monomial orders from given ones. For the standard monomial
orders described in the previous subsection we have xn < xn−1 < · · · < x1.
There are situations where one would like to have a different order of the
variables. This is easily achieved: let < be an arbitrary monomial order
with xn < xn−1 < · · · < x1 and let π : [n] → [n] be a permutation of the set
of integers [n] = {1, . . . , n}. We define a new monomial order <π as follows:

xa <π xb ⇔ xπ(a) < xπ(b),

where for c = (c1, . . . , cn) ∈ Zn we set π(c) = (cπ(1), . . . , cπ(n)).

This new monomial order satisfies

xπ(n) <π xπ(n−1) <π · · · <π xπ(1).

The pure lexicographic order may be viewed as a product order. For
i = 1, . . . , r let Si = K[xi1, . . . , xisi ] be a polynomial ring over K, and let

S = K[x11, . . . , x1s1 , x21, . . . , xrsr ]

be the polynomial ring over K in all the variables xij . Furthermore, let
<i be a monomial order on Si. We define the product order < on S as
follows: let u, v ∈ Mon(S). There are unique monomials ui, vi ∈ Si such
that u = u1u2 · · ·ur and v = v1v2 · · · vr. We set

u < v ⇔ u1 = v1, . . . , uk−1 = vk−1, uk <k vk for some k.

                

                                                                                                               



18 2. Gröbner bases

For example, let S1 = K[x1, x2], S2 = K[y1, y2, y3], S = K[x1, x2, y1, y2, y3].
Let <1 be the lexicographic order on S1, <2 the reverse lexicographic order
on S2 and < the product order of <1 and <2. Then

x1x
2
2y

2
2 > x1x

2
2y1y3 > x1x2y

5
2.

Let < be any monomial order. We choose a vector w = (w1, . . . , wn) ∈
Rn with nonnegative entries, called weight vector. Then we define the
new monomial order <w as follows:

xa <w xb, if a ·w < b ·w, or else a ·w = b ·w and xa < xb.

Here c · d =
∑n

i=1 cidi is the standard scalar product on Rn.

For example, if < is the pure lexicographic order and we choose w =
(1, 1, . . . , 1) as weight vector, then <w is the lexicographic order.

For later applications the following example is important.

Proposition 2.3. Let < be any monomial order on K[x1, . . . , xn]. Fix an
integer 1 ≤ t ≤ n and choose the weight vector w = (1, 1, . . . , 1, 0, 0, . . . , 0)
with the first t entries being 1 and the remaining last entries being 0. Then
the order <w has the following property: if u, v are monomials such that
xj |u for some j ≤ t, and xj does not divide v for any j ≤ t, then v <w u.

Proof. Let u = xa and v = xb. Then aj �= 0 for some j ≤ t, hence a·w > 0,
while on the other hand, bj = 0 for all j ≤ t. Therefore, b · w = 0. This
yields the desired conclusion. �

2.2. Initial ideals and Gröbner bases

2.2.1. The basic definitions. We now come to the main topic of this
book. Let as before S = K[x1, . . . , xn] be the polynomial ring over the field
K, and let < be a monomial order on S.

If f �= 0 is a polynomial in S, we set in<(f) to be the largest monomial
u ∈ supp(f) with respect to <, and call it the initial monomial of f .
The coefficient c of in<(f) in f is called the leading coefficient of f with
respect to <, and c in<(f) is called the leading term of f .

For convenience we set in<(0) = 0 and let in<(0) < in<(f) for all
f �= 0.

For example, let f = 2x21x3 + 3x1x
2
2. Then in<(f) = x21x3, if < is the

lexicographic order, and in<(f) = x1x
2
2, if < is the reverse lexicographic

order.

For the initial monomial of a product or a sum of polynomials we have
the following rules.
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Lemma 2.4. Let < be a monomial order on S and let f1, . . . , fr be nonzero
polynomials in S. Then

(i) in<(f1f2 · · · fr) = in<(f1) in<(f2) · · · in<(fr);
(ii) in<(f1 + f2 + · · ·+ fr) ≤ max{in<(f1), in<(f2), . . . , in<(fr)};
(iii) Let cj be the leading coefficient of fj. Equality holds in (ii) if and

only if
∑

j cj �= 0, where the sum is taken only over those j for

which in<(fj) ≥ in<(fi) for all i.

Proof. (i) Since for all u ∈ supp(fi) we have in<(fi) ≥ u, it follows that

in<(f1) in<(f2) · · · in<(fr) ≥ u1u2 · · ·ur
for all ui ∈ supp(fi). Equality holds if and only if ui = in<(fi) for i =
1, . . . , r. Since all monomials in supp(f1f2 · · · fr) are of the form u1u2 · · ·ur
with ui ∈ supp(fi), and since in<(f1) in<(f2) · · · in<(fr) belongs to the
support of f1f2 · · · fr, the assertion follows.

(ii) Observe that supp(f1 + · · ·+ fr) ⊆
⋃r

i=1 supp(fi). This implies that

in<(f1 + · · ·+ fr) ≤ max{u : u ∈
r⋃

i=1

supp(fi)}

= max{in<(f1), in<(f2), . . . , in<(fr)}.
(iii) Let u be the maximal initial monomial appearing among the fi.

Assuming that
∑

j cj �= 0, where the sum is taken over those j for which

in<(fj) = u, it follows that u ∈ supp(f1 + · · ·+ fr). Therefore,

in<(f1 + · · ·+ fr) ≥ u = max{in<(f1), in<(f2), . . . , in<(fr)}.
Thus, by (ii), equality holds.

Conversely, if
∑k

j=1 cj = 0, then u �∈ supp(f1 + f2 + · · ·+ fr), and hence

in<(f1 + f2 + · · ·+ fr) �= max{in<(f1), in<(f2), . . . , in<(fr)}. �

Let I ⊂ S be a nonzero ideal. The initial ideal of I is the monomial
ideal

in<(I) = (in<(f) : f ∈ I, f �= 0).

If I = (0), then we set in<(I) = (0).

Notice that in<(I) is generated by the initial monomials of all nonzero
polynomials in I. In general the initial monomials of a set of generators do
not generate in<(I). Consider, for example, the ideal

I = (f, g) with f = x1x2 − x3x4, g = −x22 + x1x3.

With respect to the reverse lexicographic order < we have in<(f) = x1x2
and in<(g) = x22. On the other hand, h = x2f + x1g = x21x3 − x2x3x4 ∈ I
and in<(h) = x21x3. Thus we see that in<(h) �∈ (in<(f), in<(g)).
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A priori in<(I) is generated by infinitely many initial monomials. Nev-
ertheless, since in<(I) is a monomial ideal, as we know from Corollary 1.10,
there exists g1, . . . , gm ∈ I such that

in<(I) = (in<(g1), . . . , in<(gm)).

The observation leads to the most important concept studied in this book.

Definition 2.5. Let I ⊂ S be an ideal, and let < be a monomial order on S.
A sequence g1, . . . , gm of elements in I with in<(I) = (in<(g1), . . . , in<(gm))
is called a Gröbner basis of I with respect to the monomial order <.

The argument that we used to see that a Gröbner basis of I always exist
does not tell us how to actually find a Gröbner basis. In case that I is a
principal ideal, say I = (g), one sees immediately that g is a Gröbner basis
of I.

The Buchberger algorithm, which will be discussed in the next chapter,
gives an efficient method to compute a Gröbner basis of an ideal. For many
abstract arguments, however, it just suffices to know that a Gröbner basis
always exists. First remarkable examples of such reasoning are the next
theorems.

2.2.2. Macaulay’s theorem. The following theorem is fundamental in
Gröbner basis theory and it will be used several times later in the book.

Theorem 2.6 (Macaulay). Let < be a monomial order on S, and let I ⊂ S
an ideal. Then the monomials in S which do not belong to in<(I) form a
K-basis of S/I.

Proof. Suppose the monomials in S which do not belong to in<(I) are
K-linearly dependent modulo I. Then there exists a nonzero polynomial
f ∈ I with supp(f)∩Mon(in<(I)) = ∅, where Mon(in<(I)) denotes the set
of monomials in in<(I). This contradicts the fact that in<(f) ∈ in<(I).

It remains to be shown that residue classes of the monomials in S which
do not belong to in<(I) generate the K-vector space S/I. To this end
we will show that for any f ∈ S there exists g ∈ S with f + I = g + I
and supp(g) ∩ Mon(in<(I)) = ∅. Suppose this is not the case, and let
f ∈ S be a polynomial with smallest initial monomial for which we cannot
find a polynomial g as above. Let c be the leading coefficient of f . Then
f − c in<(f) has a smaller initial monomial, and hence there exists g ∈ S
with supp(g) ∩Mon(in<(I)) = ∅ and such that (f − c in<(f)) + I = g + I.
Thus f + I = (c in<(f) + g) + I. If in<(f) �∈ in<(I), we may replace g by
c in<(f) + g, contradicting the choice of f . If in<(f) ∈ in<(I), then there
exists h ∈ I with leading coefficient 1 and in<(h) = in<(f). It follows that
f−ch has a smaller initial monomial than f . Thus we can find a polynomial
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g ∈ S with supp(g) ∩ Mon(in<(I)) = ∅ and (f − ch) + I = g + I. Since
f + I = (f − ch) + I, this contradicts again the choice of f . �

On a polynomial ring with more than one variable there exist infinitely
many different monomial orders; see Problem 2.4. However, as an applica-
tion of Macaulay’s theorem we show

Proposition 2.7. Every ideal I ⊂ S has only finitely many distinct initial
ideals.

Proof. Let I ⊂ S be an ideal, and let S0 be the set of initial ideals of I.
Assume that S0 is an infinite set. Let 0 �= f1 ∈ I. To each initial ideal
J ∈ S0 belongs a monomial u ∈ supp(f1) with u ∈ J . Since supp(f1)
is a finite set, there exists u1 ∈ supp(f1) such that the set S1 = {J ∈
S0 : u1 ∈ J} is infinite. In particular, J �= (u1) for at least one (in fact,
infinitely many) J ∈ S1. Thus Theorem 2.6 implies that the monomials
which do not belong to (u1) are linearly dependent modulo I. Hence there
exists 0 �= f2 ∈ I with supp(f2) ∩ (u1) = ∅. As before there exists u2 ∈
supp(f2) such that S2 = {J ∈ S1 : u2 ∈ J} is an infinite set. Since u2 �∈
(u1) it follows that (u1) is strictly contained in (u1, u2). Again, since S2

is infinite, J �= (u1, u2) for some J ∈ S2, and as before we can construct
an element u3 �∈ (u1, u2). Proceeding in this way we construct an infinite
strictly ascending sequence (u1) ⊂ (u1, u2) ⊂ (u1, u2, u3) ⊂ · · · of monomial
ideals, contradicting Proposition 1.12. �

2.2.3. Hilbert’s basis theorem. In the previous section we have seen
that a system of generators of an ideal I need not to be a Gröbner basis of
I. However, we have

Theorem 2.8. Let I ⊂ S be an ideal and let g1, . . . , gm be a Gröbner basis
of I with respect to a monomial order <. Then g1, . . . , gm is a system of
generators of I.

Proof. If f ∈ I, then in<(f) ∈ in<(I) = (in<(g1), . . . , in<(gm)). There-
fore there exists an integer 1 ≤ i ≤ m and a monomial w such that
in<(f) = w in<(gi). Let c be the coefficient of in<(f) in f and d the coef-
ficient of in<(gi) in gi, and let h = f − cd−1wgi. Then h ∈ I. If h = 0, then
f = cd−1wgi ∈ (g1, . . . , gm). Now assume h �= 0. Since in<(f) > in<(h)
and since by Proposition 2.2 each strictly descending chain of monomials ter-
minates, we may apply an induction argument and hence may assume that h
is a linear combination of the gi with coefficients in S. Since f = h+cd−1wgi,
the same is true for f . �

Since each ideal has a Gröbner basis, and each Gröbner basis contains
finitely many elements, we get
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Corollary 2.9 (Hilbert’s basis theorem). Each ideal in the polynomial ring
S = K[x1, . . . , xn] is finitely generated.

Hilbert’s basis theorem says that the polynomial ring S = K[x1, . . . , xn]
is Noetherian. It is known from general Commutative Algebra that a Noe-
therian ring is also characterized by the property that each ascending chain
of ideals terminates. We will give a direct proof of this property for polyno-
mial rings.

Proposition 2.10. Let I1 ⊆ I2 ⊆ · · · be an ascending chain of ideals in S.
Then there exists an integer k such that Ij = Ik for all j ≥ k.

Proof. Fix some monomial order < on S. The given chain of ideals in-
duces the following chain in<(I1) ⊆ in<(I2) ⊆ · · · of monomial ideals. By
Proposition 1.12, there exists an integer k such that in<(Ij) = in<(Ik) for
all j ≥ k. It follows from Problem 2.8 that Ij = Ik for all j ≥ k. �

2.3. The division algorithm

As announced in the introduction of this chapter we now discuss an extension
of the classical division algorithm. The extension will be two-fold. On the
one hand, the polynomials in one variable will be replaced by polynomials
in several variables, and on the other hand, we may “divide” not only by
one but if we wish by several polynomials at the same time. The precise
statement is formulated in the next

Theorem 2.11. Let f and g1, . . . , gm be polynomials in S with gi �= 0.
Given a monomial order <, there exist polynomials q1, . . . , qm and a poly-
nomial r in S with

f = q1g1 + q2g2 + · · ·+ qmgm + r

such that the following conditions are satisfied:
(i) no element of supp(r) is contained in the ideal (in<(g1), . . . , in<(gm));
(ii) in<(f) ≥ in<(qigi) for all i.

An equation f = q1g1 + q2g2 + · · ·+ qmgm + r satisfying the conditions
(i) and (ii) is called a standard expression of f , and r is called a remain-
der of f with respect to g1, . . . , gm. The polynomial f may have different
standard expressions and different remainders with respect to g1, . . . , gm as
the following example demonstrates. Let f = x1x2 + x22, g1 = x1 + x2 and
g2 = x1. We let < be the lexicographic order. Then

f = x2g1 as well as f = x2g2 + x22

are standard expressions of f . In the first case the remainder is 0, in the
second case the remainder is x22.
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We say that f reduces to 0 with respect to g1, . . . , gm, if f has a
remainder with respect to g1, . . . , gm which is 0.

Proof of Theorem 2.11. If no element of supp(f) is contained in the ideal
(in<(g1), . . . , in<(gm)), we may choose qi = 0 for i = 1, . . . ,m and r = f .
Now suppose that some u ∈ supp(f) belongs to (in<(g1), . . . , in<(gm)). Let
u0 be the largest such monomial in supp(f). Then in<(gj) divides u0 for
some j. Thus u0 = w in<(gj) for some monomial w in S. Let c be the
coefficient of u0 in f and d the coefficient of in<(gj) in gj , and set

h = f − cd−1wgj.(2.1)

If h = 0 or no u ∈ supp(h) belongs to (in<(g1), . . . , in<(gm)), then f =
cd−1wgj+h is a standard expression for f with remainder r = h. Otherwise
there exists u ∈ supp(h) which belongs to (in<(g1), . . . , in<(gm)). Let u1
be the largest such monomial in supp(h). We claim that u1 < u0. In fact,
the definition of h implies u0 �∈ supp(h) and that u1 ∈ supp(f)∪ supp(wgj).
If u1 ∈ supp(f), then by the choice of u0 it follows that u1 < u0. On the
other hand, if u1 ∈ supp(wgj), then u1 ≤ in<(wgj) = u0. Since u1 �= u0 it
follows in this case as well that u1 < u0. Thus, since the maximal monomial
in the support of h which does belong to (in<(g1), . . . , in<(gm)) is smaller
than that of f and since descending sequences of monomials terminate by
Proposition 2.2, we may assume by induction that h has a standard presen-
tation h =

∑m
i=1 q̃igi + r. It follows that f = q1g1 + q2g2 + · · · + qmgm + r

with qj = q̃j + cd−1w and qi = q̃i for i �= j is a standard presentation of f .
Indeed, since h =

∑m
j=1 q̃jgj + r is a standard expression for h condition (i)

is satisfied for the expression f =
∑m

i=1 qigi + r. To see that condition (ii)
is also satisfied for this expression of f we notice that due to (2.1) and in
view of Lemma 2.4 we have

in<(h) ≤ max{in<(f), u0} = in<(f).(2.2)

Hence since in<(h) ≥ in<(q̃igi) for all i, it follows from (2.2) that in<(f) ≥
in<(qigi) for all i �= j. Finally, since in<(qjgj) ≤ max{in<(q̃jgj), u0}, we
see that in<(f) ≥ in<(qjgj) as well, since in<(f) ≥ in<(h) ≥ in<(q̃jgj)
and since in<(f) ≥ u0. �

Our proof of Theorem 2.11 provides an algorithm to compute a standard
expression of f with respect to g1, . . . , gm. For the algorithm which we now
describe, we fix the order of the elements g1, . . . , gm. Then the remainder
resulting from this algorithm will be uniquely determined.

The algorithm produces a finite sequence of polynomials hi as follows:
h0 = f . Suppose h0, . . . , hi is already defined. The sequence ends with hi if
no u ∈ supp(hi) belongs to (in<(g1), . . . , in<(gm)). Otherwise, let u be the
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largest monomial in the support of hi which belongs to (in<(g1), . . . , in<(gm))
and let j be the smallest integer such that in<(gj)|u. We define

hi+1 = hi − cd−1wgj ,

where w = u/ in<(gj) and where c is the leading coefficient of hi and d the
leading coefficient of gj .

Say, the sequence of the hi ends with hs. Then we have the following
set of equations:

f = h0 = q̃1gj1 + h1,(2.3)

h1 = q̃2gj2 + h2,(2.4)

h2 = q̃3gj3 + h3,(2.5)

...
...

hs−1 = q̃sgjs + hs.(2.6)

Replacing h1 in (2.3) by the expression of h1 given in (2.4), we obtain f =
q̃1gj1 + q̃2gj2 + h2. Now we replace h2 in this new expression of f by the
expression of h2 given in (2.5). Continuing this way we arrive at the standard
expression

f = q1g1 + q2g2 + · · ·+ qmgm + r,

where r = hs and qi =
∑

k,jk=i q̃k.

We demonstrate this algorithm with the following example: let f =
x31−x21x2+2x1x

2
2+x1x2x3, g1 = x21− 1 and g2 = x1x2−x2x3. We compute

a standard expression of f with respect to g1, g2 for the lexicographic order,
and get

f = h0 = x1g1 + h1, h1 = −x21x2 + 2x1x
2
2 + x1x2x3 + x1,

h1 = −x2g1 + h2, h2 = 2x1x
2
2 + x1x2x3 + x1 − x2,

h2 = 2x2g2 + h3, h3 = x1x2x3 + 2x22x3 + x1 − x2,

h3 = x3g2 + h4, h4 = 2x22x3 + x2x
2
3 + x1 − x2.

Thus we obtain the standard expression

f = x1g1 + h1

= x1g1 + (−x2g1 + h2)

= (x1 − x2)g1 + (2x2g2 + h3)

= (x1 − x2)g1 + 2x2g2 + (x3g2 + h4)

= (x1 − x2)g1 + (2x2 + x3)g2 + (2x22x3 + x2x
2
3 + x1 − x2).

Even though, as we have seen, a polynomial may have different standard
expressions, one has the following uniqueness statement.
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Proposition 2.12. Given a monomial order < on S. Assume that the poly-
nomials g1, . . . , gm form a Gröbner basis of the ideal I = (g1, . . . , gm). Then
each polynomial f ∈ S has a unique remainder with respect to g1, . . . , gm.

Proof. Let f ∈ S, and let f =
∑m

i=1 qigi + r and f =
∑m

i=1 pigi + s be
two standard expressions for f . Then h = r − s ∈ I. Suppose that h �= 0.
Then in<(h) ∈ in<(I) = (in<(g1), . . . , in<(gm)). Since in<(h) ∈ supp(r)∪
supp(s) and r, s are remainders of f , we arrive at a contradiction. �

Proposition 2.12 has the following important consequence.

Corollary 2.13. Let I = (g1, . . . , gm) ⊂ S be an ideal and assume that for
some monomial order, g1, . . . , gm is a Gröbner basis of I. Then a polynomial
f ∈ S belongs to I if and only if f reduces to 0 with respect to g1, . . . , gm.

Proof. Obviously, f belongs to I if the remainder of f with respect to
g1, . . . , gm is 0. Conversely, assume that f ∈ I and let f = q1g1+· · ·+qmgm+
r be a standard expression of f . Then r ∈ I. Suppose that r �= 0. Then
in<(r) ∈ in<(I) = (in<(g1), . . . , in<(gm)), contradicting the definition of
a remainder. �

2.4. Buchberger’s criterion

So far we have no method to check whether a system of generators of an
ideal is a Gröbner basis with respect to some monomial order <. We will
now derive a criterion which allows us to answer this question in a finite
number of steps. To explain this criterion we have to introduce the so-
called S-polynomials. Suppose first we are dealing with an ideal generated
by two nonzero polynomials, say I = (f, g), and we want to compute a
Gröbner basis of I. Certainly in<(f) and in<(g) belong to in<(I). A
candidate of a polynomial h ∈ I whose initial monomial does not belong to
(in<(f), in<(g)) is a linear combination of f and g such that their initial
terms cancel. This leads us to define

S(f, g) =
lcm(in<(f), in<(g))

c in<(f)
f − lcm(in<(f), in<(g))

d in<(g)
g,

where c is the leading coefficient of f and d is the leading coefficient of g.
The polynomial S(f, g) is called the S-polynomial of f and g with respect
to <.

Now we are ready to formulate the celebrated Buchberger criterion.

Theorem 2.14. Let < be a monomial order on S, and let I = (g1, . . . , gm)
be an ideal in S with gi �= 0 for all i. Then the following conditions are
equivalent:

(a) g1, . . . , gm is a Gröbner basis of I with respect to <;
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(b) S(gi, gj) reduces to 0 with respect to g1, . . . , gm for all i < j.

Proof. (a) ⇒ (b): Since S(gi, gj) ∈ I and since g1, . . . , gm is a Gröbner
basis of I, it follows from Corollary 2.13 that the remainder of S(gi, gj) with
respect to g1, . . . , gm is 0.

(b) ⇒ (a): We have to show that in<(I) = (in<(g1), . . . , in<(gm)). In
other words, if 0 �= f ∈ I, we need to see that the monomial in<(f) belongs
to (in<(g1), . . . , in<(gm)). Since f ∈ I, there exist h1, . . . , hm ∈ S such that
f =

∑m
i=1 higi. It follows from Lemma 2.4 that in<(f) ≤ maxi{in<(higi)}.

If equality holds, then

in<(f) = in<(higi) = in<(hi) in<(gi)

for some i, and hence in<(f) ∈ (in<(g1), . . . , in<(gm)). Otherwise, we have
in<(f) < maxi{in<(higi)}. We claim that in this case there exists a new
presentation f =

∑m
i=1 h

′
igi of f with the property that maxi{in<(h′igi)} <

maxi{in<(higi)}. Then, if necessary we can modify the presentation of f
again and again, until after a finite number of modifications, we obtain a
presentation f =

∑m
i=1 h

′′
i gi with in<(f) = maxi{in<(h′′i gi)}, and we are

done.

Let u = maxi{in<(higi)}. In order to prove the claim, we may assume
for simplicity that in<(hjgj) = u for j = 1, . . . r and that in<(hjgj) < u for
j > r. We may also assume that all leading coefficients of the gi are equal
to 1. Let wj = in<(hj) and cj the leading coefficient of hj . Then, since
in<(f) < maxi{in<(higi)}, it follows from Lemma 2.4 that

∑r
j=1 cj = 0.

Since u = w1 in<(g1) = wj in<(gj) for j = 1, . . . , r, we see that the
monomial lcm(in<(g1), in<(gj)) divides u. Let

vj =
w1 in<(g1)

lcm(in<(g1), in<(gj))
=

wj in<(gj)

lcm(in<(g1), in<(gj))
.

Then vjS(g1, gj) = w1g1 − wjgj and u > in<(vjS(g1, gj)). Since each
S(g1, gj) has a remainder which is 0, we find for all j an expression S(g1, gj) =∑m

i=1 h
′
jigi with h′ji ∈ S and such that in< S(g1, gj) ≥ in<(h

′
jigi) for all i

with h′ji �= 0. It follows that vjS(g1, gj) =
∑m

i=1 vjh
′
jigi =

∑m
i=1 hjigi with

hji = vjh
′
ji and that

u > in<(vjS(g1, gj)) ≥ in<(hjigi) for all j and i.

Hence we have

w1g1 − wjgj −
m∑
i=1

hjigi = 0 and in<(hjigi) < u for all j and i.
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Keeping in mind that
∑r

j=1 cj = 0, we have

r∑
j=2

cj(w1g1 − wjgj) = −
r∑

j=1

cjwjgj ,

and we can rewrite f as follows:

f =
r∑

i=1

higi +
m∑

i=r+1

higi

=

r∑
i=1

higi +

r∑
j=2

cj(w1g1 − wjgj −
m∑
i=1

hjigi) +

m∑
i=r+1

higi

=
r∑

i=1

(hi − ciwi)gi +
m∑

i=r+1

higi −
m∑
i=1

(
r∑

j=2

cjhji)gi

=
m∑
i=1

h′igi,

where

h′i =

{
hi − ciwi −

∑r
j=2 cjhji, for i = 1, . . . , r,

hi −
∑r

j=2 cjhji, for i = r + 1, . . . ,m.

From the definition of the h′i we get maxi{in<(h′igi)} < maxi{in<(higi)},
as desired. �

Checking whether a system of generators g1, . . . , gm of an ideal is a
Gröbner basis can be rather cumbersome since one has to compute the
remainder of

(
m
2

)
S-polynomials. The following result can sometimes be

used to shorten the calculations significantly.

Proposition 2.15. Let < be a monomial order on S, and let f, g ∈ S be
two polynomials such that in<(f) and in<(g) are relatively prime. Then
S(f, g) reduces to 0 with respect to f, g.

Proof. We may assume that the leading coefficients of f and g are equal to
1. Then f = in<(f) + f1, g = in<(g) + g1 and

S(f, g) = in<(g)f − in<(f)g = (g − g1)f − (f − f1)g = f1g − g1f.

We claim that f1g−g1f is the standard expression for S(f, g) (which implies
that S(f, g) has a remainder which is 0). Indeed, suppose that in<(f1g) =
in<(g1f). Then in<(f1) in<(g) = in<(g1) in<(f), and hence, since in<(f)
and in<(g) are relatively prime, it follows that in<(f) divides in<(f1) which
is a contradiction, since in<(f1) < in<(f). Thus we may now assume,
without loss of generality, that in<(f1g) > in<(g1f). Then Lemma 2.4
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implies that in(f) = in<(f1g) > in<(g1f). This shows that f1g − g1f is in
fact a standard expression for S(f, g). �

As an example of how to use the Buchberger criterion we consider the
ideal I generated by all the two by two minors of the matrix(

x1 x2 . . . xn
y1 y2 . . . yn

)
.

In other words, I is generated by the binomials fij = xiyj−xjyi, 1 ≤ i < j ≤
n. We claim that this set of generators is a Gröbner basis of I with respect
to the lexicographic order < with x1 > x2 > · · · > xn > y1 > y2 > · · · > yn.
We have in<(fij) = xiyj for all i and j. We will show that all S-polynomials
S(fij , fkl) with {i, j} �= {k, l} have a remainder which is 0. If i �= k and j �= l,
then in<(fij) and in<(fkl) are relatively prime, so that by Proposition 2.15
S(fij , fkl) has remainder 0. If i = k, we may assume that j < l and get

S(fij , fkl) = S(fij , fil) = −xjyiyl + xlyiyj = −yifjl.

This is a standard expression of S(fij , fkl) with remainder 0.

Finally, if j = l, we assume i < k and get

S(fij , fkl) = S(fij , fkj) = xixjyk − xkxjyi = xjfik,

which is again a standard expression of S(fij , fkl) with remainder 0.

2.5. Buchberger’s algorithm

Let I ⊂ S be an ideal. In this section we discuss an algorithm that allows,
starting from a finite system of generators G of I, to compute a Gröbner
basis of I. The algorithm, called the Buchberger algorithm , which is a
simple consequence of Theorem 2.14, is the following:

Step 1: For each pair of distinct elements of G we compute the S-polynomial
and a remainder of it.

Step 2: If all S-polynomials reduce to 0, then the algorithm ends and G is a
Gröbner basis of I (according to Theorem 2.14). Otherwise we add one of
the nonzero remainders to our system of generators, call this new system of
generators again G and go back to Step 1.

This algorithm ends in a finite number of steps. Indeed, each time when
we add a nonzero remainder of an S-polynomial to G, as described in the
algorithm, the ideal (in<(g) : g ∈ G) becomes strictly larger. This is
implied by the definition of the remainder. Since by Proposition 1.12 any
strictly ascending sequence of monomial ideals is finite, the assertion follows.
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To demonstrate the algorithm, we consider again our example from Sec-
tion 2.2:

I = (f, g) with f = x1x2 − x3x4, g = −x22 + x1x3.

We want to compute a Gröbner basis of I with respect to the reverse lexi-
cographic order. We begin with the given system of generators G = {f, g}
of I, and compute the S-polynomial of f and g:

S(f, g) = x2f + x1g = x21x3 − x2x3x4.

In this case the remainder h of S(f, g) is equal to S(f, g) itself. Thus we
add h = −x2x3x4 + x21x3 to G. We repeat the steps with the new set of
generators G of I, and hence have to determine the remainders of the S-
polynomials S(f, g), S(f, h) and S(g, h) with respect to f, g, h. Note that
since we added h to the set of generators of I, we only need to compute the
remainders of S(f, h) and S(g, h) with respect to f, g, h since S(f, g) has
the standard expression S(f, g) = h, thus the remainder of S(f, g) is zero.
Computing the standard expressions of S(f, h) and S(g, h), we find

S(f, h) = −x3x4g and S(g, h) = x1x3h+ x2x3x4g.

Thus we see that all remainders are 0. The algorithm ends and f, g, h is a
Gröbner basis of I.

2.6. Reduced Gröbner bases

Let < be a monomial order on S = K[x1, . . . , xn], and I ⊂ S an ideal. Then
a Gröbner basis of I with respect to < is of course not uniquely determined.
For example to any Gröbner basis G of I one could add a few more elements
of I to G and would obtain another Gröbner basis. Thus only with some
extra conditions can a Gröbner basis be unique.

Definition 2.16. Let I ⊂ S be an ideal in S. Then G = g1, . . . , gm is called
a reduced Gröbner basis of I with respect to <, if G is a Gröbner basis of
I with respect to the monomial order < satisfying the following conditions:

(i) the leading coefficient of each gi is 1;

(ii) for all i �= j, no u ∈ supp(gj) is divisible by in<(gi).

Theorem 2.17. Each ideal I has a unique reduced Gröbner basis.

Proof. Let G(in<(I)) = {u1, . . . , um} and choose g1, . . . , gm ∈ I with ui =
in<(gi) for i = 1, . . . ,m. Then g1, . . . , gm is a Gröbner basis of I, which
may, however, not be reduced. Let

g1 =
m∑
i=2

qigi + h1(2.7)
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be a standard expression of g1 with respect to g2, . . . , gm. Then no u ∈
supp(h1) is divisible by in<(gi) for i = 2, . . . ,m.

We have in<(g1) ≥ in<(qigi) for all i. If we suppose in<(g1) = in<(qigi)
for some i, then u1 = in<(qigi) = in<(qi)ui, a contradiction since u1, . . . , um
is a minimal system of generators of in<(I). It follows therefore from (2.7)
that in<(h1) = in<(g1) = u1.

Suppose we have already found h1, . . . , hi ∈ I with the property that
in<(hj) = uj for j = 1, . . . , i and that for all j ≤ i no u ∈ supp(hj) is
divisible by any uk with k �= j. If i < m, we let hi+1 be a remainder of
gi+1 with respect to h1, . . . , hi, gi+2, . . . , gm. Then with the same argument
as for i = 1 we have in(hi+1) = in<(gi+1) = ui+1, and no u ∈ supp(hi+1)
is divisible by any uk with k �= i+ 1. Thus step by step we can replace the
gi by the hi and finally obtain h1, . . . , hm which is again a Gröbner basis
of I because in<(hi) = in<(gi) for i = 1, . . . ,m. By construction this new
Gröbner basis h1, . . . , hm satisfies condition (ii) in the definition of a reduced
Gröbner basis. Let ci be the leading coefficient of hi and set g′i = c−1

i hi.
Then obviously g′1, . . . , g

′
m satisfies both conditions (i) and (ii), and hence is

a reduced Gröbner basis of I.

Suppose g1, . . . , gr and g′1, . . . , g
′
s are both reduced Gröbner basis of I.

Then G(in<(I)) = {in<(g1), . . . , in<(gr)}, because otherwise condition (ii)
would be violated. The same holds true for g′1, . . . , g

′
s. It follows that r = s =

m, and we may assume that in<(gi) = in<(g
′
i) for i = 1, . . . , r. Assume that

gj �= g′j for some j. Then f = gj−g′j ∈ I, f �= 0 and in<(f) ∈ supp(gj−g′j) ⊂
supp(gj) ∪ supp(g′j). Say, in<(f) ∈ supp(gj). Since in<(f) ∈ in<(I), there

exists some i such that in<(gi) divides in<(f). On the other hand, since
in<(gj) �∈ supp(gj−g′j), it follows that in<(f) < in<(gj). This implies that

i �= j, contradicting condition (ii). �

Problems

In the following problems, K is a field and S denotes the polynomial ring
K[x1, . . . , xn].

Problem 2.1. Check that the lexicographic, the pure lexicographic and the
reverse lexicographic orders are indeed monomial orders.

Problem 2.2. If we would define the pure reverse lexicographic order in
analogy to the pure lexicographic order, would this be a monomial order?

Problem 2.3. Let π : [n] → [n] be the permutation with π(i) = n − i + 1
for i = 1, . . . , n, and let < be the lexicographic order on S. Show that
<op

π is the reverse lexicographic order, where by definition u <op
π v, if either

deg u < deg v, or deg u = deg v and v <π u.
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Problem 2.4. Show that there exist infinitely many different monomial
orders on a polynomial ring with at least 2 variables.

Problem 2.5. Let Mond(S) denote the set of monomials of S of degree d.
A subset L ⊆ Mond(S) is called a lexsegment, if for all u ∈ L and v > u it
follows that v ∈ L. Here > is the lexicographic order with the natural order
of indeterminates. Give an example of a lexsegment in L ⊆ Mond(S) which
is not a lexsegment viewed as a subset of Mond(S[xn+1]), and characterize
those lexsegments in Mond(S) which are also lexsegments in Mond(S[xn+1]).

Problem 2.6. Let xa ∈ Mon(S) with xa �= 1. Describe in terms of a the
largest monomial with respect to the (reverse) lexicographic order which is
smaller than xa.

Problem 2.7. Let w = (w1, . . . , wn) ∈ Rn
+ be a weight vector with the

property that the entries w1, . . . , wn of w are linearly independent over Q,
and define xa < xb if and only if a ·w < b ·w. Show that < is a monomial
order.

Problem 2.8. Let < be a monomial order on S, and let I ⊆ J be ideals in
S with the property that in<(I) = in<(J). Show that I = J .

Problem 2.9. Let < be a monomial order on S, and let I ⊆ S be a graded
ideal in S. We denote by m = (x1, . . . , xn) the graded maximal ideal of
S. The Loewy length of S/I is the infimum of the numbers k such that
mk ⊆ I. Show that S/I and S/ in<(I) have the same Loewy length.

Problem 2.10. Let I ⊂ S be a graded ideal. Show that I admits a Gröbner
basis of homogeneous elements.

Problem 2.11. A polynomial f ∈ S whose support consists of two mono-
mials is called a binomial (with coefficients). Let I ⊂ S be an ideal which is
generated by binomials. Show that I admits a Gröbner basis whose elements
are all binomials.

Problem 2.12. Compute for the reverse lexicographic order a standard
expression of f = 2x22x

3
3 − x1x

3
2 with respect to g1 = x23 − 1, g2 = x2x3 + x22

and g3 = x1x2 − x3.

Problem 2.13. Let g1, . . . , gm be a Gröbner basis of I = (g1, . . . , gm). Use
Corollary 2.13 to show that I = S if and only if one of the gi is a nonzero
constant polynomial, that is, gi = c for some c ∈ K, c �= 0.

Problem 2.14. Compute a Gröbner basis of the ideal I = (x21−2x2x3, x1x
2
2+

x23, x2x3+x3) with respect to the lexicographic and the reverse lexicographic
order.
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Problem 2.15. Let g1, . . . , gm be linear forms in S (i.e. homogeneous poly-
nomials of degree 1), and let < be an arbitrary monomial order on S. Deduce
directly from the definition of a Gröbner basis, that if G = g1, . . . , gm is a
minimal system of generators of I, then G is a Gröbner basis of I if and only
if in<(gi) �= in<(gj) for all i �= j.

Problem 2.16. Let < be a monomial order on S, and let I and J be ideals
in S. Then I = J if and only if their reduced Gröbner bases are the same.

Problem 2.17. Let f, g ∈ S such that in<(f) and in<(g) are relatively
prime and let u and v be any monomials in S. Then S(uf, vg) reduces to
zero with respect to uf and ug.

Problem 2.18. Let I, J ⊂ S be ideals and < a monomial order on S. Let
G,G′ be Gröbner bases of I, respectively J, with respect to < . Prove that if
in<(g) and in<(g

′) are relatively prime for any g ∈ G, g′ ∈ G′, then G ∪ G′

is a Gröbner basis of I + J.

                

                                                                                                               



Chapter 3

First applications

In this chapter we present basic applications of Gröbner bases in polynomial
ideal theory. The essential tools are the elimination orders along with the
Elimination Theorem.

3.1. Elimination of variables

3.1.1. Elimination orders. Let K be a field and S = K[x1, . . . , xn] the
polynomial ring in n variables over K.

Definition 3.1. Let t be an integer, 1 ≤ t ≤ n. An elimination order on
S for x1, . . . , xt is a monomial order < on S which satisfies the following
condition: for any two monomials u, v ∈ S such that xj |u for some 1 ≤ j ≤ t
and xj � |v for all 1 ≤ j ≤ t, one has u > v.

In other words, < is an elimination order for the first t variables if any
monomial which is divisible by some variable xj with 1 ≤ j ≤ t, is strictly
greater than any monomial in the last n − t variables. Obviously, this is
equivalent to saying that if a polynomial f ∈ S has the property that its
initial monomial with respect to < belongs to the subring K[xt+1, . . . , xn]
of S, then f is contained in the same subring of S.

The pure lexicographic order is an elimination order for x1, . . . , xt for any
1 ≤ t ≤ n. A common way to produce elimination orders is to take a product
of two arbitrary orders on the subrings K[x1, . . . , xt] and K[xt+1, . . . , xn].
Another standard procedure to construct elimination orders comes from
Proposition 2.3. Indeed, given a monomial order < on S, we consider the
weighted order <w with respect to the weight vector w = (1, . . . , 1, 0, . . . , 0)
whose first t entries are 1 and the last n − t entries are 0. Proposition 2.3
actually claims that <w is an elimination order on S.

33
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Definition 3.2. Let I ⊂ S be an ideal and 1 ≤ t ≤ n an integer. The ideal
It = I ∩K[xt+1, . . . , xn] is called the t-th elimination ideal of I.

3.1.2. The Elimination Theorem. The following theorem is the basis
for elimination of variables.

Theorem 3.3. Let I ⊂ S be an ideal and 1 ≤ t ≤ n an integer. If G is a
Gröbner basis of I with respect to some elimination order < for x1, . . . , xt,
then Gt = G ∩ K[xt+1, . . . , xn] is a Gröbner basis of It with respect to the
induced order on the subring K[xt+1, . . . , xn].

Proof. Let G = {g1, . . . , gs} and assume that Gt = {g1, . . . , gr}, that is,
g1, . . . , gr ∈ K[xt+1, . . . , xn] and gr+1, . . . , gs �∈ K[xt+1, . . . , xn]. In particu-
lar, by the choice of the monomial order, we have in<(gj) �∈ K[xt+1, . . . , xn]
for all j > r. We show that the set {in<(g1), . . . , in<(gr)} generates in<(It).
Let f ∈ It be a nonzero polynomial. Since in<(f) ∈ in<(I) and in<(f)
is a monomial in the last n− t variables, we must have in<(gj)| in<(f) for
some j ≤ r, whence in<(f) ∈ (in<(g1), . . . , in<(gr)). Therefore we have
in<(It) ⊂ (in<(g1), . . . , in<(gr)). The other inclusion is obvious. �

For example, let I = (x21 − x2x3, x1x
2
2 + x33, x2x3 + x23) ⊂ K[x1, x2, x3].

The Gröbner basis of I with respect to the pure lexicographic order is {x21−
x2x3, x1x

2
2 + x33, x1x

3
3 + x32x3, x2x3 + x23, x

4
3}. It follows that I ∩K[x2, x3] =

(x2x3 + x23, x
4
3) and I ∩K[x3] = (x43).

Here is a reformulation of the Elimination Theorem in terms of initial
ideals.

Corollary 3.4. Let I ⊂ S be an ideal and 1 ≤ t ≤ n an integer. Then

in<(I ∩K[xt+1, . . . , xn]) = in<(I) ∩K[xt+1, . . . , xn]

for any elimination order < on S for x1, . . . , xt.

3.2. Applications to operations on ideals

In this section we use Theorem 3.3 to get algorithms for operations with
polynomial ideals.

3.2.1. Intersection of ideals. In order to get a procedure to compute a
Gröbner basis for the intersection of two polynomial ideals we first need
to introduce a notation. For an ideal I of S and a polynomial p(t) in a
new variable t, we denote by p(t)I the ideal of S[t] which is generated by
{p(t)f : f ∈ I} ⊂ S[t]. It is straightforward to notice that if I is generated
by f1, . . . , fr as an ideal of S, then p(t)I is generated by p(t)f1, . . . , p(t)fr
as an ideal in S[t].
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Proposition 3.5. Let I, J ⊂ S be ideals. Then I ∩ J = (tI + (1− t)J)∩ S.

Proof. Let f ∈ I ∩ J. Then f = tf + (1− t)f ∈ (tI + (1− t)J)∩ S. For the
other inclusion, let g ∈ (tI+(1−t)J)∩S.We write g = h1+h2, where h1 ∈ tI
and h2 ∈ (1− t)J. Hence there exist some polynomials h′1 ∈ IS[t], h′2 ∈ JS[t]
such that h1 = th′1 and h2 = (1− t)h′2. It follows that g = th′1 + (1 − t)h′2.
Substituting t by zero in this equality we get g = h′2(0, x1, . . . , xn) ∈ J .
Next, substituting t by 1, we get g = h′1(1, x1, . . . , xn) ∈ I. Consequently,
we have g ∈ I ∩ J. �

The above proposition provides a procedure to compute a Gröbner basis
for I ∩ J if some generating systems for I and J are given. Indeed, if I is
generated by some polynomials f1, . . . , fr and J is generated by g1, . . . , gs,
then tf1, . . . , tfr, (1− t)g1, . . . , (1− t)gs generate tI+(1− t)J. We choose an
elimination order for the variable t on S[t] and compute a Gröbner basis G
of tI + (1− t)J. By Theorem 3.3, it follows that G ∩ S is a Gröbner basis of
I ∩ J.

For example, let I = (x1x3−x22, x
3
1−x2x3), J = (x1, x

2
3) ⊂ K[x1, x2, x3].

The reduced Gröbner basis of tI +(1− t)J ⊂ K[t, x1, x2, x3] with respect to
the pure lexicographic order with t > x1 > x2 > x3 is {tx1 − x1, tx

2
2 −

x1x3, tx2x3 − x31, tx
2
3 − x23, x

4
1 − x1x2x3, x

3
1x2 − x1x

2
3, x

2
1x

2
2 − x2x

2
3, x

2
1x3 −

x1x
2
2, x1x

4
2 − x2x

3
3, x1x

3
3 − x22x

2
3, x

6
2x

2
3 − x2x

6
3}.

Eliminating the variable t we get I∩J = (x41−x1x2x3, x
3
1x2−x1x

2
3, x

2
1x

2
2−

x2x
2
3, x

2
1x3 − x1x

2
2, x1x

4
2 − x2x

3
3, x1x

3
3 − x22x

2
3, x

6
2x

2
3 − x2x

6
3).

3.2.2. Ideal quotient. Let I, J ⊂ S be two polynomial ideals with J =
(g1, . . . , gs). In order to determine a Gröbner basis of I : J, one first uses the
equality I : J =

⋂s
i=1 I : (gi). Therefore we can reduce the problem to the

case when J is a principal ideal.

Proposition 3.6. Let I ⊂ S be an ideal and g ∈ S a polynomial. If
{q1, . . . , qr} is a set of generators for I ∩ (g), then {q1/g, . . . , qr/g} is a
set of generators for I : (g).

Proof. LetH = {q1/g, . . . , qr/g}. It is obvious that (g)H ⊂ (q1, . . . , qr) ⊂ I,
hence (H) ⊂ I : (g). For the reverse inclusion, let f ∈ I : (g). It follows that
fg ∈ I ∩ (g), thus fg ∈ (q1, . . . , qr). As all the polynomials q1, . . . , qr are
divisible by g, it follows that f ∈ (H). �

We illustrate the above procedure in the following example. Let I =
(x1x3 − x22, x

3
1 − x2x3), J = (x1, x3) ⊂ K[x1, x2, x3]. We consider the pure

lexicographic order. We have

I : J = (I : (x1)) ∩ (I : (x3)).
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Applying the procedure given by the above proposition and the algorithm
for computing the intersection we get

I : (x1) = (x31 − x2x3, x
2
1x2 − x23, x1x

3
2 − x33, x1x3 − x22, x

5
2 − x43)

and

I : (x3) = (x31 − x2x3, x
2
1x

2
2 − x2x

2
3, x1x

4
2 − x2x

3
3, x1x3 − x22, x

6
2 − x53).

The reduced Gröbner basis of I : J with respect to the pure lexicographic
order is the set

{x31 − x2x3, x
2
1x

2
2 − x2x

2
3, x1x

4
2 − x2x

3
3, x1x3 − x22, x

6
2 − x2x

4
3}.

3.2.3. Saturation and radical membership. For a graded ideal I of S,
in Subsection 1.2.1, we defined its saturation by Isat = I : m∞ =

⋃∞
i=1 I : m

i.
Of course one can compute a Gröbner basis of Isat by applying the pro-
cedures from Subsection 3.2.1 and Subsection 3.2.2 to I : mi and getting
successively the reduced Gröbner bases of I : mi for i ≥ 1. When this se-
quence of ideals stabilizes, one gets the Gröbner basis of the saturation. We
describe here another way to compute the saturation. For an ideal I of S
and a polynomial f ∈ S, we consider

I : f∞ = {g ∈ S : there exists i > 0 such that f ig ∈ I}.

One may easily check that I : f∞ is an ideal of S which is homoge-
neous if I and f are homogeneous, and I : f∞ =

⋃∞
i=1 I : f

i. We call this
ideal the saturation of I with respect to f. By Problem 1.9 we have
Isat =

⋂n
i=1(I : x

∞
i ). Hence it is enough to give a procedure for computing

a Gröbner basis of the saturation of an ideal I with respect to a polynomial
f.

Proposition 3.7. Let I ⊂ S be an ideal and f ∈ S a polynomial. Let t

be a new variable and Ĩ the ideal generated in S[t] by I and the polynomial

1− ft. Then I : f∞ = Ĩ ∩ S.

Proof. Let g ∈ I : f∞. There exists i ≥ 1 such that u = gf i ∈ I. Then

g = gf iti+(1− f iti)g = uti+(1− ft)(1+ ft+ · · ·+ f i−1ti−1)g ∈ (I, 1− ft).

This shows that I : f∞ ⊂ Ĩ ∩ S.

For the opposite inclusion, let g ∈ Ĩ ∩S. We can write g = u+ v(1− tf),
where u ∈ IS[t] and v ∈ S[t]. If I is generated by f1, . . . , fs, then u =
a1f1 + · · ·+ asfs for some polynomials a1, . . . , as ∈ S[t]. Hence

g = a1f1 + · · ·+ asfs + v(1− tf).
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Substituting t by 1/f in the above expression of g, we obtain

g = a1(
1

f
, x1, . . . , xn)f1 + · · ·+ as(

1

f
, x1, . . . , xn)fs.

Clearing the denominators in the above equality, we find an enough large i
such that f ig can be expressed as a combination of f1, . . . , fs with coefficients
in S, which implies that f ig ∈ I, that is, g ∈ I : f∞. �

Therefore, to find a Gröbner basis of I : f∞, we need to eliminate the
variable t from the Gröbner basis of the ideal (I, 1−ft) ⊂ S[t], thus we need
to consider an elimination order for t.

Proposition 3.7 can be used to test radical membership. Indeed, it
is obvious that f ∈

√
I if and only if I : f∞ = S, that is, if the reduced

Gröbner basis of Ĩ is {1}.

3.2.4. K-algebra homomorphisms. Let S = K[x1, . . . , xn] and S′ =
K[y1, . . . , ym] be two polynomial algebras, f1, . . . , fn polynomials in S′, and
I ′ ⊂ S′ an ideal. By Theorem 1.1, we have a K-algebra homomorphism
ψ : S −→ S′/I ′ with ψ(xi) = fi + I ′ for all 1 ≤ i ≤ n. Then, for any ideal
I ⊂ Ker(ψ), there exists a K-algebra homomorphism ϕ : S/I −→ S′/I ′ with
the property that ϕ(xi + I) = ψ(xi) = fi + I ′ for all i.

In the first step we are interested in finding a generating set for the
kernel of ϕ by using elimination.

Proposition 3.8. Let ϕ : S/I −→ S′/I ′ be a K-algebra homomorphism
with ϕ(xi + I) = fi + I ′ for 1 ≤ i ≤ n, where f1, . . . , fn ∈ S′. Let R =
K[x1, . . . , xn, y1, . . . , ym], J = I ′R + (x1 − f1, . . . , xn − fn), and L = J ∩ S.
Then Ker(ϕ) is the image of the ideal L in S/I, that is Ker(ϕ) = (I +L)/I.

Proof. Let g+I ∈ Ker(ϕ), that is, ϕ(g+I) = 0. It follows that g(f1, . . . , fn)+
I ′ = 0, hence g(f1, . . . , fn) ∈ I ′. If g =

∑
cax

a, then we can write

g =
∑

ca(x1−f1+f1)
a1 · · · (xn−fn+fn)

an = g′+
∑

caf
a = g′+g(f1, . . . , fn),

with g′ ∈ (x1−f1, . . . , xn−fn). Therefore, g ∈ J∩S = L and g+I ∈ (I+L)/I.
Conversely, let g ∈ L = J ∩ S and {h1, . . . , hr} ⊂ S′ be a set of generators
of I ′. Then there exist some polynomials a1, . . . , ar, b1, . . . , bn ∈ R such that

g = a1h1 + · · ·+ arhr + b1(x1 − f1) + · · ·+ bn(xn − fn).

Substituting xi by fi in the above equality for 1 ≤ i ≤ n, we get

g(f1, . . . , fn) ∈ (h1, . . . , hr) = I ′.

Therefore ϕ(g + I) = g(f1, . . . , fn) + I ′ = 0, whence g + I ∈ Ker(ϕ). �
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Corollary 3.9. Let f1, . . . , fn ∈ S′ be polynomials and ϕ : S −→ S′ the
K-algebra homomorphism defined by xi �→ fi for 1 ≤ i ≤ n. Let J =
(x1−f1, . . . , xn−fn) ⊂ R = K[x1, . . . , xn, y1, . . . , ym]. Then Ker(ϕ) = J∩S.

Proof. Take I = I ′ = (0) in the above proposition. �

Corollary 3.9 solves the following problem. Given a family of parametric
equations x1 = f1, . . . , xn = fn with f1, . . . , fn ∈ S′, we may find the implicit
relations among the polynomials f1, . . . , fn.

For example, let ϕ : K[x1, x2] −→ K[y] be defined by ϕ(x1) = y2, ϕ(x2) =
y3. The reduced Gröbner basis of J = (x1 − y2, x2 − y3) ⊂ K[y, x1, x2] with
respect to the pure lexicographic order with y > x1 > x2 is {y2 − x1, yx1 −
x2, yx2 − x21, x

3
1 − x22}, therefore Ker(ϕ) = (x31 − x22).

Example 3.10. Let I ⊂ S be a graded ideal generated by some homoge-
neous polynomials f1, . . . , fq and t a new indeterminate over K. The Rees
ring of I, denoted by R(I), is the graded subring of S[t] given by

R(I) =
⊕
j≥0

Ijtj = S[f1t, . . . , fqt].

Consider the presentation of R(I),

ϕ : R = S[u1, . . . , uq] −→ R(I),

defined by

xi �→ xi for 1 ≤ i ≤ n and uj �→ fjt for 1 ≤ j ≤ q.

J = Ker(ϕ) is an ideal of S[u1, . . . , uq] which is called the presentation
ideal of R(I). By Corollary 3.9, we have

J = (u1 − f1t, . . . , uq − fqt) ∩R.

Let G be a Gröbner basis of (u1 − f1t, . . . , uq − fqt) with respect to
an elimination order for t in the polynomial ring K[t, x1, . . . , xn, u1, . . . , uq].
Then G ∩R is a Gröbner basis of the presentation ideal J.

In the following proposition we study the image of a K-algebra homo-
morphism.

Proposition 3.11. Let ϕ : S/I −→ S′/I ′ be a K-algebra homomorphism
with ϕ(xi + I) = fi + I ′ for 1 ≤ i ≤ n, where f1, . . . , fn ∈ S′. Let R =
K[x1, . . . , xn, y1, . . . , ym] be endowed with an elimination order < for the
indeterminates y1, . . . , ym and J = I ′R + (x1 − f1, . . . , xn − fn) ⊂ R. Let
G = {g1, . . . , gr} be a reduced Gröbner basis of J with respect to < . Let
g ∈ S′ be a polynomial and h its remainder with respect to G. Then:

(i) g + I ′ ∈ Im(ϕ) if and only if h ∈ S.
(ii) If g + I ′ ∈ Im(ϕ), then g + I ′ = ϕ(h+ I).
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Proof. Let g = a1g1+· · ·+argr+h be a standard expression of g with h ∈ S,
where a1, . . . , ar ∈ R. Substituting xi by fi in the above expression, we get
g − h(f1, . . . , fn) ∈ I ′ since gi(f1, . . . , fn, y1, . . . , ym) ∈ I ′ for all 1 ≤ i ≤ r.
Therefore g + I ′ = h(f1, . . . , fn) + I ′ = ϕ(h+ I). Hence we proved (ii) and
the “if” part of (i).

For the “only if” part of (i), let g ∈ S′ such that g + I ′ ∈ Im(ϕ). Thus
there exists q ∈ S such that g+ I ′ = ϕ(q+ I) = q(f1, . . . , fn) + I ′. It follows
that g − q(f1, . . . , fn) ∈ I ′R ⊂ J. Therefore, as polynomials in R, g and
q(f1, . . . , fn) have the same remainder with respect to G. On the other hand,
q− q(f1, . . . , fn) ∈ (x1− f1, . . . , xn − fn) ⊂ J. Thus q and q(f1, . . . , fn) have
the same remainder with respect to G. It follows that q has the remainder h
with respect to G. Since < is an elimination order for y1, . . . , ym and q is a
polynomial in x1, . . . , xn, it follows that h ∈ S. Indeed, let G = {g1, . . . , gs}
and let

(3.1) q = a1g1 + · · ·+ asgs + h

be a standard expression of q with respect to G. Using condition (ii) from
Theorem 2.11 we have in<(aigi) ≤ in<(q) for all 1 ≤ i ≤ s. It follows that
in<(aigi) are monomials in x1, . . . , xn, and, consequently, aigi are polyno-
mials in S as well for all i. From equality (3.1) it follows that h ∈ S. �

As a consequence of the above proposition one can provide a subal-
gebra membership test. Let f1, . . . , fn be polynomials in S′. Given a
polynomial g ∈ S′, we would like to decide whether g belongs or does not
to the subalgebra K[f1, . . . , fn] of S

′. The answer to this problem is given
in the following

Corollary 3.12. Let f1, . . . , fn be polynomials in S′ = k[y1, . . . , ym]. Let
J = (x1− f1, . . . , xn− fn) ⊂ R = K[x1, . . . , xn, y1, . . . , ym] and G a Gröbner
basis of J with respect to some elimination order for y1, . . . , ym. Let g be a
polynomial in S′ and h its remainder with respect to G. Then:

(i) g ∈ K[f1, . . . , fn] if and only if h ∈ S.

(ii) If g ∈ K[f1, . . . , fn], then g = h(f1, . . . , fn) is a representation of g
as a polynomial in f1, . . . , fn.

Proof. Take I = I ′ = (0) in Proposition 3.11. �

Let s1, . . . , sn ∈ S be the elementary symmetric polynomials in x1, . . . , xn.
We recall that, for 1 ≤ k ≤ n, sk =

∑
1≤i1<···<ik≤n xi1 · · ·xik . By the Fun-

damental Theorem of Symmetric Polynomials, we know that f ∈ S is sym-
metric if and only if f ∈ K[s1, . . . , sn]. Corollary 3.12 provides a procedure
for expressing a symmetric polynomial as a polynomial in s1, . . . , sn.
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Let us take, for example, f = x41 + x42 + x43 − x21x
2
2 − x21x

2
3 − x22x

2
3 ∈

Q[x1, x2, x3]. f is obviously a symmetric polynomial. We consider the mono-
mial ordering on Q[x1, x2, x3, t1, t2, t3] given by the product of the reverse
lexicographic orders on Q[x1, x2, x3] and Q[t1, t2, t3]. This is an elimination
order for x1, x2, x3. With respect to this order, the ideal J = (t1 − s1, t2 −
s2, t3 − s3) of Q[x1, x2, x3, t1, t2, t3] has the following reduced Gröbner basis

G = {x1 + x2 + x3 − t1, x
2
2 − x1x3 − x2t1 + t2, x

3
3 − x23t1 + x3t2 − t3}

and the remainder of f with respect to G is

h = t41 − 4t21t2 + t22 + 6t1t3,

which gives the expression of f as a polynomial in s1, s2, s3, namely

f = s41 − 4s21s2 + s22 + 6s1s3.

3.2.5. Homogenization. Let f ∈ S be a polynomial of degree d and f =∑d
i=0 fi its decomposition into homogeneous components. Then

fh =
d∑

i=0

td−ifi

is a homogeneous polynomial of degree d in the ring S[t]. fh is called the
homogenization of f . By Problem 3.12, fh can be computed by using the
formula

fh = tdf(
x1
t
, . . . ,

xn
t
).

For example, let f = 1 − x2 + x21 − x1x2 + x21x3 ∈ K[x1, x2, x3]. Its
homogenization is fh = t3 − t2x2 + tx21 − tx1x2 + x21x3.

If g ∈ S[t] is a homogeneous polynomial, we denote by ḡ its dehomoge-
nization, that is, the polynomial of S which is obtained from g by the
substitution t �→ 1. It is obvious that for any polynomial f ∈ S we have
f̄h = f and for any homogeneous polynomial g ∈ S[t], g = tmḡh for some
m ≥ 0.

Definition 3.13. Let I ⊂ S be an ideal. The homogenization of I is the
ideal Ih generated by {fh : f ∈ I}.

Note that if I is generated by f1, . . . , fs, then Ih is not necessarily genera-
ted by fh

1 , . . . , f
h
s .

For example, let I = (f1, f2) ⊂ K[x1, x2, x3], where f1 = x2 − x21 and
f2 = x3−x31 (the twisted cubic). We have fh

1 = tx2−x21 and fh
2 = t2x3−x31.

On the other hand, f = f2 − x1f1 = x3 − x1x2 ∈ I has the homogenization
fh = tx3 − x1x2 �∈ (fh

1 , f
h
2 ).
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The next lemma characterizes the homogeneous polynomials in S[t]
which belong to Ih.

Lemma 3.14. Let I ⊂ S be an ideal and f ∈ S[t] a homogeneous poly-
nomial. Then f ∈ Ih if and only if f = tmgh for some g ∈ I and some
m > 0.

Proof. Let f ∈ Ih. Then f =
∑r

i=1 gif
h
i with fi ∈ I and gi ∈ S[t] homoge-

neous. One gets the following equality by dehomogenization

f̄ =

r∑
i=1

ḡif̄h
i =

n∑
i=1

ḡifi ∈ I.

Since f = tmf̄
h
for some m ∈ Z+, we may take g = f̄ .

The other implication is obvious. �

A monomial order < on S is called graded if, for any monomials u, v ∈
S, deg u < deg v implies u < v. The lexicographic and reverse lexicographic
orders are examples of graded monomial orders. Any graded monomial order
on S can be extended to S[t] by taking the product order on S together with
the natural order of the powers of the variable t, namely:

xatc <′ xbtd if and only if (i) xa < xb, or (ii) xa = xb and c < d.

By the definition of homogenization it follows that in<(g) = in<′(gh)
for all nonzero polynomials g ∈ S.

Proposition 3.15. Let I ⊂ S be an ideal and G = {g1, . . . , gs} a Gröbner
basis of I with respect to a graded monomial order < on S. Then Gh =
{gh1 , . . . , ghs } is a Gröbner basis of Ih with respect to <′ .

Proof. Since Ih is a homogeneous ideal, it suffices to show that for any ho-
mogeneous polynomial f ∈ Ih we have in<′(f) ∈ (in<′(gh1 ), . . . , in<′(ghs )).
Indeed, for an arbitrary polynomial f ∈ Ih, we have in<′(f) = in<′(fj) for

some homogeneous component fj of f. Since Ih is a graded ideal, it follows

from Proposition 1.2 that fj ∈ Ih.

By Lemma 3.14, we have f = tmgh for some g ∈ I and some m ∈ Z+.
Therefore,

in<′(f) = tm in<′(gh) = tm in<(g).

Since G is a Gröbner basis of I with respect to <, there exists a monomial u
such that in<(g) = u in<(gi) for some i, and since in<(gi) = in<′(ghi ), we
obtain

in<′(f) = tmu in<′(ghi ),

which ends the proof. �
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For example, let I = (x2 − x21, x3 −x31) be the ideal of the twisted cubic.
The reduced Gröbner basis of I with respect to the reverse lexicographic
order is {x21 − x2, x1x2 − x3, x

2
2 − x1x3}. Thus the Gröbner basis of Ih with

respect to the induced order on S[t] is {x21 − tx2, x1x2 − tx3, x
2
2 − x1x3}.

3.3. Zero dimensional ideals

Throughout this section the field K will be always algebraically closed. We
recall that a field K is algebraically closed if any nonconstant polynomial
f ∈ K[x] has a root in K. It turns out that this is equivalent to saying
that any nonconstant polynomial f ∈ K[x] has all its roots in K. The
Fundamental Theorem of Algebra states that the field C of complex numbers
is algebraically closed.

Let I ⊂ S = K[x1, . . . , xn] be an ideal. The set

V(I) = {a = (a1, . . . , an) ∈ Kn : f(a) = 0 for all f ∈ I}

is called an affine algebraic variety in Kn. It is easily seen that V(I) =
V(f1, . . . , fr) for any set of generators {f1, . . . , fr} of I, where

V(f1, . . . , fr) = {a = (a1, . . . , an) ∈ Kn : fi(a) = 0 for all 1 ≤ i ≤ r}.

Let us first consider ideals in polynomial rings of one variable. For an
arbitrary ideal I ⊂ K[x] there exists a polynomial f ∈ K[x] such that
I = (f), hence V(I) = V(f). Over an algebraically closed field, we have
V(f) = ∅ if and only if f ∈ K − {0}, that is, if and only if I = (1).

One may ask if the above equivalence, namely V(I) = ∅ ⇔ I = (1),
is still true in the ring of polynomials in many variables. The celebrated
Hilbert’s Nullstellensatz gives a positive answer to this question.

Theorem 3.16 (Weak Hilbert’s Nullstellensatz). Let I ⊂ S be an ideal.
Then V(I) = ∅ if and only if I = (1).

For the proof we refer the reader to [M86].

The correspondence I �→ V(I) defines an inclusion reversing map from
the set of ideals of S to the set of affine varieties of Kn. One may define as
well a correspondence between the subsets of Kn and the set of ideals of S
as follows:

Kn ⊃ Z �→ I(Z) ⊂ S,

where I(Z) = {f ∈ S : f(a) = 0 for all a ∈ Z}. One can easily check that
I(Z) is an ideal of S and that Z1 ⊂ Z2 implies I(Z1) ⊃ I(Z2).

Example 3.17. Let a = (a1, . . . , an) ∈ Kn and Z = {a}. Then we have
I(Z) = (x1 − a1, . . . , xn − an). Indeed, obviously, all the generators xi − ai
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vanish at a. Conversely, let f ∈ I(Z), that is, f(a) = 0. Then, we have
f = f − f(a) ∈ (x1 − a1, . . . , xn − an).

For a = (a1, . . . , an) ∈ Kn we denote by ma the ideal (x1 − a1, . . . , xn −
an). ma is a maximal ideal of S since we have a canonical K-algebra isomor-
phism S/ma

∼= K induced by the surjective substitution morphism xi �→ ai
for 1 ≤ i ≤ n.

The correspondence between ideals and affine varieties is given by the
strong version of the Hilbert’s Nullstellensatz which follows from the weak
version.

Theorem 3.18 (Strong Hilbert’s Nullstellensatz). Let I ⊂ S be an ideal.

Then I(V(I)) =
√
I, that is, for any polynomial f ∈ S, f ∈ I(V(I)) if and

only if there exists an integer m > 0 such that fm ∈ I.

Proof. Let m > 0 such that fm ∈ I. Then fm(a) = 0 for all a ∈ V(I),
whence f(a) = 0 for all a ∈ V(I). Therefore f ∈ I(V(I)). Conversely, let
f ∈ I(V(I)) and assume that I is generated by f1, . . . , fs. Then f(a) = 0
for all the common roots a of f1, . . . , fs. Let us consider the ideal

Ĩ = (f1, . . . , fs, 1− yf) ⊂ S[y].

We show that V(Ĩ) = ∅. Indeed, let (a1, . . . , an, b) ∈ Kn+1.

If (a1, . . . , an) ∈ V(I), then f(a1, . . . , an) = 0 since f ∈ I(V(I)), thus
(1− yf)(a1, . . . , an, b) �= 0, that is, (a1, . . . , an, b) �∈ V(Ĩ).

If (a1, . . . , an) �∈ V(I), then it is obvious that (a1, . . . , an, b) �∈ V(Ĩ).
Therefore V(Ĩ) = ∅.

By the Weak Nullstellensatz, it follows that Ĩ = (1), thus there exist
some polynomials p1, . . . , ps, q ∈ S[y] such that

1 = p1f1 + · · ·+ psfs + q(1− yf).

Substituting y �→ 1
f in the above equality we get the following identity:

1 = p1(x1, . . . , xn,
1

f
)f1 + · · ·+ ps(x1, . . . , xn,

1

f
)fs.

Multiplying the above equality by a power large enough of f we obtain an
equality of the form

fm =
s∑

i=1

gifi,

where g1, . . . , gs ∈ S, thus fm ∈ I, that is, f ∈
√
I. �

The following proposition shows that, over an algebraically closed field,
the maximal ideals of the polynomial ring S are in one-to-one correspondence
with the points of the affine space Kn.
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Proposition 3.19. Any maximal ideal of S is of the form

ma = (x1 − a1, . . . , xn − an)

for some a = (a1, . . . , an) ∈ Kn.

Proof. Let m ⊂ S be a maximal ideal. As m �= (1), by Theorem 3.16, we
have V(m) �= ∅. Let a ∈ V(m). Then ma = I({a}) ⊃ I(V(m)) =

√
m ⊃ m.

Since ma and m are maximal ideals, it follows that m = ma. �

Remark 3.20. Let I ⊂ S be an ideal. Then it is clear that a ∈ V(I) if and
only if ma ⊃ I, hence the points of the affine variety V(I) are in one-to-one
correspondence with the maximal ideals of S which contain I.

Definition 3.21. An ideal I in S is called a zero-dimensional ideal if
V(I) is a finite set.

In the sequel we characterize the zero-dimensional ideals of S in terms
of Gröbner bases.

Theorem 3.22. Let I ⊂ S be an ideal. The following statements are equiv-
alent:

(a) I is a zero-dimensional ideal, that is, V(I) is finite.

(b) I is contained in finitely many maximal ideals of S.

(c) S/I is a K-vector space of finite dimension.

(d) For any monomial order < on S, the set Mon(S) \Mon(in<(I)) is
a finite set.

(e) If G is a Gröbner basis with respect to some monomial order < on
S, then, for any 1 ≤ i ≤ n, there exists g ∈ G with in<(g) = xνii
for some νi ≥ 0.

Proof. (a) and (b) are equivalent by Remark 3.20.

(c) and (d) are equivalent by Macaulay’s Theorem; see Theorem 2.6.

(e) ⇒ (d) is obvious since there are only finitely many monomials w =

xb11 · · ·xbnn ∈ S such that bi < νi for all 1 ≤ i ≤ n.

For (d) ⇒ (e), let us fix 1 ≤ i ≤ n. As the set Mon(S) \ Mon(in<(I))
is finite, there exists some νi ≥ 0 such that xνii is a minimal generator of
in<(I), whence (e) follows.

Let us prove now the implication (a) ⇒ (e). If V(I) = ∅, then I =
(1) by the Weak Hilbert’s Nullstellensatz, and (e) is obviously true. Let
V(I) �= ∅ and assume that V(I) = {a1, . . . , at} for some t ≥ 1, where ai =
(ai1, . . . , ain) ∈ Kn for 1 ≤ i ≤ t. For each j with 1 ≤ j ≤ n we consider the
polynomial

gj(xj) = (xj − a1j) · · · (xj − atj) ∈ K[xj ].
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It is clear that gj(a) = 0 for all a ∈ V(I), that is, gj ∈ I(V(I)). By using the

Strong Hilbert’s Nullstellensatz, it follows that gj ∈
√
I for all j. Therefore,

for every 1 ≤ j ≤ n, there exists an integer mj ≥ 1 such that g
mj

j ∈ I. This

implies, in turn, that x
tmj

j ∈ in<(I) for all j and for any monomial order <

on S. This proves (e).

To end the theorem’s proof, we show (c) ⇒ (b). If dimK(S/I) = 0,
then I = (1) and there is no maximal ideal of S which contains I. Let
dimK(S/I) = t ≥ 1 and assume that there are infinitely many maximal
ideals which contain I. Then one may choose t + 1 such distinct maximal
ideals m1, . . . ,mt. We then have I ⊂ m1 ∩ · · · ∩mt+1. This implies that there
exists a canonical surjective K-morphism

ϕ : S/I −→ S/m1 ∩ · · · ∩mt+1
∼=

t+1∏
i=1

(S/mi).

We obtain

t = dimK(S/I) ≥ dimK(
t+1∏
i=1

(S/mi)) = t+ 1,

contradiction. �

Let I = (f1, . . . , fr) ⊂ S be a zero-dimensional ideal. One may reduce
the problem of solving the system of polynomial equations f1 = 0, . . . , fr = 0
to solving n univariate equations. Unfortunately, there is no general algo-
rithm to find roots of polynomials in one variable. However, in some concrete
cases, by using, for instance, radical formulas, we are able to successfully
apply this reduction.

For example, let us consider the system defined by the polynomials
f1, f2, f3 ∈ C[x, y, z], f1 = x2+y2+z2−1, f2 = x2−y+z2, f3 = x−z, and let
I = (f1, f2, f3). Computing the Gröbner basis G of I with respect to the pure
lexicographic order with x > y > z, we get G = {x−z, y−2z2, 4z4+2z2−1}.
We first solve the equation in z and get four solutions. Next we substitute
these solutions in the equation y − 2z2 = 0, in order to get the second
component, and, finally, from x− z = 0 we obtain the first component.

The previous example illustrates a general procedure to solve a polyno-
mial system by using lexicographic Gröbner bases. Let f1 = 0, . . . , fr = 0 be
an algebraic system with finite and nonempty solution set. One computes
the reduced Gröbner basis G with respect to the pure lexicographic order.
Let G = {g1, . . . , gs}. By condition (e) in Theorem 3.22, we may assume
that for any 1 ≤ i ≤ n, inplex(gi) = xνii for some νi ≥ 1. In particular, we
have s ≥ n. Then gn ∈ K[xn], gn−1 ∈ K[xn−1, xn], . . . , g1 ∈ K[x1, . . . , xn].
Assuming that one may solve the univariate equation gn(xn) = 0, next we
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substitute each of these solutions in g(xn−1, xn) = 0 and get univariate equa-
tions in xn−1, and so on. Finally, one has to keep only those solutions which
vanish all the remaining polynomials gn+1, . . . , gs.

Remark 3.23. The proof of the implication (c) ⇒ (b) in Theorem 3.22
provides an upper bound for the cardinality of V(I) if I is a zero-dimensional
ideal. Namely, we have

|V(I)| ≤ dimK(S/I) = dimK(S/ in<(I))

for any monomial order < on S, the equality being true by Macaulay’s
Theorem.

We give an example where the above upper bound for the cardinality of
V(I) is sharp and another one which shows that this upper bound may be
very large compared with the cardinality of V(I).

Let I = (x2 + y2 + z2 − 1, x2 − y + z2, x − z) ⊂ C[x, y, z] be the ideal
which we have considered after the proof of Theorem 3.22. With respect
to the pure lexicographic order with x > y > z, I has the Gröbner basis
G = {x − z, y − 2z2, 4z4 + 2z2 − 1}. By condition (e) in Theorem 3.22, it
follows that V(I) is a finite set. Moreover, inplex(I) = (x, y, z4), whence
dimK(S/ inplex(I)) = 4. Note that V(I) has 4 elements, as well. Indeed,
the polynomial 4z4 +2z2 − 1 has 4 distinct complex roots and each of them
uniquely determines a point of V(I). Thus we have equality in the inequality
from Remark 3.23.

However, the upper bound provided by dimK(S/ in<(I)) may be very
large compared with the cardinality of V(I). Let us take, for instance, the
ideal I = (x3− y2z, y2−xz, xy+ y2+ z2) ⊂ C[x, y, z]. The reduced Gröbner
basis of I with respect to the pure lexicographic order is

G = {x3 − y2z, xy + y2 + z2, xz − y2, y3 + y2z + z3, 3y2z2 + 6z4,

yz3 + 2z4, z5}.
Thus inplex(I) = (x3, xy, xz, y3, y2z2, yz3, z5) and we have

Mon(C[x, y, z]) \Mon(inplex(I)) = {1, x, y, z, x2, y2, yz, z2, y2z, yz2, z3, z4}.
Therefore dimK(S/ inplex(I)) = 12, while V(I) is a singleton, namely V(I) =
{0}.

3.4. Ideals of initial forms

Given a monomial order < on S, in<(I) is the monomial ideal generated
by the leading monomials of the polynomials of I with respect to the given
order. In case that the monomial order is graded, then the leading monomial
of any polynomial f is of maximal degree among all monomials of the support
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of f . However, for an ideal I ⊂ S, it is also interesting to study the so-called
ideal of initial forms of I.

Let f = f0 + f1 + · · · + fd ∈ S be a nonzero polynomial where fi is
the i-degree homogeneous component of f, and let j = min{i : fi �= 0}.
fj is called the initial form of f and is denoted In(f). For example, if
f = xy + y2 − y3 + x2y2 ∈ K[x, y], then In(f) = xy + y2. We make the
convention that In(0) = 0.

Definition 3.24. Let I ⊂ S be an ideal. The ideal of initial forms of I
is In(I) = (In(f) : f ∈ I).

The interest in studying ideals of initial forms comes from the fact that
they are strongly related to tangent cones of varieties. If V = V(I) ⊂ Kn

is an affine algebraic variety which contains the origin, then the tangent
cone of V at 0 is

C0(V) = V(In(f) : f ∈ I(V)).
When the field K is algebraically closed, the tangent cone C0(V) is deter-
mined by the equations of In(I). Indeed, to prove this claim one has to
show that V(In(f) : f ∈ I(V(I))) = V(In(I)), which, by Theorem 3.18, is

equivalent to showing that V(In(
√
I)) = V(In(I)). Since I ⊂

√
I, it follows

that In(I) ⊂ In(
√
I), thus V(In(

√
I)) ⊂ V(In(I)). For the other inclusion

it is enough to note that, by Problem 3.16, we have In(
√
I) ⊂

√
In(I). It

follows that V(In(
√
I)) ⊃ V(

√
In(I)) = V(In(I)).

In general, given an ideal I ⊂ S generated by f1, . . . , fs, it does not
follow that In(I) is generated by the initial forms of f1, . . . , fs. For example,
let I = (f1, f2) ⊂ K[x, y, z] where f1 = xy + y2 − y3 and f2 = x2 − y2 + z3.
Then g = xy3 − y4 + yz3 = (y − x)f1 + yf2 ∈ I, hence In(g) ∈ In(I). But
In(g) = g and it is easily seen that g �∈ (In(f1), In(f2)) = (xy+ y2, x2− y2).

How can we get a system of generators for In(I)? At least two methods
are known. We may either use local monomial orders which are basically
designed to allow calculations in localizations of polynomial rings, or use
Gröbner basis for homogenizations of ideals. We are going to explain here
the later procedure. For the readers who are interested in studying local
monomial orders we refer to the book [GP02].

Let I ⊂ S be an ideal and Ih ⊂ S[t] its homogenization with respect to
the new indeterminate t over K. Let < be a monomial order on S[t] which
has the property that among monomials of same degree, any monomial
which is divisible by t is greater than any monomial in S. For example, the
lexicographic order induced by t > x1 > · · · > xn satisfies this condition.

Proposition 3.25. Let I ⊂ S be an ideal, Ih ⊂ S[t], and G a Gröbner
basis of Ih with respect to < . Then In(I) = (In(ḡ) : g ∈ G), where ḡ is the
dehomogenization of g.

                

                                                                                                               



48 3. First applications

Proof. Let f ∈ I. We assume that for all polynomials h ∈ I with the
property that in<(In(h)) < in<(In(f)), we have In(h) ∈ (In(ḡ), g ∈ G),
and show that In(f) ∈ (In(ḡ), g ∈ G). Let f = fi + · · · + fd−1 + fd where
fi = In(f). Then fh = td−ifi+· · ·+tfd−1+fd. We obviously have in<(f

h) =
td−i in<(In(f)). Since G is Gröbner basis of Ih, there exists g ∈ G such that
in<(g)| in<(fh). On the other hand, we have in<(g) = te in<(In(ḡ)) for
some e ≥ 0. Therefore, we get te in<(In(ḡ)) | td−i in<(In(f)).As in<(In(ḡ))
and in<(In(f)) are monomials in S, it follows that in<(In(ḡ)) | in<(In(f)).
Then we may find c ∈ K, c �= 0, and a monomial xa ∈ S such that the
leading term of In(f) is equal to cxa in<(In(ḡ)). If In(f) = cxa In(ḡ), then
the proof is finished. Else, let h = f−cxaḡ. Then In(h) = In(f)−cxa In(ḡ)
has the property that in<(In(h)) < in<(In(f)), thus, by induction, In(h) ∈
(In(ḡ) : g ∈ G). Therefore, In(f) ∈ (In(ḡ) : g ∈ G). �

Note that the set {In(ḡ) : g ∈ G} is not necessarily a Gröbner basis of
In(I) with respect to the induced order on S by < (see Problem 3.18).

Corollary 3.26. Let K be an algebraically closed field, I ⊂ S an ideal, and
G a Gröbner basis of Ih with respect to the order on S[t] considered in the
above proposition. Then C0(V(I)) = V(In(ḡ) : g ∈ G).

Problems

Problem 3.1. Find the generators for I ∩ K[x] and I ∩ K[y], where I =
(x3 + x2y − xy − y2, xy − x− y + 1, x2 − y2) ⊂ K[x, y].

Problem 3.2. Let < be a monomial order on S. Show that < is an elimina-
tion order for x1, . . . , xt if and only if xi > xmj for all 1 ≤ i ≤ t, t+1 ≤ j ≤ n,
and m ≥ 0.

Problem 3.3. Show that on the ringK[x, y] there is exactly one elimination
order for x.

Problem 3.4. Let S = K[x1, . . . , xn], T = K[xt+1, . . . , xn], t ≥ 1, let < be
a monomial order on S, I ⊂ S an ideal, and G a Gröbner basis of I with
respect to < . We say that G has the property τ if for any g ∈ G, in<(g) ∈ T
implies g ∈ T. Assume that G is a reduced Gröbner basis of I. Show that G
has the property τ if and only if in<(I) ∩ T = in<(I ∩ T ).

Problem 3.5. Let T and S be as in the previous problem and < a monomial
order on S such that for any ideal I ⊂ S, one has in<(I)∩ T = in<(I ∩ T ).
Then < is an elimination order on S for x1, . . . , xt.

Problem 3.6. Let R be an arbitrary ring. An element a ∈ R is called
nilpotent if there exists an integer m > 0 such that am = 0.

Let n ≥ 1 and I = (xnyn+1, ynzn+1, znxn+1) ⊂ K[x, y, z]. Check whether
the class of f = xy + xz in R = K[x, y, z]/I is a nilpotent element in R.
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Problem 3.7. Let f = x31 + x32 + x33 − 3x1x2x3 and I ⊂ Q[x1, x2, x3] be the
ideal generated by f and its partial derivatives. Check whether x1x2x3 is
Q[x1, x2, x3]/I-regular.

Problem 3.8. Check whether f1 = x1x4−x2x3, f2 = x1x3−x22 is a regular
sequence on the factor ring C[x1, x2, x3, x4]/(x2x4 − x23).

Problem 3.9. Compute a reduced Gröbner basis for the kernel of the K-
algebra homomorphism ϕ : K[x1, x2, x3] −→ K[t] defined by x1 �→ t, x2 �→
t2, x3 �→ t3.

Problem 3.10. Find the kernel of the morphism Q[x1, x2, x3, x4] −→ Q[s, t]
defined by x1 �→ s4, x2 �→ s3t, x3 �→ st3, x4 �→ t4.

Problem 3.11. Let I ⊂ R = K[x1, x2], I = (x1, x2)
2, and R(I) = R[It] ⊂

K[x1, x2, t] the Rees ring of I. Let ϕ : R[u1, u2, u3] −→ R(I) be the presen-
tation of R(I) given by u1 �→ x21t, u2 �→ x1x2t, and u3 �→ x22t. Compute a
Gröbner basis for the kernel of ϕ.

Problem 3.12. Let F = Z3[x]/(x
3−x−1) = Z3(a) where a is the class of x

modulo (x3−x−1). Find the minimal polynomial of b = a2+a+1 ∈ F over
Z3 by using a Gröbner basis of the ideal (y−x2−x−1, x3−x−1) ⊂ Z3[x, y].

Problem 3.13. Let f ∈ S be a polynomial of degree d > 0. Show that
fh = tdf(x1

t , . . . ,
xn
t ).

Problem 3.14. Find a Gröbner basis of Ih for I = (x1x2 − 1, x21 − x2) ⊂
K[x1, x2].

Problem 3.15. Let I, J be ideals in S. Show that:

(i) (I + J)h = Ih + Jh.

(ii) (I ∩ J)h = Ih ∩ Jh.

(iii) (IJ)h = IhJh.

(iv) (I : J)h = Ih : Jh.

(v) (
√
I)h =

√
Ih.

(vi) If p is a prime ideal in S, then ph is a prime ideal in S[t].

Problem 3.16. Let I ⊂ S be an ideal. Show that In(
√
I) ⊂

√
In(I).

Problem 3.17. Let I ⊂ S be an ideal, Ih ⊂ S[t] its homogenization, and
g ∈ Ih. Show that ḡ ∈ I where ḡ is the dehomogenization of g, that is, ḡ is
obtained from g by substituting t by 1.

Problem 3.18. Let I = (xy + y2 − y3, x2 − y2 + z3) ⊂ K[x, y, z].
(i) Compute a Gröbner basis G of Ih ⊂ K[t, x, y, z] with respect to

lexicographic order induced by t > x > y > z.
(ii) Show that the set {ḡ : g ∈ G} is not a Gröbner basis of In(I) with

respect to lexicographic order.
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Problem 3.19. Let η0 = x1 + x2 + x3, η1 = x1ε+ x2ε
2 + x3, η2 = x1ε

2 +
x2ε+ x3 ∈ C[x1, x2, x3], where ε ∈ C is a primitive 3-root of unity.

(i) Compute the reduced Gröbner basis of

J = (t1 − η0, t2 − η1, t3 − η2) ⊂ C[x1, x2, x3, t1, t2, t3]

with respect to an elimination order for x1, x2, x3.

(ii) Let f ∈ C[x1, x2, x3] be a polynomial. Show that f is invariant to
the cyclic permutation of variables if and only if

f =
∑

a=(a0,a1,a2)

caη
a0
0 ηa11 ηa22 ,

where a1 + 2a2 ≡ 0mod 3 for every a such that ca �= 0.

(iii) Express f = x21x2 + x22x3 + x23x1 as a polynomial in η0, η1, η2.

Problem 3.20. Let I = (x2 − y3) ⊂ C[x, y]. Find an infinite family of
maximal ideals which contain I.

Problem 3.21. (i) Use Gröbner bases to solve the system{
x2 + 2y2 − 2 = 0,
x2 + xy + y2 − 2 = 0,

over complex numbers.

(ii) Write I = (x2+2y2−2, x2+xy+y2−2) ⊂ R[x, y] as an intersection
of maximal ideals.

Problem 3.22. Find V(I) ⊂ C3 for I = (xz−y, xy+2z2, y−z) ⊂ C[x, y, z].

Problem 3.23. Let I ⊂ S be a zero-dimensional ideal. Prove that the
following statements are equivalent:

(i) |V(I)| = dimK(S/I);

(ii) I =
⋂

a∈V(I)ma;

(iii) I is a radical ideal.

                

                                                                                                               



Chapter 4

Gröbner bases for
modules

It is not hard to extend the theory of Gröbner bases to submodules of a
finitely generated free module over a polynomial ring. This more general
concept allows us to compute the syzygy modules of finitely generated mo-
dules.

4.1. Modules

Let R be an arbitrary commutative ring. An R-module M is an abelian
group together with a scalar multiplication R×M → M , (a,m) �→ am, such
that the natural rules hold, namely: 1m = m, (ab)m = a(bm), (a + b)m =
am+ bm and a(m+ n) = am+ an for all a, b ∈ R and all m,n ∈ M .

Observe that if R happens to be a field, then an R-module M is no-
thing else but an R-vector space. Other examples of modules are ideals. In
particular, R itself may be viewed as an R-module.

Let M be an R-module. An abelian subgroup N of M is called a sub-
module of M , if an ∈ N for all a ∈ R and n ∈ N . A submodule of M is
itself a module with addition and multiplication induced by that of M . The
submodules of R are just its ideals.

Just as for ideals, one can perform several operations on submodules
(see the problems at the end of this chapter).

Let N ⊂ M be a submodule. We construct a new module, the so-
called factor module M/N of M modulo N . Its elements are the sets
m + N = {m + n : n ∈ N}. The element m + N ∈ M/N is called the
residue class of m modulo N , and m is called a representative of

51
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the residue class m + N . Observe that m1 + N = m2 + N if and only if
m1 −m2 ∈ N .

The module structure on M/N is defined by the following operations:
(m1+N)+(m2+N) = (m1+m2)+N and a(m+M) = am+M . One easily
checks that the definition of the addition and scalar multiplication does not
depend on the representatives of the residue classes.

As an example, consider an ideal I ⊂ R and an R-module M . Then the
set of all finite sums

∑
i aimi with ai ∈ I and mi ∈ M is a submodule of

M , denoted IM . The factor module M/IM , which is an R-module, may as
well be considered as an R/I-module with scalar multiplication defined by
(a+ I)(m+ IM) = am+ IM .

Let G ⊂ M be any subset. The submodule N = (G) of M generated by G
consists of all linear combinations of elements in G, that is, of all finite sums
of the form

∑r
i=1 aimi with ai ∈ R and mi ∈ G. If G = ∅, then N = 0, by

definition. We say that G is a system of generators of M , if M = (G), and
that M is finitely generated, if M admits a finite system of generators.

A system of generators G of M is called a basis of M , if each element
of M can be uniquely expressed as a linear combination of elements in G.
In contrast to vector spaces, modules in general do not have a basis. For
example, consider the ideal I = (x, y) in the polynomial ring S = K[x, y],
and suppose that I has the basis G. Then the cardinality of G is at least 2,
because otherwise x = gf and y = hf for some f ∈ I and g, h ∈ K[x, y].
This would imply that f divides gcd(x, y) = 1, contradicting the fact that
f ∈ I. Now let f1, f2 be two elements of G. Then the element f = f1f2 ∈ I,
can be written in two ways as a linear combination of f1 and f2, namely as
f = f1f2 with f1 ∈ S and f2 ∈ G or as f = f2f1 with f2 ∈ S and f1 ∈ G.

A module F which admits a basis is called free. If F has a basis of
cardinality n, then any other basis of F has cardinality n as well, as we shall
see in the next lemma. We call the cardinality of a basis of F the rank of
F , and denote it by rankF .

Lemma 4.1. Let F be a free module with a finite basis. Then all bases of
F have the same cardinality.

Proof. We choose a maximal ideal m ⊂ R. Then the residue classes of
the elements of a basis of F form a basis of the R/m-module F/mF ; see
Problem 4.5. Since R/m is a field, the R/m-module F/mF is a vector space
over this field. Hence all its bases have the same cardinality, and so all bases
of F have the same cardinality. �

Let M and N be R-modules. A group homomorphism ϕ : M → N
is called an R-module homomorphism, if ϕ(am) = aϕ(m) for all a ∈
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R and m ∈ M . The R-module homomorphism ϕ : M → N is called a
monomorphism, if ϕ is injective, an epimorphism, if ϕ is surjective, and
an isomorphism, if ϕ is bijective. We write M ∼= N , if there exists an
isomorphism ϕ : M → N .

Let ϕ : M → N be an R-module homomorphism. The subset

Ker(ϕ) = {m ∈ M : ϕ(m) = 0}

of M is called the kernel of ϕ. It is a submodule of M . Similarly, the
image Im(ϕ) of ϕ is a submodule of N . Observe that ϕ : M → N is a
monomorphism if and only if Ker(ϕ) = {0}.

Theorem 4.2. Let ϕ : M → N be an R-module homomorphism. Then
Im(ϕ) ∼= M/Ker(ϕ).

Proof. The map ϕ′ : M/Ker(ϕ) → Im(ϕ), m + Ker(ϕ) �→ ϕ(m) is well
defined and an R-module homomorphism. Obviously it is an epimorphism.
Thus it remains to be shown that ϕ′ is a monomorphism. Let m+Ker(ϕ) ∈
Ker(ϕ′). Then ϕ(m) = 0, so that m ∈ Ker(ϕ). This implies that m +
Ker(ϕ) = 0 + Ker(ϕ), as desired. �

Corollary 4.3. Let M be an R-module. Then there exists a free R-module
F and a submodule U ⊂ F such that M ∼= F/U . The free R-module F can
be chosen to be finitely generated, if M is finitely generated.

Proof. Let G be a set of generators of M . Let F be the R-module of all
sequences of elements of R indexed by G, for which all but finitely many
elements of the sequence are equal to zero. Thus an element of F is of the
form (ag)g∈G with ag = 0 for all but finitely many g. Addition and scalar
multiplication is defined componentwise. For each g ∈ G, let eg = (ah)h∈G be
the sequence with ah = 0 for h �= g, and ag = 1. Then the elements eg ∈ F
form a basis of F , and hence F is a free R-module. The map ε : F → M
with

ε(
∑
g∈G

ageg) =
∑
g∈G

agg

is an epimorphism of R-modules. Let U = Ker(ε). Then Theorem 4.2
implies that M ∼= F/U , as desired. �

4.2. Monomial orders and initial modules

Let S = K[x1, . . . , xn] be the polynomial ring in n indeterminates over a
field K. In the previous section we have seen that any finitely generated
S-module M has a presentation F/U , where F is a finitely generated free
module with a basis which has the same number of elements as the number
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of generators of M . The module U is called the relation module of M
(with respect to this presentation).

We fix a basis e1, . . . , er of F . Our goal is to define the initial module
of U . For this purpose we have to say what monomials in F are. We say
that m ∈ F is a monomial, if for some i, the element m is of the form uei,
where u is a monomial in S. A submodule U ⊂ F is called a monomial
module, if it is generated by monomials. The following characterization of
monomial modules is straightforward.

Proposition 4.4. Let U be a submodule of the free S-module F =
⊕r

j=1 Sej.
Then U is a monomial module if and only if for each j there exist monomial
ideals Ij such that U = I1e1 ⊕ I2e2 ⊕ · · · ⊕ Irer. In particular, U is finitely
generated.

Proof. Let U be a monomial module and let Ij be the monomial ideal which
is generated by all monomials u for which uej is a generator of U . Then
U = I1e1 + I2e2 + · · · + Irer. That this sum is direct follows immediately
from the fact that e1, . . . , er is a basis of F . �

A monomial order of the monomials of F is a total order < satisfying
the following two conditions:

(1) m < um for all monomials m ∈ F and all monomials u �= 1 in S;

(2) if m1 < m2, then um1 < um2 for all monomials m1,m2 ∈ F and
all monomials u ∈ S.

Given a monomial order < on S, there are two standard methods to
define monomial orders on F . For u, v ∈ Mon(S) and i, j ∈ {1, 2, . . . , r}, we
define

Position over coefficient: uei > vej, if i < j or i = j and u > v;

Coefficient over position: uei > vej, if u > v or u = v and i < j.

For example, if < is the lexicographic order on S and F = Se1 ⊕ Se2, then
x2e1 > x1e2, if the position is given more importance than the coefficient,
and x1e2 > x2e1 in the opposite case.

We call the monomial order on F which is the (reverse) lexicographic
order on the coefficients and gives priority to the position, the (reverse)
lexicographic order on F .

In analogy to Proposition 2.2 we have

Proposition 4.5. Let < be a monomial order on F . Then any descending
sequence m1 ≥ m2 ≥ · · · of monomials of F stabilizes.
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Proof. Let U be the submodule of F generated by the elements mi. Since
U is a monomial module, it follows from Proposition 4.4 that U is finitely
generated. Thus there exist integers i1 < i2 < · · · < ik such that the
monomials mi1 , . . . ,mik generate U . We claim that mi = mik for all i ≥ ik.
Indeed, let i ≥ ik. Then mi = umij for some u ∈ Mon(S) and some j.
Hence mik ≥ mi ≥ mij ≥ mik , which implies that mi = mik . �

Given a monomial order on F , then for any element f ∈ F , the initial
monomial, the leading coefficient and the leading term are defined in the
same way as it is done for polynomials.

For example, if f = (2x22 − x2x3)e1 + x21e2, and < denotes the lexico-
graphic order on F , then in<(f) = x22e1, the leading coefficient is 2 and the
leading term is 2x22e1.

Let U ⊂ F be a submodule of F . We let in<(U) be the submodule
of F which is generated by the monomials in<(f) for all f ∈ U . The
monomial module in<(U) is called the initial module of U . Since in<(U)
is finitely generated, as we observed in Proposition 4.4, there exist elements
f1, . . . , fm ∈ U such that in<(U) is generated by in<(f1), . . . , in<(fm). Any
such system of elements of U is called a Gröbner basis of U with respect
to <.

Just as for ideals we have

Proposition 4.6. Any Gröbner basis of U is a system of generators of U .

By using Proposition 4.5, the proof of the preceding proposition is ver-
batim the same as that of Theorem 2.8.

Corollary 4.7. Any submodule of a finitely generated free S-module is
finitely generated.

Remark 4.8. The statement in Corollary 4.7 is true for any Noetherian
ring, as can be easily seen by induction on the rank of the free module.
Indeed, let F be a free R-module with basis e1, . . . , en, and let U ⊂ F be
a submodule. Let π : F → G = Re2 ⊕ · · · ⊕ Ren be the epimorphism given
by π(e1) = 0 and π(ei) = ei for i = 2, . . . , n, and let ϕ : U → G be the
composition of the inclusion map U ⊂ F with π. Then Ker(ϕ) = U ∩ Re1
and Im(ϕ) = U/U ∩ Re1. Since Re1 ∼= R, we may identify U ∩ Re1 with
an ideal of R. Hence, since we assume that R is Noetherian, it follows that
U ∩ Re1 is finitely generated. By the induction hypothesis, U/U ∩ Re1 is
finitely generated as well, since it is a submodule of the free R-module G
which has rank n−1. Since a system of generators of U ∩Re1 together with
the preimages in U of a system of generators of U/U ∩Re1 generate U , the
assertion follows.
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4.3. The division algorithm and Buchberger’s criterion and
algorithm for modules

The division algorithm as well as Buchberger’s criterion and algorithm as we
know it for ideals have their complete analogue for modules. In this section
we formulate the corresponding facts for modules, stress the differences but
omit the proofs of the theorems because they are literally the same as in the
case of ideals.

Let F be a free S-module with a fixed basis e1, . . . , er. Then each element
f ∈ F has a unique presentation as a sum f =

∑
cmm with cm ∈ S and

m ∈ Mon(F ), where Mon(F ) denotes the set of monomials of F (with respect
to the basis e1, . . . , er). In this sum, all but finitely many of the coefficients
are zero. We set supp(f) = {m ∈ Mon(F ) : cm �= 0}.

Theorem 4.9. Let f and g1, . . . , gm be elements in F with gi �= 0. Given a
monomial order < on F , there exist polynomials q1, . . . , qm and an element
r in F with

f = q1g1 + q2g2 + · · ·+ qmgm + r

such that the following conditions are satisfied:

(i) no element of supp(r) is contained in the monomial module
(in<(g1), . . . , in<(gm));

(ii) in<(f) ≥ in<(qigi) for all i.

An equation f = q1g1+q2g2+ · · ·+qmgm+r satisfying the conditions (i)
and (ii) is called a standard expression of f , and r is called a remainder
of f with respect to g1, . . . , gm. As in the case of polynomials we say that
f reduces to 0 with respect to g1, . . . , gm, if f has a remainder zero with
respect to g1, . . . , gm.

The proof of the theorem is very constructive and provides an algorithm
to find a standard expression of f . We demonstrate this by an example.

Let S = K[x1, x2, x3], F = Se1 ⊕ Se2, f = (x21 + x1x2)e1 − x2x3e2,
g1 = x1e1 − x2e2 and g2 = (x3 − 1)e2. We choose the lexicographic order on
F and want to compute a standard expression of f with respect to g1 and
g2. To do this we proceed as in the case of polynomials:

f = h0 = x1g1 + h1, h1 = x1x2e1 + (x1x2 − x2x3)e2,

h1 = x2g1 + h2, h2 = (x1x2 + x22 − x2x3)e2,

h2 = −x2g2 + h3, h3 = (x1x2 + x22 − x2)e2.

Thus we obtain the standard expression

f = (x1 + x2)g1 − x2g2 + r with r = (x1x2 + x22 − x2)e2.

Just as for ideals we have
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Proposition 4.10. Let < be a monomial order on the free S-module F , U
a submodule of F , g1, . . . , gm a Gröbner basis of U with respect to <, and
f ∈ F . Then

(a) f has a unique remainder with respect to g1, . . . , gm.

(b) f ∈ U if and only f reduces to 0 with respect to g1, . . . , gm.

Next we want to generalize Buchberger’s criterion and Buchberger’s al-
gorithm to modules. For this it is necessary to understand what the S-
polynomials should be. Let F be a free S-module and < a monomial order
on F . The idea is the same as for ideals: for f, g ∈ F we want to construct
an element which is obtained as a linear combination of f and g such that
their leading terms cancel. Say, in<(f) = uei and in<(g) = vej. Obviously,
if i �= j, there is no linear combination of f and g such that the leading
terms can cancel. Thus an analogue to S-polynomials can only be defined
if i = j. In that case we set

S(f, g) =
lcm(u, v)

cu
f − lcm(u, v)

dv
g,(4.1)

where c is the coefficient of in<(f) in f and d is the coefficient of in<(g) in
g. We call S(f, g) the S-element of f and g.

With this definition the proof of the next theorem follows exactly the
arguments in the proof of Theorem 2.14.

Theorem 4.11. Let U ⊂ F be a submodule of F and G = {f1, . . . , fm} a
system of generators of U . Then G is a Gröbner basis of U if and only if for
each pair (fi, fj) whose initial monomials involve the same basis element of
F , the element S(fi, fj) reduces to 0 with respect to f1, . . . , fm.

As a result of this theorem one obtains an algorithm that allows us to
compute the Gröbner basis of a submodule U ⊂ F . One starts with a system
of generators G = {f1, . . . , fm} and computes the possible S(fi, fj). If all
S(fi, fj) reduce to 0 with respect to f1, . . . , fm, then G is a Gröbner basis
of U . Otherwise there is a nonzero remainder, which we call fm+1. In that
case we replace G by G′ = {f1, . . . , fm+1} and proceed with G′ as we did for
G. After a finite number of steps we arrive at a Gröbner basis of U .

We demonstrate the algorithm by an example. We let S = K[x1, x2, x3],
F = Se1 ⊕ Se2 and U ⊂ F the submodule of F generated by

f1 = (x2−x3)e1+(x1+1)e2, f2 = (x2−1)e2, f3 = (x2−1)e1+(x3−1)e2.

We want to compute a Gröbner basis of U with respect to the term order
which gives priority to the coefficient before the position and orders the
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coefficients with respect to the pure lexicographic order. For this monomial
order we have

in<(f1) = x1e2, in<(f2) = x2e2, in<(f3) = x2e1.

The only S-element to be considered in the first step is that of f1 and f2.
We compute its standard expression

S(f1, f2) = x2f1 − x1f2

= f1 + (−x3 + 2)f2 + (x2 − x3)f3 + (x23 − 2x3 + 1)e2.

Thus a remainder of S(f1, f2) with respect to f1, f2, f3 is f4 = (x23 − 2x3 +
1)e2, which we add to the Gröbner basis of U .

In the next step we have to consider the standard expression of S(f1, f4)
and S(f2, f4) with respect to f1, f2, f3, f4. We have

S(f1, f4) = x23f1 − x1f4

= (2x3 − 1)f1 + (x23 − 2x3 + 1)f3 + (−x3 + 2)f4

+ (−x33 + 3x23 − 3x3 + 1)e1

and
S(f2, f4) = (2x3 − 1)f2 − f4.

Thus S(f1, f4) has remainder f5 = (−x33 + 3x23 − 3x3 + 1)e1, while S(f2, f4)
has remainder zero.

Finally, one checks that all remainders of the S-elements for f1, f2, f3, f4,
and f5 are zero with respect to f1, f2, f3, f4, f5, so that by Theorem 4.11

f1 = (x2 − x3)e1 +(x1 +1)e2, f2 = (x2 − 1)e2, f3 = (x2 − 1)e1 + (x3 − 1)e2,

f4 = (x23 − 2x3 + 1)e2, f5 = (−x33 + 3x23 − 3x3 + 1)e1

is a Gröbner basis of U .

A reduced Gröbner basis of a submodule U of F is defined exactly as it
is defined for ideals; see Definition 2.16. Just as in Theorem 2.17 one shows
that a reduced Gröbner basis exists and is uniquely determined.

In the above example one obtains a reduced Gröbner basis by replacing
f1 by f1 − f3 and f5 by −f5.

4.4. Syzygies

4.4.1. How to compute syzygy modules. Let R be any Noetherian
ring, and let M be a finitely generated R-module. By Corollary 4.3 and its
proof, there exists a finitely generated free R-module F0 and an epimorphism
ε : F0 → M . Let U1 be the kernel of ε. According to Remark 4.8, U1 is
finitely generated, and hence as before, there exists a finitely generated free
R-module F1 and an epimorphism ε1 : F1 → U1. Let ϕ1 : F1 → F0 be the
composition of ε1 with the inclusion map U1 → F0. Then Im(φ1) = U1 =
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Ker(ε). Let U2 ⊂ F1 be the kernel of ϕ1 (which is equal to the kernel of ε1).
Then, as before, there exists a finitely generated free R-module F2 and an
R-module homomorphism ϕ2 : F2 → F1 such that Im(ϕ2) = U2 = Ker(ϕ1).
Proceeding in this way we can construct a sequence of finitely generated free
R-modules Fi and maps

· · · ϕ3−−−−→ F2
ϕ2−−−−→ F1

ϕ1−−−−→ F0
ε−−−−→ M −−−−→ 0,(4.2)

such that ε is an epimorphism, Ker(ε) = Im(ϕ1) and Ker(ϕi) = Im(ϕi+1)
for all i.

More generally, a sequence of modules and module homomorphisms

· · · ϕi+1−−−−→ Mi
ϕi−−−−→ Mi−1

ϕi−1−−−−→ · · ·

is called exact, if Ker(ϕi) = Im(ϕi+1) for all i. Thus our sequence (4.2) is
an exact sequence. Any such sequence where all Fi are free R-modules is
called a free R-resolution of M , and for each i the module Ui = Im(ϕi) is
called the ith syzygy module of M with respect to this resolution.

Observe that a free R-resolution of M is by no means unique. But
we shall see in the next section that for graded modules there is a unique,
up to isomorphism, “minimal” free R-resolution. For the moment we are
only interested in constructing in a computational way a free resolution of
a finitely generated module M over the polynomial ring S = K[x1, . . . , xn]
which is given in the form M = F/U , where F is a finitely generated free
S-module. We will see in this section that this can be done by using Gröbner
bases.

Let F be a finitely generated free S-module, U ⊂ F a submodule of
F and < a monomial order on F . Suppose further that f1, . . . , fm is a
Gröbner basis of U . By Proposition 4.6 we know that f1, . . . , fm is a system
of generators of U . We choose a free S-module G with basis g1, . . . , gm, and
let ε : G → U be the epimorphism defined by ε(gi) = fi for i = 1, . . . ,m.
The kernel of ε will be denoted by Syz(f1, . . . , fm). Our task is to com-
pute Syz(f1, . . . , fm), which amounts to computing a system of generators
of Syz(f1, . . . , fm). The elements of Syz(f1, . . . , fm) are called relations of
U (with respect to the presentation G → U). Notice that

∑m
i=1 sigi with

si ∈ S is a relation, if and only if
∑m

i=1 sifi = 0.

Buchberger’s criterion (see Theorem 4.11) gives us a set of relations
for free. Indeed, for each pair fi, fj with i < j, whose initial monomials
involve the same basis element of F , the element S(fi, fj) reduces to zero
with respect to f1, . . . , fm. In other words, for each such pair we have an
equation

S(fi, fj) = qij,1f1 + qij,2f2 + · · ·+ qij,mfm,(4.3)
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which is a standard expression for S(fi, fj). Recall from (4.1) that S(fi, fj) =
uijfi − ujifj , where the terms uij and uji are chosen such that the leading
terms of uijfi and ujifj are the same, so that they cancel in S(fi, fj).

Equation (4.3) gives rise to the following relation:

rij = uijgi − ujigj − qij,1g1 − qij,2g2 − · · · − qij,mgm.(4.4)

Now we have

Theorem 4.12. With the notation introduced, the relations rij arising from
the S-elements of the Gröbner basis f1, . . . , fm of U generate Syz(f1, . . . , fm).

Proof. We let V ⊂ Syz(f1, . . . , fm) be the submodule of Syz(f1, . . . , fm)
which is generated by the relations rij . We assign to each element r =∑m

j=1 hjgj inG the monomial ur = max{in<(hjfj) : j = 1, . . . ,m}. Assume
now that r is a relation. We want to show that r ∈ V . We have that
ur = wrei for some i and wr ∈ Mon(S). Without loss of generality, we
may assume that ur = in<(hjfj) for j = 1, . . . , t, that in<(hjfj) < ur for
j = t + 1, . . . ,m, and that the coefficient of in<(fj) is 1 for all j. Then
for j = 1, . . . , t, in<(fj) = ujei for certain uj ∈ Mon(S). For each j, let
in<(hj) = ajvj , where aj ∈ K and vj ∈ Mon(S). Then

wr = vjuj for j = 1, . . . , t, and
t∑

j=1

ajvjuj = 0.(4.5)

Therefore v1u1 = vjuj for j = 2, . . . , t, so that there exist monomials wj in
S such that vj = wj(lcm(u1, uj)/uj) for j = 2, . . . , t.

Assume for the moment that we know already that ur′ < ur for the
relation r′ = r +

∑t
j=2 ajwjr1j. By induction we may then assume that

r′ ∈ V , which then implies that r ∈ V , since
∑t

j=2 ajwjr1j ∈ V . Thus it
remains to be shown that indeed ur′ < ur.

In fact, let
∑m

k=1 qjkfk be the standard expression of S(f1, fj) and set
ρj =

∑m
k=1 qjkgk, then by (4.5) we get

r′ =

t∑
j=1

hjgj +

t∑
j=2

ajwj(
lcm(u1, uj)

u1
g1 −

lcm(u1, uj)

uj
gj − ρj) +

m∑
j=t+1

hjgj

= (h1 +

t∑
j=2

ajwj
lcm(u1, uj)

u1
)g1 +

t∑
j=2

(hj − ajwj
lcm(u1, uj)

uj
)gj

−
t∑

j=2

ajwjρj +
m∑

j=t+1

hjgj
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= (h1 − a1v1)g1 +
t∑

j=2

(hj − ajvj)gj −
t∑

j=2

ajwjρj +
m∑

j=t+1

hjgj

=
t∑

j=1

(hj − in<(hj))gj −
t∑

j=2

ajwjρj +
m∑

j=t+1

hjgj .

It follows that ur′ < ur, since for each summand of the form hgj in r′ we have
in<(hgj) < ur. This is obvious for the summands in

∑t
j=1(hj − in<(hj))gj

and the summands in
∑m

j=t+1 hjgj . The summands of
∑t

j=2 ajwjρj are

ajwjqjkgk. Since
∑m

k=1 qkjfk is the standard expression of S(f1, fj), it fol-
lows that

in<(ajwjqjkfk) ≤ in<(ajwjS(f1, fj))

< max{in<(ajwj
lcm(u1,uj)

u1
f1), in<(ajwj

lcm(u1,uj)
uj

fj)}

≤ max{in<(
t∑

j=2
ajwj

lcm(u1,uj)
u1

f1), in<(ajwj
lcm(u1,uj)

uj
fj)}

= max{in<(h1) in<(f1), in<(hj) in<(fj)}
= max{in<(h1f1), in<(hjfj)} = ur.

This completes the proof of the theorem. �

Corollary 4.13. Let U ⊂ F be a monomial submodule generated by the
monomials f1, . . . , fm. Then Syz(f1, . . . , fm) is generated by the relations
rij = uijgi − ujigj for all i < j for which fi and fj involve the same basis
element. If fi = uiek and fj = ujek, then uij = lcm(ui, uj)/ui and uji =
lcm(ui, uj)/uj.

Proof. Since the fi are monomials, they form a Gröbner basis of U for any
monomial order on F , and all S-elements reduce to zero. Thus the assertion
follows from Theorem 4.12. �

Theorem 4.12 tells us how to compute a free S-resolution of the module
M = F/U . In a first step we determine a Gröbner basis f1, . . . , fm of U by
applying Buchberger’s algorithm as described at the end of Section 4.3. In
the course of applying this algorithm, the standard expressions for the S-
elements S(fi, fj) are computed. As a byproduct we obtain a generating set
of relations for the elements f1, . . . , fm which are of the form rij , as described
in (4.4). By Theorem 4.12, these relations generate the first syzygy module
Syz(f1, . . . , fm) of U . To obtain the next syzygy module, we apply the same
procedure to Syz(f1, . . . , fm). In this way, we obtain step by step a free
S-resolution of M . As soon as a syzygy module turns out to be a free
S-module, which can be tested by using Problem 4.11, we may end the
construction of the free resolution at this step.
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We demonstrate this procedure by the example given in Section 4.3:
we let S = K[x1, x2, x3], F = Se1 ⊕ Se2 and U ⊂ F the submodule of F
generated by

f1 = (x2−x3)e1+(x1+1)e2, f2 = (x2−1)e2, f3 = (x2−1)e1+(x3−1)e2.

There we have shown that f1, f2, f3 together with f4 = (x23− 2x3+1)e2 and
f5 = (−x33 + 3x23 − 3x3 + 1)e1 is a Gröbner basis of U with respect to the
monomial order which gives priority to the coefficient before the position
and orders the coefficients with respect to the pure lexicographic order.

The S-elements of the fi which involve the same basis elements have the
following standard expressions:

S(f1, f2) = f1 + (−x3 + 2)f2 + (x2 − x3)f3 + f4,

S(f1, f4) = (2x3 − 1)f1 + (x23 − 2x3 + 1)f3 + (−x3 + 2)f4 + f5,

S(f2, f4) = (2x3 − 1)f2 − f4,

S(f3, f5) = (3x23 − 3x3 + 1)f3 + (x23 − 2x3 + 1)f4 + f5.

From the standard expression of S(f1, f2) we obtain the equation

0 = x2f1 − x1f2 − (f1 + (−x3 + 2)f2 + (x2 − x3)f3 + f4)

= (x2 − 1)f1 + (−x1 + x3 − 2)f2 + (−x2 + x3)f3 − f4,

which yields the relation

r12 = (x2 − 1)g1 + (−x1 + x3 − 2)g2 + (−x2 + x3)g3 − g4.

Similarly, we obtain the relations

r14 = (x33 − 2x3 + 1)g1 + (−x23 + 2x3 − 1)g3 + (−x1 + x3 − 2)g4 − g5,

r24 = (x23 − 2x3 + 1)g2 + (−x2 + 1)g4,

r35 = (−x33 + 3x23 − 3x3 + 1)g3 + (x23 − 2x3 + 1)g4 + (−x2 + 1)g5.

According to Theorem 4.12 these relations generate V = Syz(f1, f2, . . . , f5).
Applying the assertion of Problem 4.11 to this example, we see that V is
not a free module. Hence one would have to compute at least the next
syzygy module to obtain a free resolution. But will one of the higher syzygy
modules eventually be a free module, so that the resolution ends? This
question will be discussed in Subsection 4.4.3
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4.4.2. Systems of linear equations over the polynomial ring. Con-
sider the system of linear equations

a11y1 + a12y2 + · · ·+ a1sys = b1(4.6)

a21y1 + a22y2 + · · ·+ a2sys = b2
...

...
...

ar1y1 + ar2y2 + · · ·+ arsys = br,

where the aij and bk are elements of the polynomial ring S = K[x1, . . . , xn].
An element (h1, . . . , hs) ∈ Ss is called a solution of (4.6) if

∑s
j=1 aijhj = bi

for i = 1, . . . , r. We denote by L the set of all solutions of (4.6). If we
replace in (4.6) all bi by 0, then we obtain the homogeneous system of
linear equations associated to (4.6). Its set of solutions will be denoted by
L0.

We will now show how L can be computed. From a theoretical point of
view this is easy. Let G be the free module Ss with canonical basis g1, . . . , gs,
and F the free module Sr with the canonical basis f1, . . . , fr.

1. Existence of a solution. Set aj =
∑r

i=1 aijfi for j = 1, . . . , s and b =∑r
i=1 bifi, and let U ⊂ F be the submodule generated by the elements

a1, . . . , as. Then L �= ∅ if and only if b ∈ U .

Indeed, if (h1, . . . , hs) ∈ L, then

b =
r∑

i=1

bifi =
r∑

i=1

(
s∑

j=1

aijhj)fi

=

s∑
j=1

hj(

r∑
i=1

aijfi) =

s∑
j=1

hjaj .

Reading these equalities backwards we see that if b =
∑s

j=1 hjaj , then

(h1, . . . , hs) ∈ L.

2. Description of L. Let ε : G → U be the epimorphism with ε(gj) = aj
for j = 1, . . . , s. Then V = Syz(a1, . . . , as) is the kernel of ε. Thus h1g1 +
h2g2 + · · · + hsgs ∈ V , if and only if

∑s
j=1 hjaj = 0. This is equivalent to

saying that
∑s

j=1 aijhj = 0 for i = 1, . . . , r. In other words, the syzygies of
a1, . . . , as correspond to the elements of L0.

Now, if L �= ∅ and (h1, . . . , hs) ∈ L is a particular solution, then

L = (h1, . . . , hs) + L0 = {(h1 + h′1, . . . , hs + h′s) :
s∑

j=1

h′jgj ∈ V }.
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It follows from this discussion that in order to describe the elements of
L explicitly we have to proceed as follows:

(i) Decide whether b ∈ U . If yes, then L �= ∅;
(ii) If b ∈ U , then express b as a linear combination of the generators

a1, . . . , as. The coefficients of this linear combination give us a
particular solution;

(iii) Compute a system of generators of V = Syz(a1, . . . , as). Then any
element in L can be expressed as a sum of the particular solution
and a linear combination of the generators of V .

For Step (iii) we have to find an algorithm to compute Syz(a1, . . . , as)
for the given set of generators a1, . . . , as of U ⊂ F (which is not necessarily
a Gröbner basis of U , as is assumed in Theorem 4.12). The following two
lemmata tell us how we can do this.

Lemma 4.14. Let W be the submodule of F ⊕G generated by the elements
aj + gj for j = 1, . . . , s. Then

Syz(a1, . . . , as) = W ∩G.

Proof. Let w ∈ W ; then w =
∑s

j=1 hj(aj + gj) for suitable hj ∈ S. It

follows that w ∈ W ∩ G if and only if
∑s

j=1 hjaj = 0, which is the case if

and only if w ∈ Syz(a1, . . . , as). �

The intersection W ∩G can be easily computed by using Gröbner bases.

Lemma 4.15. Let H be a free S-module with basis e1, . . . , en and W a
submodule of H. Let 1 ≤ m ≤ n be an integer and G be the free submodule
of H with basis em, . . . , en, and let < be the lexicographic order on H with
e1 > e2 > · · · > en. Furthermore, let G = w1, . . . , wr be a Gröbner basis
of W with respect to <. We may assume that in<(wi) ∈ G if and only if
i ∈ {1, . . . , s}. Then w1, . . . , ws is a Gröbner basis of W ∩G.

Proof. Let w ∈ W ∩ G. Then w =
∑n

i=k ciei with ci ∈ S, ck �= 0 and
k ≥ m. Since G is Gröbner basis of W , we have in<(w) = u in<(wj)
for some j and some monomial u. Since in<(w) = in(ck)ek it follows that
in<(wj) = in<(dk)ek for some nonzero polynomial dk ∈ S. The definition of
the lexicographic order implies that wj =

∑n
i=k diei with certain polynomials

di ∈ S. In particular, wj ∈ G and j ≤ s. This proves the assertion. �

Now we are ready to describe the algorithm to compute the set of solu-
tions L of the system (4.6) of linear equations.

For Step (iii) we proceed as described in Lemma 4.14 and Lemma 4.15.
For the Steps (i) and (ii) we apply again Lemma 4.14 and Lemma 4.15 to first
compute Syz(a1, . . . , as, b). In other words, we compute the Gröbner basis
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G′ of W ′ ⊂ F ⊕G′, where G′ is the free S-module with basis g1, g2, . . . , gs+1

and where W ′ is generated by the elements aj + gj for j = 1, . . . , s and the
element b+ gs+1. Let w1, . . . , wt be those elements of G′ with in<(wi) ∈ G′.
Then these elements form a Gröbner basis of Syz(a1, . . . , as, b). Hence if wi =∑s+1

j=1 hijgj, then hi,s+1b = −
∑s

j=1 hijaj . It follows that b ∈ (a1, . . . , as) if
and only if one of the hi,s+1 is a nonzero constant polynomial. If this is
the case and, say, hi,s+1 = c with c ∈ K \ {0}, then we get the following
presentation of b as the linear combination of the aj , namely

b = −c−1hi1a1 − c−1hi2a2 − · · · − c−1hisas.

The following example demonstrates this algorithm. We want to find
the set of solutions L of the system of linear equations

x1y1 + x2y2 + x3y3 = −x21 + x22 + x23

(x2 + x3)y1 + (x1 + x3)y2 + (x1 + x2)y3 = 2x2x3

with coefficients in S = K[x1, x2, x3].

Let a1 = x1e1+(x2+x3)e2, a2 = x2e1+(x1+x3)e2, a3 = x3e1+(x1+x2)e2
and b = (−x21 + x22 + x23)e1 + 2x2x3e2. For the Steps (i) and (ii) we have to
compute (with respect to the lexicographic order) the Gröbner basis of the

submodule W ′ ⊂
⊕6

i=1 Sei generated by

a1 + e3, a2 + e4, a3 + e5, b+ e6.

The calculation shows that the Gröbner basis of W ′ consists of the above
generators and the additional elements

(x21 − x22 − x1x3 + x2x3)e4 + (x21 + x1x2 − x2x3 + x23)e5 + (x2 − x3)e6,

(x2 − x3)e3 + (−x1 + x3)e4 + (x1 − x2)e5,

x1e3 − x2e4 − x3e5 + e6,

(x1x2 + x22 − x1x3 − x23)e2 − x3e4 + x2e5,

(x21 − x22 + x1x3 − x2x3)e2 − x3e3 + x3e4 + (x1 − x2)e5.

The element x1e3−x2e4−x3e5+e6 tells us that the linear system of equations
is solvable and that (−x1, x2, x3) is a particular solution.

For Step (iii) it is required to compute the Gröbner basis of the submod-

ule W ⊂
⊕5

i=1 Sei generated by

a1 + e3, a2 + e4, a3 + e5.

The Gröbner basis consists of these generators and the additional elements

(x2 − x3)e3 + (−x1 + x3)e4 + (x1 − x2)e5,

(x1x2 + x22 − x1x3 − x23)e2 − x3e4 + x2e5,

(x21 − x22 + x1x3 − x2x3)e2 − x3e3 + x3e4 + (x1 − x2)e5.
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From this we see that Syz(a1, a2, a3) is generated by

(x2 − x3)e3 + (−x1 + x3)e4 + (x1 − x2)e5.

Thus we obtain as the final result that the set of solutions of our linear
system of equations is given by

L = {(−x1, x2, x3) + f · (x2 − x3,−x1 + x3, x1 − x2) : f ∈ S}.

4.4.3. Schreyer’s theorem. Our next goal is to show that each finitely
generated S-module has a free resolution of length at most n, where n is
the number of variables of the polynomial ring S. This is the celebrated
syzygy theorem of Hilbert. We prove this theorem by using Gröbner
bases following the arguments given by Schreyer [Sc80], who found this new
proof of Hilbert’s syzygy theorem. The essential idea is to choose suitable
monomial orders in the computation of the syzygies.

Let F be a free S-module with basis e1, . . . , er and < a monomial order
on F . Let U ⊂ F be generated by f1, . . . , fm, G a free S-module with basis
g1, . . . , gm, and ε : G → U the epimorphism with ε(gj) = fj for j = 1, . . . ,m.
We define a monomial order on G, again denoted <, as follows. Let ugi and
vgj be monomials in G. Then we set

ugi < vgj ⇐⇒ in<(ufi) < in<(vfj), or in<(ufi) = in<(vfj) and j < i.

Let us verify that < is a monomial order on G. In order to see that < is a
total order on the monomials of G, we have to show that either ugi < vgj
or ugi ≥ vgj.

Assume that we have ugi �< vgj. Then in<(ufi) �< in<(vfj), and either
in<(ufi) �= in<(vfj) or j ≥ i. In the first case in<(ufi) > in<(vfj), since
< is a total order on F . It follows in this case that ugi > vgj. In the second
case in<(ufi) = in<(vfj) and j ≥ i. In this case ugi ≥ vgj, by the definition
of < on G.

Next we check conditions (1) and (2) for monomial orders as defined
before:

(1) Let w ∈ Mon(S), w �= 1. Then in<(ufi) < w in<(ufi) = in<(wufi),
therefore ugi < wugi.

(2) Let ugi < vgj and w ∈ Mon(S). If in<(ufi) < in<(vfj), then
in<(wufi) = w in<(ufi) < w in<(vfj) = in<(wvfj), and so wugi < wvgj .
On the other hand, if in<(ufi) = in<(vfj), then j < i and in<(wufi) =
in<(wvfj). So again, wugi < wvgj.

We call this monomial order defined on G the monomial order induced
by f1, . . . , fm (and the monomial order < on F ).

The crucial result [Sc80] is now the following:
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Theorem 4.16 (Schreyer). Let F be a free S-module with basis e1, . . . , er,
and < a monomial order on F . Let U ⊂ F be a submodule of F with Gröbner
basis G = {f1, . . . , fm}. Then the relations rij arising from the S-elements
of the fi as described in (4.4) form a Gröbner basis of Syz(f1, . . . , fm) ⊂ G
with respect to the monomial order induced by f1, . . . , fm. Moreover, one
has

in<(rij) = uijgi,

where uij is defined as in (4.4).

Proof. Without loss of generality, we may assume that all the leading co-
efficients of the fi are 1. Recall that rij = uijgi − ujigj − qij,1g1 − qij,2g2 −
· · ·− qij,mgm where qij,1f1+ qij,2f2+ · · ·+ qij,mfm is the standard expression
for S(fi, fj).

Since in<(uijfi) = in<(ujifj) and since i < j it follows that in<(uijgi−
ujigj) = uijgi. On the other hand, for all k we have the inequalities
in<(qij,kfk) ≤ in< S(fi, fj) < in<(uijfi), so that in<(qij,kgk) < uijgi. Thus
it follows that in<(rij) = uijgi, as desired.

Next we show that the relations rij form a Gröbner basis of V =
Syz(f1, . . . , fm). To this end, let r =

∑m
j=1 rjgj ∈ V be an arbitrary re-

lation. We have to show that there exists a relation rij such that in<(r) is
a multiple of in<(rij).

Let in<(rjgj) = vjgj for j = 1, . . . ,m, and let cj be the coefficient of
in(rjgj) in rjgj . Then in<(r) = vigi for some i. Now let r′ =

∑
j cjvjgj ,

where the sum is taken over the set S of those j for which vj in<(fj) =
vi in<(fi). Since we assume that in<(r) = vigi, it follows that j ≥ i for
all j ∈ S. Substituting each gj in r′ by in<(fj), the sum becomes zero.
Therefore r′ is a relation of the elements in<(fj) with j ∈ S. Hence by
Corollary 4.13 the element r′ is a linear combination of elements of the form
uklgk − ulkgl with k, l ∈ S and k < l. Since j > i for all j ∈ S with
j �= i, it follows at once that in<(r

′) is a multiple of uijgi for some j. Since
in<(r) = in<(r

′) and in<(rij) = uijgi, the assertion follows. �

The monomial order induced by f1, . . . , fm allows some flexibility, since
we are free to relabel the elements of the Gröbner basis as we want. Doing
this in a clever way we obtain

Corollary 4.17. With the notation introduced in Theorem 4.16, let the fi
be indexed in such way that whenever in<(fi) and in<(fj) for some i < j
involve the same basis element, say in<(fi) = uek and in<(fj) = vek, then
u > v with respect to the pure lexicographic order induced by x1 > x2 >
· · · > xn. Then it follows that if for some t < n the variables x1, . . . , xt do
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not appear in the initial monomial of the fj, then the variables x1, . . . , xt+1

do not appear in the initial monomial of the rij.

Proof. By Theorem 4.16 we have in<(rij) = (lcm(u, v)/u)gi. Since u > v,
and since u and v are monomials in the variables xt+1, . . . , xn, it follows that
the exponent of xt+1 in u is bigger than that of v. Thus lcm(u, v)/u is a
monomial in the variables xt+2, . . . , xn, as desired. �

As a consequence of Corollary 4.17 we finally obtain

Theorem 4.18 (Hilbert’s syzygy theorem). Let M be a finitely generated
S-module over the polynomial ring S = K[x1, . . . , xn]. Then M admits a
free S-resolution

0 → Fp −→ Fp−1 −→ · · · −→ F1 −→ F0 −→ M → 0

of length p ≤ n.

Proof. Let U ⊂ F be a submodule of the free S-module F with basis
e1, . . . , er. Let < be a monomial order on F , and f1, . . . , fm a Gröbner
basis of U . Finally, let t ≤ n be the largest integer such that the variables
x1, . . . , xt do not appear in any of the initial forms of the fi. We prove by
induction on n−t, that U has a free S-resolution of length≤ max{0, n−t−1}

If t ≥ n− 1, then in<(U) =
⊕r

j=1 Ijej , where for each j, there exists a

monomial ideal Jj ⊂ K[xn] such that Ij = JjS. Since all monomial ideals
in K[xn] are principal, it follows from Problem 4.11 that U is free.

If t < n, we may assume that the Gröbner basis f1, . . . , fm is labeled as
described in Corollary 4.17. Then Theorem 4.16 together with Corollary 4.17
imply that Syz(f1, . . . , fm) has a Gröbner basis with the property that the
variables x1, . . . , xt+1 do not appear in any of the leading monomials of the
elements of the Gröbner basis. Thus, by induction, Syz(f1, . . . , fm) has a
free S-resolution of length ≤ n− t− 2. Composing this resolution with the
exact sequence 0 → Syz(f1, . . . , fm) → G → U → 0, we obtain for U a free
S-resolution of length ≤ n− t− 1, as desired.

Now let M be an arbitrary finitely generated S-module. Then M ∼=
F/U , where F is a finitely generated free S-module. We may assume that
n > 0. Then by the preceding arguments U has a free S-resolution of length
≤ n− 1. This implies that M has a free S-resolution of length ≤ n. �

4.4.4. Graded rings and modules. In Chapter 1 we have seen that the
polynomial ring S = K[x1, . . . , xn] has a decomposition S =

⊕
i≥0 Si where

for each i, Si is the K-vector space of homogeneous polynomials of degree
i. Observe that SiSj ⊆ Si+j for all i and j. Motivated by this example we
introduce the following concept.
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Definition 4.19. Let K be a field. A ring R is called a graded K-algebra,
if

(i) R =
⊕

i≥0Ri, where each Ri is a K-vector space;

(ii) R0 = K;

(iii) RiRj ⊂ Ri+j for all i, j.

The graded K-algebra is called standard graded, if R = K[R1] and
dimK R1 < ∞.

Let R and R′ be graded K-algebras. A K-algebra homomorphism
ϕ : R → R′ is called a homomorphism of graded K-algebras if ϕ(Ri) ⊂
R′

i for all i.

Let I ⊂ S be a graded ideal. Then R = S/I is standard graded with
Ri = Si/(I ∩Si) = Si/Ii for all i. Up to isomorphisms of graded K-algebras
these are the only standard graded K-algebras as the following result shows.

Proposition 4.20. Let R be a graded K-algebra with dimK R1 = n. Then
the following conditions are equivalent:

(a) R is standard graded.

(b) There exists a graded ideal I ⊂ S = K[x1, . . . , xn] and an isomor-
phism of graded K-algebras R ∼= S/I.

Proof. (a) ⇒ (b): Let r1, . . . , rn be a K-basis of R1, and define the K-
algebra homomorphism ϕ : S → R by ϕ(xi) = ri for i = 1, . . . , n. Observe
that ϕ(Si) = Ri, since R is standard graded. Let I ⊂ S be the kernel of ϕ.
Since ϕ is surjective, ϕ induces a K-algebra isomorphism S/I ∼= R.

Let f ∈ I, f =
∑

i fi, where the fi are the homogeneous components
of f . Then 0 =

∑
i ϕ(fi) with ϕ(fi) ∈ Ri. Since R =

⊕
i≥0Ri it follows

that ϕ(fi) = 0 for all i. In other words, fi ∈ I for all i, and hence by
Proposition 1.2, I is a graded ideal. Since ϕ induces for all i an isomorphism
Si/Ii ∼= Ri of K-vector spaces, it follows that the isomorphism S/I ∼= R is
an isomorphism of graded K-algebras.

The implication (b) ⇒ (a) is obvious. �

Let R be a graded K-algebra. An R-module M is called a graded
R-module if M =

⊕
i∈Z Mi and RiMj ⊂ Mi+j . Since the homogeneous

components of the elements of a system of generators of M is again a system
of generators of M , we see that a finitely generated graded R-module can be
generated by a finite system of homogeneous elements. Let α be the least
degree of a generator in such a system, then Mi = 0 for all i < α. We call
α the initial degree of M .
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Given a graded R-module M and j ∈ Z, then M(j) is defined to be the
graded R-module whose graded components are M(j)i = Mi+j for all i.

A submodule U of the graded R-module M is called a graded sub-
module of M , if U is a graded R-module with Ui = U ∩ Mi for all i. If
U ⊂ M is a graded submodule of M , then M/U is a graded R-module with
graded components Mi/Ui for all i.

An R-module homomorphism is called homogeneous if ϕ(Mj) ⊂ Nj

for all j. For example, for f ∈ Ri the map M(−i) → M with x �→ fx
is a homogeneous R-module homomorphism. The kernel of a homogeneous
R-module homomorphism ϕ : M → N is a graded submodule of M .

We denote by m = (x1, . . . , xn) the graded maximal ideal of the polyno-
mial ring S = K[x1, . . . , xn]. In the next section we shall need the following
graded version of Nakayama’s lemma.

Lemma 4.21. Let M be a finitely generated graded S-module, and m1, . . . ,
mr homogeneous elements of M whose residue classes modulo mM form a
K-basis of M/mM . Then the elements m1, . . . ,mr generate M .

Proof. Let U be the graded submodule of M generated by m1, . . . ,mr. We
want to show that U = M . Our hypothesis implies that M = U +mM . Let
m ∈ M be a homogeneous element. We will show that m ∈ U . To prove
this we proceed by induction on the degree of m. We write m = u + fn
with homogeneous elements u ∈ U , f ∈ m and n ∈ M , and such that
degm = deg u = deg fn. If the degree of m coincides with the initial degree
α of M , then m = u. If deg u > α, then either n = 0 and m = u, or
degn < degm. In the second case we may assume by induction that n ∈ U ,
so that m ∈ U , as well. �

Corollary 4.22. Let M be a finitely generated graded S-module. Then all
homogeneous minimal systems of generators of M have the same cardinality,
namely dimK M/mM .

4.4.5. Graded free resolutions. Now letM be a finitely generated graded
R-module, generated by the homogeneous elements x1, . . . , xr with deg xi =
ai for all i, and let F =

⊕r
i=1Rei be the graded free R-module with

deg ei = deg xi = ai for all i. Then F ∼=
⊕r

i=1R(−ai), and the R-module
homomorphism ϕ : F → M with ϕ(ei) = xi for all i is homogeneous. Thus
U = Ker(ϕ) is a graded submodule of F . In the case that R is Noetherian,
the module U is finitely generated, and hence as before there exists a graded
free R-module G and a surjective homogeneous R-module homomorphism
G → U . Composing this map with the inclusion map U ⊂ F we obtain the
exact sequence G → F → M → 0 of graded R-modules. Proceeding in this
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way we obtain a graded free resolution, that is, a resolution of M

· · · ϕ3−−−−→ F2
ϕ2−−−−→ F1

ϕ1−−−−→ F0
ε−−−−→ M −−−−→ 0,(4.7)

where each Fi is a finitely generated graded free R-module and each ϕi as
well as ε are homogeneous R-module homomorphisms.

In the following we restrict our attention to the case that R = S =
K[x1, . . . , xn]. Let F be a finitely generated free graded S-module. We fix
a homogeneous basis e1, . . . , en and a monomial order < on F .

Proposition 4.23. Let U ⊂ F be a graded submodule of M . Then the
reduced Gröbner basis of U consists of homogeneous elements.

Proof. We apply Buchberger’s algorithm to obtain a Gröbner basis of U .
Starting with a homogeneous system of generators of U , one simply has to
observe that the S-elements and remainders of homogeneous elements are
again homogeneous. Thus the Gröbner basis G constructed in this way is
homogeneous. The reduced Gröbner basis of U is essentially obtained from G
by skipping superfluous elements and taking suitable remainders. Therefore
the reduced Gröbner basis of U is also homogeneous. �

Corollary 4.24. Let M be a finitely generated graded S-module. Then M
admits a graded free resolution of length ≤ n.

Proof. It follows from Proposition 4.23 that the free resolution constructed
in the proof of Theorem 4.18, which is based on Schreyer’s theorem, yields
a graded free resolution. �

The graded free resolution (4.7) is called minimal, if ϕ(Fi) ⊂ mFi−1 for
all i, where m = (x1, . . . , xn) is the graded maximal ideal of S. This naming
is justified by the fact, shown below, that the rank of the free modules in a
graded minimal free resolution of a module is minimal compared with any
other graded free resolution of the same module.

Theorem 4.25. Let M be a finitely generated graded S-module. Then:

(a) M admits a minimal graded free resolution.

(b) Any two graded minimal free resolutions of M are isomorphic.

Proof. (a) We choose a minimal set of homogeneous generators m1, . . . ,mr

of M , and let F0 be the graded free S-module F0 =
⊕r

i=1 Sei with deg ei =
degmi for i = 1, . . . , r. Let ε : F0 → M be the epimorphism of graded S-
modules defined by ε(ei) = mi for all i. It follows from Lemma 4.21 that
Ker(ε) ⊂ mF0. The same argument shows that if we choose in each step of
the construction of the resolution a minimal free presentation of the syzygies
(that is, the homogeneous basis of the free modules maps onto a minimal
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system of generators of the syzygy module), then we obtain a minimal graded
free resolution.

(b) We first claim: (∗) if ϕ : N → N ′ is an isomorphism of graded S-
modules and ε : F → N a minimal free presentation of N , ε′ : F ′ → N ′ a
minimal free presentation of N ′, then there exists an isomorphism of graded
S-modules ψ : F → F ′ such that ε′ ◦ ψ = ϕ ◦ ε. In fact, let e1, . . . , er
be a homogeneous basis of F . Choose homogeneous elements f1, . . . , fr ∈
F ′ with ε′(fi) = ϕ(ε(ei)) for i = 1, . . . , r, and let ψ : F → F ′ be the
homomorphism of graded S-modules with ψ(ei) = fi for i = 1, . . . , r. Since
Ker ε ⊂ mF and Ker ε′ ⊂ mF ′, it follows that the induced homomorphisms
ε̄ : F/mF → N/mN and ε̄′ : F ′/mF ′ → N ′/mN ′ are isomorphisms. This
implies that the map ψ̄ : F/mF → F ′/mF ′ is an isomorphism as well,
because ψ̄ = (ε̄′)−1 ◦ ϕ̄ ◦ ε̄. Finally, since F and F ′ are free S-modules, it
follows that ψ is an isomorphism.

Now let

· · · ϕ3−−−−→ F2
ϕ2−−−−→ F1

ϕ1−−−−→ F0
ε−−−−→ M −−−−→ 0

and

· · · ϕ′
3−−−−→ F ′

2

ϕ′
2−−−−→ F ′

1

ϕ′
1−−−−→ F ′

0
ε′−−−−→ M −−−−→ 0,

be two minimal graded free resolutions of M .

We want to show that there exist homogeneous isomorphisms ψi : Fi →
F ′
i such that ε′ ◦ψ0 = ε and ϕ′

i ◦ψi = ψi−1 ◦ϕi for all i > 0. The existence of
ψ0 is guaranteed by (∗). Suppose we have already constructed ψ0, . . . , ψi−1.
Then it follows that Im(ϕi) ∼= Im(ϕ′

i), and we can again apply (∗). �

Let F be a graded minimal free resolution ofM with Fi =
⊕

j S(−j)βij(M).

The preceding theorem tells us that the numbers βij(M) are uniquely deter-
mined by M . They are called the graded Betti numbers of M . We will
see in the next subsection that they determine several important numerical
invariants of M .

Theorem 4.26. Let M be a finitely generated graded S-module, and F a
graded free resolution of M with Fi =

⊕
j S(−j)bij for all i. Then

βij(M) ≤ bij

for all i and j.

Proof. Assume F is a graded minimal free resolution of M . Then The-
orem 4.25 implies that βij(M) = bij for all i and j. Suppose now that
F is not minimal. Then there exists i > 0 such that ϕi(Fi) �⊂ mFi−1.
Therefore there exists a homogeneous element e ∈ Fi \ mFi such that
f = ϕi(e) ∈ Fi−1 \ mFi−1. Let G be the subcomplex of F with Gj = 0
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if j �= i, i − 1, Gi = Se and Gi−1 = Sf . Then G is exact, and so it fol-
lows from the long exact homology sequence arising from the short exact
sequence of complexes

0 −→ G −→ F −→ F/G −→ 0

that F′ = F/G is acyclic with H0(F
′) ∼= M ; see [E95, A3.7]. Since e ∈

Fi\mFi and f ∈ Fi−1\mFi−1, it follows that F
′
i = Fi/Se and F ′

i−1 = Fi−1/Sf
are graded free modules. Hence we see that F′ is a graded minimal free

resolution of M . Let F ′
i =

⊕
j S(−j)b

′
ij for all i and j. Since the rank of

the free modules F ′
i and F ′

i−1 is less than that of Fi and Fi−1, respectively,
we may assume by induction that βij(M) ≤ b′ij for all i and j, and since

obviously b′ij ≤ bij for all i and j, the desired conclusion follows. �

4.4.6. Numerical data arising from graded resolutions. In this sec-
tion we explain how most of the important numerical invariants of a module
can be deduced from the graded Betti numbers of M .

Let M be a finitely generated graded S-module with Betti numbers
βij = βij(M). The number

proj dimM = max{i : βij �= 0 for some j}
is called the projective dimension of M , and the number

regM = max{j : βi,i+j �= 0 for some i}
is called the regularity of M .

Corollary 4.24 together with Theorem 4.26 implies that proj dimM ≤ n.
The depth of M is the length of a maximal homogeneous M -sequence.
Recall that a sequence x = x1, . . . , xd of homogeneous elements of m is

called an M-sequence if the multiplication map M/(x1, . . . , xi−1)M
xi→

M/(x1, . . . , xi−1)M is injective for all i, and M/(x)M �= 0.

By the theorem of Auslander-Buchsbaum (see [BH98, Section 1.3]) one
has

depthM + proj dimM = n,

so that

depthM = min{i : βn−i,j �= 0 for some j}.
Observe that in a minimal graded free resolution one always has

max{j : βij �= 0} ≥ i

for all i. This implies that

regM ≥ α(M),

where α(M) is the least degree of a generator of M . We say that M has
a linear resolution, if regM = α(M). This is the case if and only if all
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entries of matrices describing the differentials in the resolution are linear
forms.

The numerical function H(M,−) : Z → Z+ with H(M, i) = dimK Mi is
called the Hilbert function of M , and the formal Laurent series

HilbM (t) =
∑
i

H(M, i)ti

is called the Hilbert series of M . Note that H(S, i) =
(n+i−1

n−1

)
, so that

HilbS(t) = 1/(1− t)n.

Proposition 4.27. Let M be a graded S-module with graded Betti numbers
βij. Then

HilbM (t) = QM (t)/(1− t)n with QM (t) =
∑
i

(−1)i(
∑
j

βijt
j).

If we divide QM (t) by the highest possible power of 1− t, we obtain the
presentation

HilbM (t) = PM (t)/(1− t)d with PM (1) �= 0.

The number d in this presentation is the Krull dimension, and PM (1)
is the multiplicity of M . The multiplicity, denoted e(M), is a positive
integer; see for example [HH10, Theorem 6.1.3]

Let PM (t) =
∑b

i=a hit
i. The coefficient vector h = (ha, ha+1, . . . , hb) is

called the h-vector of M . Note that a = α(M). The a-invariant a(M) of
M is the degree of the rational function HilbM (t). In other words,

a(M) = b− d = degQM (t)− n ≥ max{j : βij �= 0 for some i} − n.

It is convenient to display the graded Betti numbers of a module in a so-
called Betti diagram; see Figure 1.

j

i

βii+j

•
•

•

reg

proj dim

Figure 1
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The graded Betti number βi,i+j is positioned at the coordinate (i, j).
The nonzero graded Betti numbers are situated inside the area bounded
by the dashed frame, where the corner points correspond to the nonzero
graded Betti numbers, called the extremal Betti numbers. In the follow-
ing example there are three extremal Betti numbers. They determine the
regularity and projective dimension.

We conclude this section with a concrete example. Let

I = (x21 − x2x3, x
2
3x4, x1x2x3, x

3
4) ⊂ S = K[x1, x2, x3, x4].

Then I has the minimal graded free resolution

0 → S(−8) → S2(−6)⊕ S3(−7) → S6(−5)⊕ S(−6)

→ S(−2)⊕ S3(−3) → I → 0.

Thus the ideal I has the Betti diagram displayed in Figure 2.

0 1 2 3

2 1 − − −
3 3 − − −
4 − 6 2 −
5 − 1 3 1

I

Figure 2

From the Betti diagram we read off that proj dim I = 3 and reg I = 5.
It follows that proj dimS/I = 4, so that depthS/I = 0.

For the Hilbert series of S/I we find

HilbS/I(t) =
1− t2 − 3t3 + 6t5 − t6 − 3t7 + t8

(1− t)4
=

1 + 3t+ 5t2 + 4t3 − t5

1− t
.

From this we deduce that dimS/I = 1, e(S/I) = 12 and a(S/I) = 4.

For any finitely generated graded S-module one has depthM ≤ dimM .

Definition 4.28. A finitely generated graded S-module M is called Cohen-
Macaulay if depthM = dimM .

By the Buchsbaum–Auslander theorem, depthM = dimM if and only if
proj dimM = codimM , where codimM is defined to be dimS−dimM . For
a Cohen–Macaulay module the rank of the last free module in the minimal
graded free resolution of M is called the type of M . A standard graded
K-algebra R = S/I is called Cohen–Macaulay, if R, viewed as an S-module,
is Cohen–Macaulay, and it is called Gorenstein, if it is Cohen–Macaulay
and the type of R is 1. It is known that R is Gorenstein if and only if R (as a
module over itself) has finite injective dimension. For the proof of these basic
facts we refer to [BH98]. Cohen–Macaulay rings play in important role in
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the homological theory of commutative rings. In the hierarchy of rings they
are ranking right after regular rings and Gorenstein rings with regard to
pleasant homological properties. Thus it is not a surprise that the Cohen–
Macaulay property of rings or modules often reflect distinguished properties
of the combinatorial objects to which they are attached, as exemplified in
Stanley’s famous proof of the upper bound theorem. Other instances can
be found in the books [S96], [HH10], [MS05] and [V90].

We conclude this section by showing that Hilbert functions can be used
to identify the initial ideal of a given ideal.

Proposition 4.29. Let K be a field, S = K[x1, . . . , xn] the polynomial
ring over K in the variables x1, . . . , xn and I ⊂ S a graded ideal. We fix
a monomial order < and let J ⊂ in<(I) be a monomial ideal. Then the
following conditions are equivalent:

(a) J = in<(I);

(b) HilbS/I(t) = HilbS/J(t).

Proof. Since J ⊂ in<(I), it follows that HilbS/ in<(I)(t) ≤ HilbS/J(t) coeffi-
cientwise, and equality holds if and only if J = in<(I). Thus it remains to be
shown that HilbS/ in<(I)(t) = HilbS/I(t). But this follows from Macaulay’s
theorem (Theorem 2.6). �

Corollary 4.30. Let K be a field, S = K[x1, . . . , xn] the polynomial ring
over K in the variables x1, . . . , xn, I ⊂ S a graded ideal and a monomial
order < on S. Then dimS/I = dimS/ in<(I).

Proof. By Proposition 4.29 the graded rings S/I and S/ in<(I) have the
same Hilbert function. Since the Hilbert function determines the Krull di-
mension, the assertion follows. �

4.4.7. Zn-graded modules. Monomial ideals in the polynomial ring S =
K[x1, . . . , xn] are graded ideals. But in fact they have a finer graded struc-
ture as the one considered so far; their graded components can be indexed
by Zn.

Definition 4.31. Let K be a field. A ring R is called a Zn-graded K-
algebra, if

(i) R =
⊕

a∈Zn Ra;

(ii) R0 = K;

(iii) RaRb ⊂ Ra+b for all a,b ∈ Zn.

Let R be a Zn-graded K-algebra. An R-module M is called Zn-graded, if
M =

⊕
a∈Zn Ma, and RaMb ⊂ Ma+b for all a,b ∈ Zn.
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The polynomial ring is naturally Zn-graded with graded components

Sa = Kxa if a ∈ Nn, and Sa = 0 otherwise,

and each monomial ideal I ⊂ S is in an obvious way a Zn-graded S-module.
All basic properties of graded modules are valid similarly for a Zn-graded
module. In particular, each finitely generated Zn-graded S-module admits
a minimal Zn-graded free resolution.

Let F be a Zn-graded free S-module with homogeneous basis e1, . . . , em
and deg ei = ai for i = 0, . . . ,m. Then Fa is the K-vector space spanned by
all monomials xa−aiei for which a− ai ∈ Nn.

In the following we present results from [FH11] on initial modules of
syzygies of Zn-graded modules which are similar in nature to Corollary 4.17
of the theorem of Schreyer. We fix a monomial order on S and let < be
the monomial order on F induced by the monomial order on S which gives
priority to the position over the coefficients.

Let M ⊂ F be a Zn-graded submodule. Then in<(M) is generated by
all elements in<(u) where u ∈ M is homogeneous. Let u be homogeneous of
degree a, say, u =

∑
i ciuiei with ci ∈ K, ui ∈ Mon(S) and deg ui+deg ei = a

for all i with ci �= 0. Then in<(u) = ujej , where j = min{i : ci �= 0}. Thus
we see that in<(M) depends only on the basis F = e1, . . . , em of F and not
on the given monomial order on S. Hence we denote the initial module of
M by inF (M).

Our considerations so far can be summed up as follows:

Lemma 4.32. With the assumptions and notation introduced we have

inF (M) =

m⊕
i=1

Ijej ,

where Ij ∼= (M ∩
⊕m

k=j Sek)/(M ∩
⊕m

k=j+1 Sek) for j = 1, . . . ,m.

We call the basis F = e1, . . . , em of F lex-refined, if deg(e1) ≥ deg(e2) ≥
. . . ≥ deg(em) in the pure lexicographical order.

In the following we present a result which is a sort of analogue to the
theorem of Schreyer. Let M be a Zn-graded S-module, and

F : · · · ϕ3−−−−→ F2
ϕ2−−−−→ F1

ϕ1−−−−→ F0
ε−−−−→ M −−−−→ 0,

a Zn-graded free resolution of M . We set Zp(F) = Im(ϕp) for all p. Then
Zp = Zp(F) is the pth syzygy module of M with respect to the resolution F.

Theorem 4.33. Let 1 ≤ p ≤ n be an integer, and F a lex-refined basis
of Fp−1. Then inF (Zp) =

⊕m
j=1 Ijej, where the minimal set of monomial

generators of each Ij is contained in K[xp, . . . , xn].
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Proof. The statement is trivial for p = 1. We may therefore assume that
p ≥ 2. Let n ∈ Zp be a homogeneous element of Zp with in(n) = uiei and
such that ui is a minimal generator of Ii. Let k be the smallest number such
that xk divides in(n) = uiei, and suppose that k < p.

Consider the exact sequence

0 −→ Zp −→ Fp−1
ϕp−1−−−−→ Fp−2 −→ Zp−2 −→ 0

where we set Zp−2 = M if p = 2. According to Problem 4.6, x1, . . . , xp−2 is
a regular sequence on Zp−2. We denote by “overline” the reduction modulo
(x1, . . . , xk−1). Then the above exact sequence yields the exact sequence

0 −→ Z̄p −→ F̄p−1
ϕ̄p−1−−−−→ F̄p−2.

Hence Z̄p may be identified with its image in F̄p−1.

Thus n̄ can be written as n̄ = ciuiēi + ci+1ui+1ēi+1 + · · · with cj ∈ K,
uj ∈ Mon(S), and ci �= 0.

Since uj ∈ K[xk, . . . , xn] for all j with cj �= 0 and since n̄ is homogeneous,
it follows that degt ēj = degt ēi for all t ≤ k−1 and all j with cj �= 0. (Here,
for any homogeneous element r, we denote by degt r the tth component of
deg r.) Therefore, since xk divides ui, it follows that xk divides uj �= 0
for j > i with cj �= 0, because degk ēi = degk ei ≥ degk ej = degk ēj for
j > i. This implies that xk divides n̄. Thus there exist w ∈ F̄p−1 such that
n̄ = xkw. It follows that xkϕ̄p−1(w) = ϕ̄p−1(n̄) = 0. Since xk is a nonzero
divisor on F̄p−2, we see that ϕ̄p−1(w) = 0. This implies that w ∈ Z̄p. Let
m = drvrer + · · ·+ diviei+ · · · be a homogeneous element in Fp−1 such that
m̄ = w with vj ∈ Mon(S) and dj ∈ K for all j, and dr �= 0. Then r ≤ i and
ui = xkvi.

Suppose that r < i. Since xj � ui for all j < k, and since m is homoge-
neous it follows that

degt vrer = degt viei = degt ei for all t < k.(4.8)

On the other hand, since n̄ = xkm̄ = drxkv̄rēr + · · · , we see that xkv̄r = 0,
and this implies that vr is divisible by some xj with j < k. Let s be the
smallest such integer. Then by (4.8) we deduce that degj er = degj ei for
j < s and degs er < degs ei. Hence deg er < deg ei (with respect to the pure
lexicographic order), contradicting the choice of our basis. Thus r = i, and
consequently, vi ∈ Ii. But this is again a contradiction, since ui = xkvi and
since ui is a minimal generator of Ii. �

A vector a ∈ Zn is called squarefree if ai ∈ {0, 1} for all i. In the fol-
lowing we consider Zn-graded S-modules whose generators have squarefree
degrees. Typical examples are squarefree monomial ideals.

                

                                                                                                               



4.4. Syzygies 79

Proposition 4.34. Let M be a finitely generated Zn-graded S-module which
admits a set of generators m1, . . . ,mr whose degrees are squarefree, and let
ε :

⊕r
i=1 Sei → M be the epimorphism of Zn-graded modules with ei �→ mi

for i = 1, . . . , r. Then Ker ε is also minimally generated by elements whose
degrees are squarefree.

Proof. Let n =
∑

i ciuiei be a minimal homogeneous generator of Ker ε of
degree a. Assume that aj > 1 for some j. Then it follows that xj divides ui
for all i with ci �= 0. This implies that xj divides n, contradicting the fact
that n is a minimal generator of Ker ε. �

Corollary 4.35. Let M be a Zn-graded S-module whose generators have
squarefree degrees. Then all the shifts in the minimal Zn-graded free resolu-
tion of M are squarefree, and proj dimM ≤ n− α(M).

In the squarefree case Theorem 4.33 can be improved as follows.

Theorem 4.36. Let M be a Zn-graded S-module whose generators have
squarefree degrees, and let F be a minimal Zn-graded free resolution of M
with syzygy modules Zp. Let 1 ≤ p ≤ n− α(M) be an integer, and let F =
e1, . . . , em be any homogeneous basis of Fp−1. Then inF (Zp) =

⊕m
j=1 Ijej,

where the minimal set of monomial generators of each Ij is a squarefree
monomial ideal in at most n− α(M)− p variables.

Proof. Let

F : 0 → Fq
ϕq−−−−→ Fq−1

ϕq−1−−−−→ · · · ϕ2−−−−→ F1
ϕ1−−−−→ F0

ε−−−−→ M → 0

be the minimal Zn-graded free resolution of M . By Corollary 4.35 all shifts
in the resolution are squarefree and q ≤ n − α(M). In particular, Zp−1 is
minimally generated by the elements ϕp(e1), . . . , ϕp(em), and each of these
elements has a squarefree degree. Here we have set Zp−1 = M and ϕp−1 = ε,
if p = 1. For each j we obtain an exact sequence

0 −→ Zp ∩
⊕m

k=j Sek −→
⊕m

k=j Sek
ψj−−−−→ Nj −→ 0,

where Nj =
∑m

k=j Sϕp−1(ek) and where ψj is the restriction of ϕp−1 to⊕m
k=j Sek. Since Nj is generated by elements of squarefree degree, it follows

from Proposition 4.34 that Zp∩
⊕m

k=j Sek is minimally generated by elements
of squarefree degree. Thus Lemma 4.32 implies that Ijej is also minimally
generated by elements of squarefree degree. In particular, Ij is a squarefree
monomial ideal. Since the resolution F is minimal and ej is a basis element
of Fp, the vector deg ej has at least α(M) + p nonzero entries. This implies
that the degree of each generator of Ij can have at most n − α(M) − p
nonzero entries. This yields the desired conclusion. �
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Problems

Problem 4.1. Prove that an arbitrary intersection of submodules of an
R-module M is again a submodule of M .

Problem 4.2. Let N1, . . . , Nr be submodules of the R-module M . Show
that the set of all elements of the form m1 + m2 + · · · +mr with mi ∈ Ni

is a submodule of M . (It is called the sum of the modules Ni and denoted
N1 +N2 + · · ·+Nr.)

Problem 4.3. The sum of the submodulesN1, . . . , Nr ofM is called direct,
if whenever m1 + m2 + · · · + mr = m′

1 +m′
2 + · · · +m′

r with mi,m
′
i ∈ Ni,

then mi = m′
i for i = 1, . . . , r. The direct sum is denoted N1 ⊕N2 ⊕ · · · ⊕

Nr. Show that N1 + N2 + · · · + Nr = N1 ⊕ N2 ⊕ · · · ⊕ Nr if and only if
Ni ∩ (N1 + · · ·+Ni−1 +Ni+1 + · · ·+Nr) = {0} for all i.

Problem 4.4. Let F be a free R-module with basis e1, . . . , er, and let Rei
be the submodule of F generated by ei. Show that F = Re1⊕Re2⊕· · ·⊕Rer.

Problem 4.5. Let F be a free R-module with basis e1, . . . , er and let I ⊂ R
be an ideal of R. Show that the elements e1 + IF, . . . , er + IF form a basis
of the R/I-module F/IF .

Problem 4.6. (a) Let R be a ring and 0 → U → M → N → 0 a short exact
sequence of R-modules, and let x ∈ R be an element which is regular on M
and N . Show that x is also regular on U , and that the induced sequence
0 → U/xU → M/xM → N/xN → 0 is exact.

(b) Let M be a finitely generated graded S-module, F a graded free
S-resolution of M and Zp the pth syzygy module of M with respect to F.
Use (a) to show that if f1, . . . , fp is a homogeneous S-sequence, then it is a
Zp-sequence as well.

Problem 4.7. Let F be a free S-module with basis e1, e2. Find a monomial
order on F which is not of the type “coefficient before position” or “position
before coefficient”, as described in Section 4.2.

Problem 4.8. Let < be a monomial order on the free S-module F , and let
N ⊂ M ⊂ F be two submodules of F . Show that N = M if and only if
in<(N) = in<(M).

Problem 4.9. In analogy to Theorem 2.6, prove the following: let < be a
monomial order on the free S-module F , and let U ⊂ F be a submodule of
F . Then the monomials not belonging to in<(U) form a K-basis of F/U .

Problem 4.10. Compute, with respect to the lexicographic order, the
Gröbner basis of the module given at the end of Section 4.3.
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Problem 4.11. Let < be a monomial order on the free S-module F =⊕m
j=1 Sej , let U ⊂ F be a submodule of F , and suppose that in<(U) =⊕m
j=1 Ijej . Show that U is a free S-module if and only if Ij is a principal

ideal for j = 1, . . . ,m.

Problem 4.12. Let I be a monomial ideal generated by u1, . . . , um, and let
ε :

⊕n
j=1 Sej → I be the epimorphism with ei �→ ui for i = 1, . . . ,m. Show

that Ker ε is generated by the relations

lcm(ui, uj)

ui
ei −

lcm(ui, uj)

uj
ej with 1 ≤ i < j ≤ m.

Problem 4.13. Show that the generators of Ker ε as described in Pro-
blem 4.12 form a Gröbner basis with respect to any monomial order which
gives priority to the position.

Problem 4.14. (Unpublished observation by Tom Sederberg) Fix polyno-
mials f1, . . . , fm ∈ S and a monomial order < on S. Let Sm+1 have basis
g0, . . . , gm and consider the submodule M of Sm+1 generated by fig0+gi for
i = 1, ...,m. Let G be a Gröbner basis of M with respect to the position over
coefficient monomial order on Sm+1 coming from <. Prove the following:

(i) The elements of G with zero first coordinate give a Gröbner basis of
Syz(f1, ..., fm) with respect to the position over coefficient monomial order
on Sm coming from <.

(ii) The nonzero first coordinates of elements of G give a Gröbner ba-
sis of (f1, ..., fm) with respect to <. Furthermore, if h0 ∈ S is one of
these elements, then the corresponding element (h0, h1, ..., hm) of G satisfies
h0 = h1f1+ · · ·+hmfm. Thus we get explicit expressions for the elements of
the Gröbner basis of the ideal (f1, . . . , fm) in terms of the original generators
f1, ..., fm.

Problem 4.15. The ideal I = (x2−yz, x3−w3, y2−zw, 2xy+zw, xyzw) ⊂
S = Q[x, y, z, w] has the resolution

0 → S4(−7) → S12(−6) → S3(−4)⊕S9(−5) → S3(−2)⊕S(−3)⊕S(−4) → I.

Compute depth, dimension, regularity, multiplicity and a-invariant of S/I.

Problem 4.16. Let I ⊂ S = K[x1, . . . , xn] be a squarefree monomial ideal
whose least degree of a generator is a. Show that proj dim I ≤ n− a.

Problem 4.17. As an extension of Corollary 4.35, prove the following re-
sult: Let M be a Zn-graded S-module generated by the homogeneous ele-
ments m1 . . . ,mr with degmi = ai ∈ Zn

≥0. Let a ∈ Zn be the vector which is
componentwise the maximum of the vectors ai. Then all shifts in a minimal
Zn-graded free resolution of M are componentwise ≤ a.

                

                                                                                                               



                

                                                                                                               



Chapter 5

Gröbner bases of toric
ideals

Semigroup rings and their toric ideals are widely studied from an algebraic
and combinatorial point of view and have applications in other fields like
algebraic combinatorics, algebraic statistics, etc. This rich class of rings
includes the polynomial ring S = K[x1, . . . , xn] which is associated with the
semigroup Nn. Given a semigroup ring one may study various properties
of it such as normality, Cohen-Macaulayness, Koszulness. Gröbner basis
theory plays a main role in this study. This chapter aims at giving a quick
insight into this subject.

5.1. Semigroup rings and toric ideals

In this section we give the fundamental definitions concerning semigroup
rings and their toric ideals and prove that a binomial ideal is toric if and
only if it is prime.

Let Z be the set of integers and {h1, . . . ,hq} a subset of Zn where n
is a positive integer. Let H be the submonoid of the additive group Zn

generated by h1, . . . ,hq, that is,

H = Nh1 + · · ·+ Nhq = {a1h1 + · · ·+ aqhq : ai ∈ N for 1 ≤ i ≤ q},

where N is the set of nonnegative integers. H is called an affine semigroup.

Let K[x1, x
−1
1 , . . . , xn, x

−1
n ] be the Laurent polynomial ring and K[H]

the subring of K[x1, x
−1
1 , . . . , xn, x

−1
n ] generated over K by the monomials

fi = xhi for i = 1, . . . , q, where xc = xc11 · · ·xcnn if c = (c1, . . . , cn) ∈ Zn.
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Obviously, xg ∈ K[H] if and only if g ∈ H. The elements of K[H] are
polynomial expressions in f1, . . . , fq with coefficients in K, that is, of the
form

∑
a caf

a with ca ∈ K, where fa = fa1
1 · · · faq

q if a = (a1, . . . , aq). The
K-algebra K[H] is called the semigroup ring associated with the affine
semigroup H. For example, K[Zn] = K[x1, x

−1
1 , . . . , xn, x

−1
n ] and K[Nn] =

K[x1, . . . , xn].

In the sequel we consider affine semigroups which are generated by
finitely many vectors h1, . . . ,hq ∈ Nn. In this case, K[H] is a K-subalgebra
of the polynomial ring S = K[x1, . . . , xn]. Let R = K[t1, . . . , tq] be the poly-
nomial ring in the indeterminates t1, . . . , tq and ϕ : R → K[H] theK-algebra

homomorphism defined by ti �→ fi = xhi for i = 1, . . . , q.

One may consider different gradings on K[H]. For instance, K[H] is
Z-graded with the Z-grading induced from S, that is, K[H]d = K[H] ∩
Sd, where Sd is the degree d homogeneous component of S. In this case,
ϕ : R → K[H] is a graded homomorphism if we set deg(ti) = deg(fi) for
i = 1, . . . , q. When all the generators of K[H] have the same degree, let us
say d, then K[H] may be even viewed as a standard graded algebra if we
set K[H]i = K[H] ∩ Sdi for i ≥ 0. Obviously, in this case, ϕ : R → K[H] is
a graded homomorphism of standard graded K-algebras.

On the other hand, one may consider the natural Zn-grading on S and
the induced grading on K[H], that is, K[H]a = K[H] ∩ Sa for all a ∈ Zn.
With respect to this grading of K[H], ϕ : R → K[H] is again graded if we
assign to each ti the Zn-degree of fi.

ϕ is clearly surjective. Its kernel, denoted PH , is a graded ideal of R.
Moreover, since K[H] ∼= R/PH and K[H] ⊂ S is a domain, it follows that
PH is a prime ideal. PH is called the toric ideal of H.

For a polynomial h ∈ R, we have ϕ(h) = h(f1, . . . , fq). In particular, for

a monomial tu = tu1
1 · · · tuq

q ∈ R, ϕ(tu) = fu1
1 · · · fuq

q = x
∑q

i=1 uihi . Let π :
Nq → H be the homomorphism of semigroups defined by π(u) =

∑q
i=1 uihi

for u = (u1, . . . , uq) ∈ Nq. Then ϕ(tu) = xπ(u) for tu ∈ R.

Notice that we already have an algorithm to compute a Gröbner basis of
the toric ideal PH which follows from Corollary 3.9. Namely, if we consider
the ideal J = (t1 − f1, . . . , tq − fq) ⊂ K[t1, . . . , tq, x1, . . . , xn], then PH =
J ∩K[t1, . . . , tq]. Therefore, if G is a Gröbner basis of J with respect to an
elimination order for x1, . . . , xn, then the set G∩R is a Gröbner basis of PH .

Let us consider a few simple examples.

Example 5.1. (i) Let H ⊂ N be the semigroup generated by 3, 4, 5. Then
K[H] = K[x3, x4, x5] ⊂ K[x]. We have PH = J ∩ K[t1, t2, t3] where J =
(t1−x3, t2−x4, t3−x5). The reduced Gröbner basis of J with respect to the
lexicographic order induced by x > t1 > t2 > t3 is {x3 − t1, xt1 − t2, xt2 −
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t3, xt3−t21, t
3
1−t2t3, t

2
1t2−t23, t1t

3
2−t33, t1t3−t22, t

5
2−t43}. Therefore, the reduced

Gröbner basis of PH is {t31 − t2t3, t
2
1t2 − t23, t1t

3
2 − t33, t1t3 − t22, t

5
2 − t43}.

(ii) Let K[H] = K[x21, x1x2, x
2
2] ⊂ K[x1, x2]. The reduced Gröbner basis

of PH ⊂ K[t1, t2, t3] with respect to the lexicographic order is {t1t3 − t22}.
(iii) Let K[H] = K[x41, x

3
1x2, x1x

3
2, x

4
2] ⊂ K[x1, x2]. The reduced Gröbner

basis of PH ⊂ K[t1, . . . , t4] with respect to the lexicographic order is {t21t3−
t32, t1t

2
3 − t22t4, t1t4 − t2t3, t2t

2
4 − t33}.

We notice in the above examples that all the elements of the reduced
Gröbner basis are binomials. We shall see in Proposition 5.6 that this is
indeed the case for the reduced Gröbner basis of every toric ideal.

A binomial is a polynomial which is a difference of two monomials. A
polynomial ideal is a binomial ideal if it is generated by a set of binomials.
Note that a binomial ideal does not contain any monomial. Sometimes it
is convenient to consider binomial ideals in a more general form; see for
instance, [ES84], [Mi10].

The following lemma shows that any toric ideal can be generated by
binomials.

Lemma 5.2. Let PH be the toric ideal of the affine semigroup ring H. Then
the set of binomials {tu − tv : u,v ∈ Nq, π(u) = π(v)} generates PH as a
K-vector space. In particular, PH is a binomial ideal.

Proof. Obviously tu−tv ∈ PH for all u,v ∈ Nq such that π(u) = π(v). On
the other hand, since PH is Zn-graded, it is enough to look at the polynomials
of PH which are homogeneous with respect to the Zn-grading. Let f =
c1t

u1 + · · ·+ cst
us be a homogeneous polynomial in PH , where c1, . . . , cs ∈

K \ {0}. By the assumption on f, it follows that all the monomials tui are
mapped to the same monomial xh under ϕ, where h = π(u1) = · · · = π(us).
Then we get 0 = ϕ(f) = (

∑s
i=1 ci)x

h, whence
∑s

i=1 ci = 0. We obtain c1 =
−c2−· · ·−cs. Consequently, we can write f = c2(t

u2−tu1)+· · ·+cs(t
us−tu1),

thus the proof is complete. �

As we have already observed, every toric ideal is a binomial prime ideal.
We show in the sequel that if a binomial ideal is prime, then it is a toric
ideal.

For a vector v ∈ Zq, we denote by v+ and v− the vectors with nonneg-
ative components defined as follows:

v+i =

{
vi, if vi ≥ 0,
0, if vi < 0,

and v−i =

{
0, if vi > 0,
−vi, if vi ≤ 0.

Obviously, we have v = v+−v−, and this decomposition of v into vectors
with nonnegative coefficients is unique. In particular, every binomial in R
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whose monomials have disjoint supports can be written as fv = tv
+ − tv

−

where v is a vector in Zq.

One easily checks that for any v,w ∈ Zq we have

(5.1) fvfw = ufv+w − tv
−
fw − tw

−
fv,

for some monomial u ∈ R. Indeed, the identity follows straightforwardly if
we observe that

v+ +w+ − (v +w)+ = v− +w− − (v +w)−

for any two vectors v,w ∈ Zq.

A lattice is a submodule of a free Z-module of finite rank. With each
lattice one may associate a binomial ideal.

Definition 5.3. Let L ⊂ Zq be a lattice. The lattice ideal associated with
L is the binomial ideal IL = (tv

+ − tv
−
: v ∈ L).

Proposition 5.4. Let I ⊂ R be a binomial prime ideal. Then I is a lattice
ideal.

Proof. Since I is a prime ideal we may assume that its generators are of

the form fv with v ∈ Zq. It is obvious that if fv = tv
+ − tv

− ∈ I, then
f−v = −fv ∈ I. Therefore, it is enough to show that if fv, fw ∈ I, then
fv+w ∈ I. Let fv, fw ∈ I. By using the identity (5.1), we get that there
exists a monomial u ∈ R such that ufv+w ∈ I. But, obviously, u /∈ I, thus
fv+w ∈ I since I is a prime ideal. �

We are ready to prove the following

Theorem 5.5. Let I ⊂ R be a binomial prime ideal. Then I is a toric
ideal.

Proof. By Proposition 5.4, I = IL where L ⊂ Zq is the lattice generated
by the vectors v ∈ Zq with the property that the associated binomials fv
generate I.

We first show that the factor module Zq/L is torsion free, thus it is free.
In other words, we have to show that if v ∈ Zq and m > 1 is an integer such
that mv ∈ L, equivalently, fmv ∈ I, then v ∈ L, that is, fv ∈ I.

Let fmv = tmv+ − tmv− ∈ L. If char(K) = 0, then we decompose fmv =

fvg where g = t(m−1)v+
+ t(m−2)v+

tv
−
+ · · ·+ tv

+
t(m−2)v−

+ t(m−1)v− ∈ R.
By using the substitutions ti �→ 1 for i = 1, . . . , q, we easily see that g �∈ I
since all binomials vanish on this substitution. Therefore, fv ∈ I since I is
a prime ideal.

If char(K) = p > 0, then we write m = pem′ where e ≥ 0, m′ ≥ 1 are
integers such that p does not divide m′. In this case we decompose fmv as
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fpe
v g′ where g′ = (tp

ev+
)m

′−1 + · · · + (tp
ev−

)m
′−1 ∈ R. By using again the

substitutions ti �→ 1 for i = 1, . . . , q, we get g′ �∈ I. Since I is a prime ideal,

it follows that fpe
v ∈ I, whence fv ∈ I.

Let n be the rank of the free module Zq/L and h̄1, . . . , h̄q the generators

of Zq/L viewed as vectors with n components. Let K[H] ⊂ K[x±1
1 , . . . , x±1

n ]

be the semigroup ring generated by xh̄1 , . . . ,xh̄q and ϕ : R → K[H] the

K-algebra homomorphism defined by ti �→ xh̄i for i = 1, . . . , q. Then, by
using Problem 5.6, one easily shows that the kernel of ϕ is exactly I, thus I
is a toric ideal. �

5.2. Gröbner bases of toric ideals

In this section we give basic properties of Gröbner bases of toric ideals.

Proposition 5.6. Let H be an affine semigroup and PH its toric ideal. Let
< be a monomial order on R and G the reduced Gröbner basis of PH with
respect to < . Then, every element of G is a binomial of the form tu − tv

with π(u) = π(v).

Proof. Let G be a set of generators of PH . By Lemma 5.2, we can choose
these generators of the form tu − tv with π(u) = π(v). By applying the
Buchberger algorithm, at each step when we get a nonzero remainder, this
is again a binomial, let us say tw − tw

′
, with π(w) = π(w′). Therefore, PH

has a Gröbner basis with respect to the given order formed with binomials
of the form tu−tv with π(u) = π(v). By applying the reductions needed for
getting the reduced Gröbner basis, we get again binomials of this type. �

The above proposition shows that any reduced Gröbner basis of PH

consists of monomials tu − tv with π(u) = π(v). A nice property of the
binomials of any reduced Gröbner basis of a toric ideal is given below.

Definition 5.7. A binomial tu− tv ∈ PH is called primitive if there is no
other binomial tr − ts ∈ PH such that tr|tu and ts|tv.

Note that if tu − tv is a primitive binomial, then the monomials tu and
tv have disjoint supports.

Proposition 5.8. Let PH be the toric ideal of the affine semigroup H and
G the reduced Gröbner basis of PH with respect to a monomial order. Then
any binomial of G is primitive.

Proof. Let g = tu − tv be a binomial of G with in<(g) = tu. Since G
is reduced, it follows that tv �∈ in<(PH). Let us assume that there exists
h = tr − ts ∈ PH , h �= g, such that tr|tu and ts|tv. If in<(h) = tr, then
we must have tr = tu. It follows that h′ = tv − ts belongs to PH and
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in<(h
′) = tv since ts|tv, a contradiction. Therefore, in<(h) = ts, which

leads again to contradiction since ts|tv. �

5.3. Simplicial complexes and squarefree monomial ideals

A basic construction which relates the simplicial complexes to commuta-
tive algebra consists in associating with any abstract simplicial complex Δ
a squarefree monomial ideal and the quotient ring modulo this ideal. The
corresponding ideal (ring) is called the Stanley-Reisner ideal (ring) of
Δ. This construction has become a fundamental tool in combinatorial com-
mutative algebra due to the work of Stanley, Hochster and Reisner ([Ho77],
[S75], [S96], [R76]).

Here we briefly review this correspondence and some of its properties
which will be useful later.

For a positive integer n we denote [n] = {1, . . . , n}. A simplicial com-
plex Δ on the set [n] is a collection of subsets of [n] which is closed under
taking subsets, that is, for every F ∈ Δ, if G ⊂ F, then G ∈ Δ. We recall
the standard terminology in this frame. Every element F ∈ Δ is called a
face of Δ. The dimension of F ∈ Δ is dimF = |F | − 1. The empty set is
always a face of Δ unless Δ itself is the empty complex. ∅ is the unique face
of Δ of dimension −1. The maximal faces with respect to inclusion are called
facets. If F1, . . . , Fm are the facets of Δ, we write Δ = 〈F1, . . . , Fm〉 and
say that Δ is generated by F1, . . . , Fm. We will also denote the set of facets
of Δ by F(Δ). The dimension of Δ is dimΔ = max{dimF : F ∈ F(Δ)}.
A simplicial complex whose facets have the same dimension is called pure.

Let fi = fi(Δ) be the number of the faces of Δ of dimension i. If dimΔ =
d − 1, we denote f = f(Δ) = (f−1, f0, . . . , fd−1) and call this vector the f-
vector of Δ. For example, the n-simplex is the simplicial complex which
has a unique facet, namely F = [n]. Its f -vector is f = (1,

(
n
1

)
, . . . ,

(
n

n−1

)
, 1).

The boundary of the n-simplex is the simplicial complex with the facets
Fi = [n]\{i} where i = 1, . . . , n. Obviously, its f -vector is (1,

(
n
1

)
, . . . ,

(
n

n−1

)
).

The simplicial complex which consists of n isolated vertices, that is, whose
facets are {1}, . . . , {n}, has the f -vector (1, n).

Let S = K[x1, . . . , xn] be the polynomial ring. For a subset F ⊂ [n] we
denote by xF the squarefree monomial whose support is F, that is, xF =∏

i∈F xi. With each simplicial complex Δ one may associate a squarefree
monomial ideal IΔ ⊂ S which is generated by all the squarefree monomials
xF with F �∈ Δ. Obviously, if F �∈ Δ, that is, F is a nonface of Δ, then
G �∈ Δ for any G ⊂ [n] such that G ⊃ F. Therefore, IΔ is minimally
generated by the minimal nonfaces of Δ with respect to inclusion. IΔ is
the Stanley-Reisner ideal of Δ. The quotient ring K[Δ] = S/IΔ is the
Stanley-Reisner ring of Δ.
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For example, let Δ be the simplicial complex on the set [5] with the facets
{1, 2, 3}, {2, 4}, {3, 4}, {4, 5}. Its minimal nonfaces are {1, 4}, {1, 5}, {2, 5},
{3, 5} and {2, 3, 4}. Consequently, IΔ = (x1x4, x1x5, x2x5, x3x5, x2x3x4).
The Stanley-Reisner ideal associated to the n-simplex is the zero ideal. If
Δ is the boundary of the n-simplex, then IΔ = (x1 · · ·xn). The simplicial
complex which is given by n isolated vertices has the Stanley-Reisner ideal
IΔ = (xixj : 1 ≤ i < j ≤ n).

The correspondence simplicial complexes �→ squarefree monomial ideals
establishes a bijection between the simplicial complexes on the set [n] and the
squarefree monomial ideals in S. Indeed, if I ⊂ S is a squarefree monomial
ideal, one may consider the collection Δ = {F ⊂ [n] : xF �∈ I}. It is easily
seen that Δ is indeed a simplicial complex and that I = IΔ.

Let Δ be a simplicial complex on the set [n] of dimension d − 1. As
we have seen in Subsection 4.4.6, the Hilbert series of K[Δ], HilbK[Δ](t),
encodes the Krull dimension, dimK[Δ], of the Stanley-Reisner ring. This
dimension is closely related to the dimension of Δ.

Theorem 5.9. Let Δ be a simplicial complex on the set [n] with the f -vector
f = (f−1, f0, . . . , fd−1). Then

HilbK[Δ](t) =

∑d
i=0 fi−1t

i(1− t)d−i

(1− t)d
.

In particular, dimK[Δ] = dimΔ+ 1.

Proof. One easily observes, by using Macaulay’s Theorem (Theorem 2.6),
that K[Δ] can be decomposed as follows as a K-vector space,

K[Δ] =
⊕
F∈Δ

xFK[{xi : i ∈ F}].

Therefore,

HilbK[Δ](t) =
∑
F∈Δ

t|F |

(1− t)|F | =
d∑

i=0

fi−1t
i

(1− t)i
,

which gives the desired formula. �

Let Δ be a simplicial complex on the set [n] and IΔ its Stanley-Reisner
ideal. Since IΔ is a squarefree monomial ideal, by using Proposition 1.15, it
follows that IΔ is a finite intersection of monomial prime ideals. Moreover,
the irredundant presentation of IΔ as an intersection of monomial prime
ideals can be given.

Proposition 5.10. Let Δ be a simplicial complex on the set [n]. Then

IΔ =
⋂

F∈F(Δ)

PF c
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where PF c = (xi : i ∈ [n]\F ) for F ∈ F(Δ). In particular, {PF c : F ∈ F(Δ)}
is the set of all the minimal primes of IΔ.

Proof. Let xG be a squarefree monomial in S. Then xG ∈
⋂

F∈F(Δ) PF c if

and only if, for every F ∈ F(Δ), we have G ∩ F c �= ∅, which is equivalent
to saying that G �⊂ F for every F ∈ F(Δ). Therefore, xG ∈

⋂
F∈F(Δ) PF c if

and only if G �∈ Δ, that is, xG ∈ IΔ. �

From the above proposition, we get

dimK[Δ] = max{dim(S/P ) : P is a minimal prime ideal of IΔ}.

The inequality depthM ≤ dim(S/P ) for all P ∈ Ass(M) and for every
graded S-module M [BH98, Proposition 1.2.13.] is well known. In partic-
ular, it follows that depthM ≤ dimM for every graded S-module M, as
we have already noticed in Subsection 4.4.6. Recall that the module M is
Cohen-Macaulay if depthM = dimM.

Definition 5.11. A simplicial complex Δ on the set [n] is called Cohen-
Macaulay over the field K if K[Δ] is Cohen-Macaulay.

An immediate consequence of the above definition is that any Cohen-
Macaulay complex is pure.

One of the most useful tools for proving that a simplicial complex is
Cohen-Macaulay is shellability.

Definition 5.12. Let Δ be a pure simplicial complex. Δ is called shellable
if its facets can be ordered as F1, . . . , Fm such that 〈F1, . . . , Fi−1〉 ∩ 〈Fi〉 is
generated by a nonempty set of maximal proper faces of Fi for i = 2, . . . ,m.

For example, let Δ be the boundary of the n-simplex whose facets are
Fi = [n]\{i} for i = 1, . . . , n. Then, for all i = 2, . . . , n, 〈F1, . . . , Fi−1〉∩ 〈Fi〉
is generated by the maximal proper faces Fi \ {j}, j = 1, . . . , i − 1, of Fi.
Therefore, it follows that Δ is a shellable complex.

Theorem 5.13. Let Δ be a shellable simplicial complex. Then Δ is Cohen-
Macaulay over any field.

Proof. Let K be a field and assume that Δ has dimension d − 1 and it
is shellable with respect to the order F1, . . . , Fm of its facets.. We apply
induction on the number m of facets of Δ. For m = 1 there is nothing to
prove. Let m > 1 and J =

⋂m−1
i=1 PF c

i
. Then IΔ = J ∩ PF c

m
. We have the

exact sequence of graded S-modules (see Problem 5.9),

0 → S

IΔ
→ S

J
⊕ S

PF c
m

→ S

J + PF c
m

→ 0.
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Let Γ be the simplicial complex generated by F1, . . . , Fm−1 on the vertex
set V ′ =

⋃m−1
i=1 Fi. We may assume that V ′ = {x1, . . . , xr} for some 1 ≤

r ≤ n. Then J = IΓ + (xr+1, . . . , xn) and S/J ∼= K[x1, . . . , xr]/IΓ is Cohen-
Macaulay of dimension d by induction. We also have S/PF c

m
∼= K[{xi : i ∈

Fm}], thus S/PF c
m

is Cohen-Macaulay of dimension d. This shows that the
middle term in the above exact sequence is Cohen-Macaulay of dimension
d. If we show that the right term is Cohen-Macaulay of dimension d− 1, it
follows that K[Δ] is Cohen-Macaulay of dimension d. Indeed, in order to
prove this claim one may use a standard argument which involves the Depth
Lemma. We refer the reader to [BH98] or [E95] for more details. But

J + PF c
m
=

m−1⋂
i=1

PF c
i
+ PF c

m

=

m−1⋂
i=1

(PF c
i
+ PF c

m
) =

m−1⋂
i=1

(xj : j ∈ F c
i ∪ F c

m) = PF c
m
+ (w),

where w =
∏

t∈∪m−1
i=1 (Fm\Fi)

xt. This gives

S/(J + PF c
m
) ∼= K[{xj : j ∈ Fm}]/(w),

which shows that S/(J + PF c
m
) is Cohen-Macaulay of dimension d− 1. �

5.4. Normal semigroup rings

Let R be a domain with field of fractions Q(R). The normalization or
integral closure of R is the subring R̄ ⊂ Q(R) which consists of all the
elements of Q(R) which are integral over R. The domain R is called normal
if R = R̄. In this section we study normal semigroup rings. The reader who
is not familiar with the concept of normality may consult [M86] or [E95].

LetH be an arbitrary affine semigroup generated byH = {h1, . . . ,hq} ⊂
Zn. Let ZH be the subgroup of Zn generated by H. H is called normal if
it satisfies the following condition: if mg ∈ H for some g ∈ ZH and m > 0,
then g ∈ H.

It is easily seen that if the semigroup ring K[H] is normal, then the
semigroup H is normal as well. Indeed, let K[H] be a normal ring and let
mg ∈ H for some g ∈ ZH and m > 0. Then xg belongs to the field of
fractions of K[H] and xmg ∈ K[H]. Hence, if xmg = u, then xg satisfies
the integral equation ym−u over K[H]. By the normality of K[H], we have
xg ∈ K[H], which is equivalent to g ∈ H.

The converse is also true. In order to prove it, we briefly recall some
useful concepts.
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Let F = {v1, . . . ,vm} be a finite subset of Rn and let R+ be the set of
nonnegative real numbers. The set

R+F = {
m∑
i=1

aivi : ai ∈ R+ for 1 ≤ i ≤ m}

is called the cone generated by F .

For two vectors c = (c1, . . . , cn),x = (x1, . . . , xn) ∈ Rn, we denoted by
〈c,x〉 the standard scalar product which is defined as 〈c,x〉 = c1x1+· · · cnxn.

It is known [BG09, Theorem 1.15] that every finitely generated cone is
the intersection of finitely many half-spaces H+

1 , . . . , H+
m where

H+
i = {x ∈ Rn : 〈ci,x〉 ≥ 0} for some ci ∈ Rn, ci �= 0, i = 1, . . . ,m.

If all the half-spaces H+
1 , . . . , H+

m are rational, that is, ci ∈ Qn for all i,
then the cone H+

1 ∩ . . .∩H+
m is called rational. When the cone is rational,

one may choose the ci defining the cone to be integral vectors. Any finitely
generated rational cone is of the form R+F , where F is a finite subset of
Qn. One may also prove [BG09, Chapter 1] that if F = {v1, . . . ,vm} ⊂ Zn,
then

(5.2) ZF ∩ R+F = ZF ∩Q+F ,

where ZF is the subgroup of Zn generated by F and Q+F = {
∑m

i=1 aivi :
ai ∈ Q+}. Here we denoted by Q+ the set of nonnegative rational numbers.
Moreover,

(5.3) Zn ∩ R+F = Zn ∩Q+F .

The next proposition is known as Gordan’s Lemma.

Proposition 5.14. (a) If H is a normal affine semigroup generated by
H ⊂ Zn, then H = ZH ∩ R+H.

(b) If C is a finitely generated rational cone in Rn, then H = Zn ∩C is
a normal affine semigroup.

Proof. (a) By (5.2), we only have to show that H = ZH ∩ Q+H. Let g ∈
ZH ∩Q+H, that is, g ∈ ZH and g = a1h1+ · · ·+aqhq for some a1, . . . , aq ∈
Q+. Then, by clearing the denominators in the previous equality, we may
find a positive integer m such that mg ∈ H. Since H is normal, it follows
that g ∈ H. This proves the inclusion ZH ∩Q+H ⊂ H. The other inclusion
is trivial.

(b) We first show that H is a finitely generated semigroup. Since C is a
rational finitely generated cone, there exist q1, . . . ,qm ∈ Qn such that

C = R+{q1, . . . ,qm} = {
m∑
i=1

aiqi : ai ∈ R+ for 1 ≤ i ≤ m}.
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Multiplying q1, . . . ,qm by a suitable factor, we may assume that q1, . . . ,qm ∈
Zn. Then, by (5.3), Zn ∩ C = Zn ∩Q+{q1, . . . ,qm}. Let c ∈ Zn ∩ C. Then
there exist a1, . . . , am ∈ Q+ such that c =

∑m
i=1 aiqi. Let c = c′+c′′, where

c′ =
∑m

i=1 a
′
iqi with a′i ∈ N for all i, and c′′ =

∑m
i=1 a

′′
i qi with 0 ≤ ai < 1

for all i. Obviously, c′ ∈ Zn ∩ C, hence c′′ ∈ Zn. Moreover, c′′ belongs to
the bounded set

B = {
m∑
i=1

a′′i qi : 0 ≤ ai < 1 for i = 1, . . . ,m}.

Zn∩B is a finite set, sinceB is bounded. Then the set (B∩Zn)∪{q1, . . . ,qm}
is also finite and generates Zn ∩ C, hence H = Zn ∩ C is finitely generated.
The normality of H is immediate. �

We now proceed to show the equivalence between the normality of the
affine semigroup and the associated semigroup ring.

Theorem 5.15. Let H be an affine semigroup ring and K a field. Then
K[H] is normal if and only if H is normal.

Proof. We have seen before that if K[H] is a normal ring, then H is
also normal. Now, let H be a normal affine semigroup generated by H =
{h1, . . . ,hq} ⊂ Zn, and let us write the cone R+H as intersection of half-
spaces, let us say, H+

1 , . . . , H+
m. Then

H = ZH ∩ (H+
1 ∩ · · · ∩H+

m) =
m⋂
i=1

(ZH ∩H+
i ).

We set Li = ZH∩H+
i . Then K[H] =

⋂m
i=1K[Li], hence it is enough to show

that K[Li] is normal for 1 ≤ i ≤ m. But Li
∼= Zd−1⊕N where d = rankZH.

Indeed, let

Hi = {x ∈ Rn : 〈ci,x〉 = 0}
where ci is an integer vector. Then the kernel of the map σ : ZH → Z
given by σ(x) = 〈ci,x〉 is the group ZH ∩ Hi, hence it is isomorphic to
Zd−1. Notice that this is also the kernel of the restriction of σ to Li. On
the other hand, the image of this restriction is a normal subsemigroup of N,
hence it is isomorphic to N. Since the map ZH → Imσ splits, the restriction
Li → Im(σ|Li

) ∼= N splits as well and yields the desired presentation of Li.

Hence K[Li] ∼= K[x1, x
−1
1 , . . . , xd−1, x

−1
d−1, xd] which is the localization of a

normal ring, therefore it is normal. �

From now on we make the assumption that the affine semigroup H is
generated by a subset of Nn. This condition is not very restrictive since any
affine semigroup H with the property that h ∈ H and −h ∈ H implies
h = 0, can be embedded in Nn. Our purpose is to investigate the connection
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between the normality of K[H], equivalently of H, and the Gröbner basis of
the toric ideal of K[H].

Let H be generated by H = {h1, . . . ,hq} ⊂ Nn, let R = K[t1, . . . , tq] be
the polynomial ring, and PH the toric ideal of H, that is, PH = Kerϕ where
ϕ : R → K[H] is defined by ti �→ xhi for 1 ≤ i ≤ q.

Theorem 5.16 (Sturmfels). Let < be a monomial order on R such that
in<(PH) is a squarefree monomial ideal. Then K[H] is normal.

Proof. Let Δ be the simplicial complex on the vertex set [q] such that
IΔ = in<(PH). Then, by Macaulay’s Theorem (Theorem 2.6), we have the
following decomposition of K[H],

K[H] =
⊕
F∈Δ

⊕
supp(a)=F

Kya =
∑

F∈F(Δ)

⊕
supp(a)⊂F

Kya,

where ya = y
ai1
i1

· · · yairir
if supp(a) = {i1, . . . , ir} and yi = ti + in<(PH)

for 1 ≤ i ≤ q. This equality implies that H =
⋃

F∈F(Δ)HF where HF is

the semigroup generated by hi1 , . . . ,hir if F = {i1, . . . , ir}. We note from
the above decomposition of K[H] that, for every F ∈ F(Δ), K[HF ] is a
polynomial ring, hence it is normal. Let g ∈ ZH such that mg ∈ H for
some positive integer m. Then mg ∈ HF for some F ∈ F(Δ). Therefore,
g + ZHF is a torsion element in ZH/ZHF . By [St95, Chapter 8], the sets
{hi : i ∈ F} where F ∈ F(Δ), form an unimodular regular triangulation
of the set H = {h1, . . . ,hq} ⊂ Nn. This implies that ZH = ZHF for all
F ∈ F(Δ). Therefore, we have g ∈ ZHF . As we have seen before, HF is a
normal semigroup, hence g ∈ HF , whence g ∈ H. �

The following theorem is due to Hochster [Ho72].

Theorem 5.17. Let H be an affine normal semigroup and K a field. Then
the semigroup ring K[H] is Cohen-Macaulay.

5.5. Edge rings associated with bipartite graphs

Well-known examples of toric ideals come from combinatorics. In this section
we study semigroup rings associated with graphs which are called edge
rings. We determine the Gröbner bases of the toric ideals of edge rings and
show, as an application, that the edge rings associated with bipartite graphs
are normal Cohen-Macaulay domains.

To begin with, we recall some basic terminology of graphs which will be
also useful in the next chapter. A simple graph G is defined by its vertex
set, say [n] = {1, . . . , n}, and a set of edges, E(G). Each edge is a subset
e ⊂ [n] with two distinct elements. A walk of length r of G is a subgraph
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W of G with the edge set E(W ) = {{i0, i1}, {i1, i2}, . . . , {ir−1, ir}} where
i0, i1, . . . , ir are vertices of G. A walk W with i0 = ir is called closed. A
cycle of length r is a closed walk C = {{i0, i1}, {i1, i2}, . . . , {ir−1, ir = i0}}
of length r where the vertices i0, i1, . . . , ir−1 are pairwise distinct. If r is
even (odd), then the walk or cycle W is called an even (odd) walk or
cycle. A path in G is a walk with pairwise distinct vertices. The graph
G is connected if any two vertices are connected by a path. The maximal
connected subgraphs of G are called the connected components of G.

Given a subset of vertices {i1, . . . , iq} of the graph G, the subgraph
G′ = G \ {i1, . . . , iq} on the vertex set [n] \ {i1, . . . , iq} which consists of
all the edges of G not incident to any of the vertices i1, . . . , iq, is called
a restriction of G. One may also consider restrictions of G obtained by
removing some of its edges. Namely, if e1, . . . , eq ∈ E(G), the restriction
H = G \ {e1, . . . , eq} is defined on the same vertex set as G and it has
the edge set E(H) = E(G) \ {e1, . . . , eq}. A graph G is called bipartite
if its vertex set can be partitioned into two nonempty and disjoint sets V1

and V2 such that any edge of G connects a vertex of V1 to a vertex of V2.
A complete graph is a graph in which every pair of distinct vertices is
connected by an edge.

Let G be a simple graph on the edge set [n] and let S = K[x1, . . . , xn]
the polynomial ring. With each edge e = {i, j} ∈ E(G) we associate the
quadratic squarefree monomial xe = xixj ∈ S. Let E(G) = {e1, . . . , em}
be the edge set of G. The semigroup ring K[G] = K[xe1 , . . . ,xem ] is called
the edge ring of G. Let R = K[t1, . . . , tm] be the polynomial ring in m
indeterminates and PG the toric ideal of K[G], that is, the kernel of the
surjective homomorphism ϕ : R → K[G] defined by ti �→ xei for 1 ≤ i ≤ m.

With an even closed walk W of G with

E(W ) = {{i0, i1}, {i1, i2}, . . . , {i2r−1, i2r = i0}},

we associate the binomial

fW =
r∏

j=1

te2j−1 −
r∏

j=1

te2j ∈ R

where ej = {ij−1, ij} for 1 ≤ j < 2r and e2r = {i2r−1, i2r = i0}. It is clear
that ϕ(fW ) = 0, hence fW ∈ PG for any even closed walk W of G.

An even closed walk W of G is called primitive if the associated bi-
nomial fW is primitive. Obviously, an even cycle is a primitive walk. The
converse is true for bipartite graphs.

Lemma 5.18. Let G be a bipartite graph. Then every primitive walk of G
is an even cycle.
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Proof. Let V1, V2 be the bipartition of the vertices of G and W a primitive
walk with E(W ) = {e1, . . . , e2r} where ej = {ij−1, ij} for j = 1, . . . , 2r, and
i0 = i2r. If W is not a cycle, since there are no edges with both vertices in
the same set, V1 or V2, we may find 1 ≤ � < p ≤ r such that i2� = i2p or
i2�−1 = i2p−1. In the first case we get

xe2�+1
xe2�+3

· · ·xe2p−1 = xe2�+2
xe2�+4

· · ·xe2p ,

which implies that t2�+1t2�+3 · · · t2p−1 − t2�+2t2�+4 · · · t2p ∈ PG, a contradic-
tion since fW is a primitive binomial.

In the second case we get

xe2�xe2�+2
· · ·xe2p−2 = xe2�+1

xe2�+3
· · ·xe2p−1 ,

which implies that t2�+1t2�+3 · · · t2p−1 − t2�t2�+2 · · · t2p−2 ∈ PG, again a con-
tradiction. �

Proposition 5.19. Let G be a graph on the vertex set [n]. Then the set

G = {fW : W is a primitive walk in G}

is a Gröbner basis of PG with respect to any monomial order.

Proof. By Proposition 5.8, it is enough to show that any primitive binomial
f ∈ PG is of the form f = fW for some even closed walk W of G which will
be primitive by definition. Let f ∈ PG be a primitive binomial. Without
loss of generality, we may assume that f = t1t3 · · · t2r−1−t2t4 · · · t2r for some
integer r ≥ 2. Then we have

(5.4) xe1xe3 · · ·xe2r−1 = xe2xe4 · · ·xe2r .

Let e1 = {j0, j1}. Then xj1 |xe2 · · ·xe2r . Without loss of generality, we may
assume that e2 = {j1, j2} for some j2 �= j1, j0. This implies, by equation
(5.4), that xj2 |xe3 · · ·xe2r−1 . We may assume that e3 = {j2, j3} for some
j3 �= j2, j1. Thus, by (5.4), xj3 |xe4 · · ·xe2r . Let e4 = {j3, j4} for some j4 �=
j3, j2. If r = 2, then equation (5.4) implies that j4 = j0 and f = t1t3 −
t2t4 = fW where W is a primitive walk of length 4. If r > 2, then j4 �= j0
since f is primitive. Equation (5.4) yields the equality xj0xe5 · · ·xe2r−1 =
xj4xe6 · · ·xe2r . Thus xj4 |xe5 · · ·xe2r−1 . Let e5 = {j4, j5} for some j5 �= j4, j3.
It follows that xj5 |xe6 · · ·xe2r . Let e6 = {j5, j6} for some j6 �= j5, j4. If r = 3,
then, by using again equation (5.4), we get j6 = j0 and f = t1t3t5− t2t4t6 =
fW for a primitive walkW of length 6. If r > 3, then j6 �= j0 and we continue
the above procedure. Now it is clear that for any r we reach the conclusion
that f is the binomial attached to a primitive walk. �

In particular, if the graph G is bipartite, we get that the set of primitive
binomials associated with the even cycles of G forms a Gröbner basis of
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PG. Since the monomials of such a binomial are obviously squarefree, by
applying Theorem 5.16 and Theorem 5.17, we get the following

Corollary 5.20. Let G be a bipartite graph. Then its edge ring K[G] is a
normal Cohen-Macaulay domain.

Problems

Problem 5.1. Find all the initial ideals for the toric ideal of the semigroup
ring K[x3, x2y, xy2, y3].

Problem 5.2. Give an example of a binomial ideal which is not a toric
ideal.

Problem 5.3. Let c be a positive integer and H = {0} ∪ (c + N) where
c+ N = {c+ n : n ∈ N}. Compute the toric ideal of K[H].

Problem 5.4. Let I ⊂ K[t1, . . . , tq] be an ideal with the property that
I : (ti) = I for all i = 1, . . . , q. Show that I : (t1 · · · tq)∞ = I.

Problem 5.5. Let L ⊂ Zq be a lattice and IL ⊂ K[t1, . . . , tq] its associated
ideal. Show that any reduced Gröbner basis of IL consists of binomials of
the form f = tu − tv where u,v ∈ Nq and u− v ∈ L.

Problem 5.6. Let u1, . . . , um be monomials in K[x1, x
−1
1 , . . . , xn, x

−1
n ] with

exponent vectors v1, . . . ,vm ∈ Zn, and let W ⊂ Zm be the lattice of vectors
w = (w1, . . . , wm) with

∑m
i=1wivi = 0. Then ta − tb belongs to the toric

ideal of the semigroup ring K[u1, . . . , um] if and only if a− b ∈ W .

Problem 5.7. Let B be a subset of Zn and IB ⊂ K[x1, . . . , xn] be the ideal

generated by the binomials fb = xb+ − xb−
,b ∈ B. Let g = xa − xc ∈

K[x1, . . . , xn] be a binomial. Show that g ∈ IB if and only if there exists

d1, . . . ,dm ∈ Nn and b1, . . . ,bm ∈ B such that g =
∑m

i=1 x
di(xb+

i − xb−
i ).

Problem 5.8. Let I ⊂ S = K[x1, ..., xn] be a binomial ideal, and let f ∈
IS[xn+1] be a primitive binomial. Then f ∈ I.

Problem 5.9. Let I, J ⊂ S be graded ideals. Show that the sequence

0 → S

I ∩ J

f−→ S

I
⊕ S

J

g−→ S

I + J
→ 0

where a+ I ∩ J
f�→ (a+ I,−a+ J) and (a+ I, b+ J)

g�→ a+ b+ (I + J), is
an exact sequence of graded S-modules and morphisms.

Problem 5.10. Let Δ be a pure simplicial complex. Show that Δ is
shellable with respect to the order F1, . . . , Fm of its facets if and only if
〈F1, . . . , Fi〉 is Cohen-Macaulay for all i = 1, . . . ,m.

Problem 5.11. Show that the ring K[x3, x2y, y3] is not normal.
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Problem 5.12. Let H ⊂ N be the semigroup generated by {3, 4, 5}. Show
that K[H] is a Cohen-Macaulay ring which is not normal.

Problem 5.13. Let S = d1N+· · ·+dqN be a semigroup where d1 < · · · < dq
are positive integers. If gcd(d1, . . . , dq) = 1, then S is called a numerical
semigroup. Show that S is a numerical semigroup if and only if there exists
c ∈ S such that c+ N ⊂ S.

Problem 5.14. Let S = d1N+· · ·+dqN be a semigroup where d1 < · · · < dq
are positive integers. Show that S is normal if and only if S can be generated
by a single element.

Problem 5.15. Let d ≥ 1 be an integer andMd the set of all the monomials
of degree d of the polynomial ring S = K[x1, . . . , xn]. Show that K[Md] is
a normal ring.

Problem 5.16. Let R = K[t1, . . . , tq] and let f ∈ R be a primitive binomial
which has a squarefree term. Show that the ring R/(f) is a normal domain.

Problem 5.17. Let S = K[x1, . . . , xn] and let K[H] ⊂ S be a semigroup
ring. A polynomial f ∈ S is called integral over K[H] if there exists an
integerm > 1 such that fm ∈ K[H]. Show that the set of all the polynomials
of S which are integral over K[H] forms a semigroup ring. Determine this
ring in the case K[H] = K[xa, yb] ⊂ K[x, y] where a, b are some positive
integers.

Problem 5.18. Let G be the triangle, that is, the graph on the vertex set
[3] with the edge set E(G) = {{1, 2}, {2, 3}, {1, 3}}. Show that the edge ring
of G is normal.

Problem 5.19. Let S1, . . . , Sr be polynomial rings over the field K on
distinct sets of indeterminates and K[Hi] ⊂ Si for i = 1, . . . , r, semigroup
rings. Show that K[

⋃r
i=1Hi] is a normal ring if and only if K[Hi] is normal

for all 1 ≤ i ≤ r.

                

                                                                                                               



Chapter 6

Selected applications in
commutative algebra
and combinatorics

6.1. Koszul algebras

In this section we introduce the important class of Koszul algebras and show
that a standard graded K-algebra R = K[x1, . . . , xn]/I is Koszul if I has a
quadratic Gröbner basis with respect to some monomial order.

A finitely generated graded module M over R has a (possibly infinite)
minimal graded free R-resolution F, where each Fi is of the form Fi =⊕

j R(−j)bij . Since the resolution is minimal, the numbers bij are uniquely

determined by M ; cf. the proof of Theorem 4.25. We set βij(M) = bij
for all i and j, and call these numbers the graded Betti numbers of M .
Furthermore we set βi(M) =

∑
j βij(M).

Definition 6.1. Let K be a field and R a standard graded K-algebra with
graded maximal ideal m. The K-algebra R is called Koszul, if the residue
class field K = R/m has a linear R-resolution. In other words, if βij(R/m) =
0 for j �= i.

It follows that R is Koszul if and only if the entries of the matrices
describing the maps in the minimal graded free R-resolution of R/m are all
elements of degree 1.

The formal power series SR(t) =
∑

i≥0 βi(R/m)ti is called the Poincaré
series of R. It is known that, in general, this power series is not a rational
function. But in the case of a Koszul algebra we have

99
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Proposition 6.2. Let R be a Koszul algebra. Then SR(−t)HilbR(t) = 1.
In particular, SR(t) is a rational series of the form (1 + t)d/PR(t), where
d = dimR and PR(t) is a polynomial with integer coefficients.

Proof. If R is a Koszul algebra, then the graded free resolution of R/m is
of the form

· · · −→ R(−2)β2 −→ R(−1)β1 −→ R −→ R/m −→ 0

with βi = βi(R/m) for all i. Since the Hilbert function is additive on short
exact sequences we see that

1 = HilbR/m(t) = HilbR(t)− β1tHilbR(t) + β2t
2HilbR(t)− · · ·

= (1− β1t+ β2t
2 − · · · )HilbR(t) = SR(−t)HilbR(t),

as desired. The remaining statements follow from Proposition 4.27. �

The simplest example of a Koszul algebra is the polynomial ring S =
K[x1, . . . , xn]. Here the Koszul complex provides a (finite) linear resolution
of the residue class ring; see [HH10, Appendix A.3]. The polynomial ring
is the only graded K-algebra R for which the residue class field has a finite
free R-resolution; see for example [BH98, Theorem 2.2.7].

By far, not every standard graded K-algebra is Koszul. Indeed one has

Proposition 6.3. Let R = S/I be a Koszul algebra with I ⊂ (x1, . . . , xn)
2.

Then I is generated by polynomials of degree 2.

Proof. Let f1, . . . , fm be a minimal homogeneous system of generators of
I, and let U ⊂ F =

⊕n
i=1Rei be the kernel of the canonical epimorphism

ε : F → m with ε(ei) = x̄i for i = 1, . . . , n. Here f̄ denotes the residue class
modulo I of a polynomial f ∈ S.

For i = 1, . . . ,m, write fi =
∑n

j=1 fijxj with homogeneous polyno-
mials fij . We claim that U is generated by the homogeneous relations
ui =

∑n
j=1 f̄ijej together with the r̄ij = x̄iej − x̄jei, i < j, and that none

of the generators ui can be omitted. The claim implies that the matrix des-
cribing the relations of m has linear entries if and only if all fi are of degree
2. This yields the desired conclusion.

In order to prove the claim we first notice that obviously all the elements
ui and r̄ij belong to U . Now let

∑n
j=1 ḡjej be an arbitrary element in U .

Then
∑n

j=1 ḡjx̄j = 0, and so
∑n

j=1 gjxj ∈ I. Hence there exist hi ∈ S such

that
∑n

j=1 gjxj =
∑m

i=1 hifi. It follows that

n∑
j=1

gjxj =
m∑
i=1

hi(
n∑

j=1

fijxj) =
n∑

j=1

(
m∑
i=1

hifij)xj .
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Consequently,
∑n

j=1(gj −
∑m

i=1 hifij)xj = 0. This implies that
∑n

j=1(gj −∑m
i=1 hifij)ej is an element of the kernel of the map

⊕n
j=1 Sej → (x1, . . . , xn)

with ej �→ xj for j = 1, . . . , n. By Problem 6.1 this kernel is generated by
the elements rkl = xkel − xlek, k < l. Thus there exist polynomials pkl such
that

n∑
j=1

(gj −
m∑
i=1

hifij)ej =
∑
k<l

pklrkl.

It follows that
∑n

j=1 ḡjej =
∑m

i=1 h̄iui +
∑

k<l p̄klr̄kl. This shows that the
elements ui and r̄kl generate U .

Finally, suppose that one of the elements ui, say u1, can be omitted in
the above generating set. Then there exist polynomials qi and skl in S such
that u1 =

∑m
i=2 q̄iui +

∑
k<l s̄klr̄kl. This equation implies that

n∑
j=1

f1jej −
m∑
i=2

qi(
n∑

j=1

fijej) +
∑
k<l

sklrkl ∈
n⊕

j=1

Iej .

Substituting the ej by the xj we obtain that f1 −
∑m

i=2 qifi ∈ (x1, . . . , xn)I,
which by Nakayama’s lemma is impossible since f1, . . . , fm is a minimal
system of generators of I. �

Next we want to discover classes of Koszul algebras. To this end we intro-
duce the following slightly stronger notion of Koszulness given in [HHR00].

Definition 6.4. A standard graded K-algebra R is called strongly Koszul
if its graded maximal ideal m admits a minimal system of homogeneous gene-
rators u1, . . . , un such that for all subsequences ui1 , . . . , uir of u1, . . . , un and
for all j = 1, . . . , r − 1, the ideal quotient (ui1 , . . . , uij−1) : uij is generated
by a subset of elements of {u1, . . . , un}.

The naming “strongly Koszul” is justified by the following theorem.

We recall that a graded R-module M is linear, if it admits a system of
generators g1, . . . , gm, all of the same degree, such that for j = 1, . . . ,m the
ideal quotients

(Rg1 + · · ·+Rgj−1) : gj = {a ∈ R : agj ∈ Rg1 + · · ·+Rgj−1}
are generated by subsets of {u1, . . . , un}.

Theorem 6.5. Let R be strongly Koszul with respect to the minimal ho-
mogeneous system u1, . . . , un of generators of the graded maximal ideal m
of R. Then any ideal of the form (ui1 , . . . , uir) has a linear resolution. In
particular, R is Koszul.

Proof. We first notice that all the ideals (ui1 , . . . , uir) are linear modules.
Hence the theorem will be proved if we have shown that a linear module M
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has linear relations, and that the first syzygy module (relation module) of a
linear module is again linear.

The first property is immediately clear. Indeed, if a1g1+ · · ·+amgm is a
homogeneous generating relation of M , and aj is the last non-zero coefficient
of this relation, then aj is a generator of the ideal quotient (Rg1 + · · · +
Rgj−1) : gj , and hence is of degree 1. Therefore, the relation is linear.

Let Ω1(M) denote the first syzygy module of M . We prove by induction
on the number of generators of M , that Ω1(M) is a linear module. If M
is cyclic, then Ω1(M) is an ideal generated by a subset of {u1, . . . , un},
and hence is linear. Now suppose that M is generated by the m elements
g1, . . . , gm, m > 1, for which M is linear. Then N = Rg1 + · · · + Rgm−1

is also linear, and by our induction hypothesis has a linear syzygy module
Ω1(N). Say, Ω1(N) is linear with respect to its generators h1, . . . , hk. Now
we build a suitable system of generators for Ω1(M) using the exact sequence

0 −→ Ω1(N) −→ Ω1(M) −→ Ω1(M/N) −→ 0.

The module M/N is cyclic with annihilator (Rg1+ · · ·+Rgm−1) : gm, and so
there exist 1 ≤ i1 < i2 < . . . < il ≤ n such that Ω1(M/N) � (ui1 , . . . , uil).
Now we choose homogeneous elements hk+1, . . . , hk+l in Ω1(M) mapping
onto ui1 , . . . , uil . Then Ω1(M) is linear with respect to the generators
h1, . . . , hk+l. �

From the preceding theorem we deduce the following remarkable result.

Corollary 6.6 (Fröberg). Let R be the factor ring of a polynomial ring
modulo an ideal which is generated by quadratic monomials. Then R is
Koszul.

Proof. We prove that R is strongly Koszul. Let R = K[x1, . . . , xn]/I, and
denote the residue classes of the xi by yi. We have to show that for any
sequence of elements yi1 , . . . , yik , the ideal quotient (yi1 , . . . , yik−1

) : yik is
generated by a subsequence of y1, . . . , yn. We observe that

(yi1 , . . . , yik−1
) : yik = [(I, xi1 , . . . , xik−1

) : xik ]/I.(6.1)

Let I = (u1, . . . , um) where the ui are monomials of degree 2. Then

(I, xi1 , . . . , xik−1
) = (uj1 , . . . , ujr , xi1 , . . . , xik−1

),

where there ujk are those among the ui which are not divisible by any of
the variables xi1 , . . . , xik−1

. Now it follows from Proposition 1.14 that

(I, xi1 , . . . , xik−1
) : xik(6.2)

= (uj1/ gcd(uj1 , xik), . . . , ujr/ gcd(ujr , xik), xi1 , . . . , xik−1
).

If xik divides ujs , then ujs/ gcd(ujs , xik) is a variable because ujs is a mono-
mial of degree 2, and if xik does not divide ujs , then ujs/ gcd(ujs , xik) = ujs .
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Thus it follows from (6.1) and (6.2) that (yi1 , . . . , yik−1
) : yik is generated by

a subset of y1, . . . , yn, as desired. �

As usual, let S = K[x1, . . . , xn] be the polynomial ring over the field K
in the indeterminates x1, . . . , xn. We now come to the main result of this
section.

Theorem 6.7. Let I ⊂ S be a graded ideal and assume that I has a qua-
dratic Gröbner basis with respect to a monomial order on S. Then R = S/I
is Koszul.

This theorem is an immediate consequence of Corollary 6.6 and the next
result, as we shall see in a moment.

Theorem 6.8. Let I ⊂ J ⊂ S be graded ideals, and let < be a monomial
order on S. Then

β
S/I
ij (S/J) ≤ β

S/ in<(I)
ij (S/ in<(J)).

Proof of Theorem 6.7. Let J be the graded maximal ideal (x1, . . . , xn)

of S. Then Theorem 6.8 implies that βR
ij(R/m) ≤ βR′

ij (R
′/m′) for all i and

j, where m denotes the graded maximal ideal of R = S/I and m′ the graded
maximal ideal of R′ = S/ in<(I). By Fröberg’s result (Corollary 6.6) it

follows that βR′
ij (R

′/m′) = 0 for j �= i. Thus βR
ij(R/m) = 0 for j �= i, which

implies that R is Koszul. �

The proof of Theorem 6.8 needs some preparation. Given an integer
vector w = (w1, . . . , wn) ∈ Nn we define a new grading on S = K[x1, . . . , xn]
by setting degw(xi) = wi for i = 1, . . . , n. Then degw xa = 〈a,w〉 where
〈 , 〉 denotes the standard scalar product in Rn. Let f =

∑
i ci x

ai ∈ S. We
set degw f = max{〈ai,w〉 : ci �= 0}, and call the polynomial

fh =
∑
i

ci x
aitdegw f−degw xai ∈ S[t]

the homogenization of f with respect to w. This definition coincides with
the definition given in Chapter 3 in the case that w = (1, 1, . . . , 1). Finally,
similarly as in Chapter 3, for any ideal I ⊂ S we set

Ih = (fh : f ∈ I),

and call Ih the homogenization of I with respect to the weight w.

In the sequel we shall use the following fundamental facts which can be
found for example in [HH10, Chapter 3]:

(a) Let I ⊂ S be a standard graded ideal, and fix a weight w ∈ Nn. We
assign to each xi the bidegree deg xi = (wi, 1) and to t the bidegree
(1, 0). Then
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(i) Ih is bihomogeneous. In other words, Ih is generated by biho-
mogeneous polynomials of S[t];

(ii) S[t]/Ih is a free K[t]-module with respect to the natural K-
algebra homomorphism.

(iii) (S[t]/Ih)/(t− 1)(S[t]/Ih) ∼= S/I.

(b) Let I1, . . . , Ir ⊂ S be standard graded ideals and < a monomial
order on S. Then there exists a weight vector w such that for the

homogenizations of the Ij with respect to w we have that (Ij)h =
in<(Ij) for j = 1, . . . , r, where for an ideal J ⊂ S[t] we denote by

J its reduction modulo t.

Proof of Theorem 6.8. Let Ih be the homogenization of I and Jh be the

homogenization of J with respect to a suitable weight such that Ih = in<(I)

and Jh = in<(J). Let F by the bigraded minimal free S[t]/Ih-resolution
of S[t]/Jh. Then each Fi is of the form

⊕
k,j S[t]/I

h(−k,−j)bi,kj . We set

Fij =
⊕

k S[t]/I
h(−k,−j)bi,kj , so that Fi =

⊕
j Fij . Since S[t]/Ih and

S[t]/Jh are free K[t]-modules, it follows that t and t−1 are nonzerodivisors
on F and S[t]/Jh. Therefore F/tF is a free S/ in<(I)-resolution of S/ in<(J),
and F/(t− 1)F is a free S/I-resolution of S/J . Both resolutions are graded,
because t and t− 1 respect the second component of the bidegree. The first
resolution is minimal, because t belongs to the graded maximal ideal of S[t].
The second resolution may not be minimal. Thus we see that

β
S/I
ij (S/J) ≤ rankS/I Fij/(t− 1)Fij = rankS[t]/Ih Fij

= rankS/ in<(I) Fij/tFij = β
S/ in<(I)
ij (S/ in<(J)),

as desired. �

Let R = S/I where I is a graded ideal. Summarizing we have the
following implications:

I has a quadratic Gröbner basis⇒ R is Koszul⇒ I is generated by quadrics.

All these implications are strict as the following examples due to Hibi
and Ohsugi [HO99, Example 2.2 and Example 2.1] show:

(a) The ideal I = (x2x8−x4x7, x1x6−x3x5, x1x3−x2x4) ⊂ K[x1, . . . , x8] has
no quadratic Gröbner basis. However, the ring K[x1, . . . , x8]/I is Koszul.

(b) The ideal (x4x6 − x5x9, x3x10 − x4x8, x2x9 − x3x7, x1x10 − x5x7, x1x8 −
x2x6) is the toric ideal attached to a graph whose toric ring is not Koszul.

Classes of Koszul algebras will be considered in the following sections.

We close this section with another important consequence of Theo-
rem 6.8. Here we refer to the definitions given in Subsection 4.4.6.
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Corollary 6.9. Let R = S/I be a standard graded K-algebra, and < a
monomial order on S with the property that S/ in<(I) is Cohen–Macaulay
(Gorenstein). Then R is Cohen–Macaulay (Gorenstein).

6.2. Sortable sets of monomials

We have seen in Section 5.4 that if the toric ideal of an affine semigroup
H has a squarefree initial ideal, then the semigroup ring K[H] is normal
and Cohen–Macaulay. In addition, if K[H] is standard graded and its toric
ideal has a quadratic Gröbner basis, then K[H] is Koszul (see Corollary 6.6).
Therefore, it is of interest to find classes of toric ideals which have squarefree
initial ideals or quadratic Gröbner bases. For this purpose, we need to study
sortable sets of monomials, a concept which is due to Sturmfels [St95].

Let d be a positive integer, Sd the K-vector space generated by the
monomials of degree d in S = K[x1, . . . , xn], and take two monomials u, v ∈
Sd. We write uv = xi1xi2 · · ·xi2d with 1 ≤ i1 ≤ i2 ≤ · · · ≤ i2d ≤ n and define

u′ = xi1xi3 · · ·xi2d−1
, v′ = xi2xi4 · · ·xi2d .

The pair (u′, v′) is called the sorting of (u, v). In this way we obtain a map

sort : Sd × Sd → Sd × Sd, (u, v) �→ (u′, v′).

This map is called the sorting operator. For example, if u = x1x
2
3 and v =

x22x3, then sort(u, v) = (x1x2x3, x2x
2
3). A pair (u, v) is sorted if sort(u, v) =

(u, v). Notice that sort(u, v) = sort(v, u), and that if (u, v) is sorted, then
u ≥lex v.

Definition 6.10. A subset B ⊂ Sd of monomials is called sortable if
sort(B ×B) ⊂ B ×B.

A significant example of a sortable set is the following set of monomials.
Let a = (a1, . . . , an) ∈ Nn be a vector and consider the set

Sa
n,d = {u = xc11 · · ·xcnn : deg(u) = d, ci ≤ ai for 1 ≤ i ≤ n}.

The algebra K[Sa
n,d] is called of Veronese type. If a = (d, . . . , d), then

K[Sa
n,d] is the dth Veronese subring of S, and if a = (1, . . . , 1), then we

obtain the dth squarefree Veronese subalgebra of S.

Proposition 6.11. The set Sa
n,d is sortable.

Proof. Let u, v ∈ Sa
n,d and (u′, v′) = sort(u, v). We have to check that for

every 1 ≤ i ≤ n, the degree of xi in u′ and v′ is at most ai. Let degxi
(u) = bi

and degxi
(v) = ci. We have max{bi, ci} ≤ ai. By the definition of the sorting

operator, if bi + ci is even, then degxi
(u′) = degxi

(v′) = (bi + ci)/2, and if
bi + ci is odd, then {degxi

(u′), degxi
(v′)} = {(bi + ci + 1)/2, (bi + ci − 1)/2}.

In both cases we have degxi
(u′), degxi

(v′) ≤ ai. �
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An r-tuple of monomials (u1, . . . , ur) ∈ Sr
d is called sorted if for any

1 ≤ i < j ≤ n, the pair (ui, uj) is sorted. In other words, if we write the
monomials u1, . . . , ur as u1 = xi1 · · ·xid , u2 = xj1 · · ·xjd , . . . , ur = x�1 · · ·x�d ,
then (u1, . . . , ur) is sorted if and only if

(6.3) i1 ≤ j1 ≤ · · · ≤ �1 ≤ i2 ≤ j2 ≤ · · · ≤ �2 ≤ · · · ≤ id ≤ jd ≤ · · · ≤ �d.

Indeed, from the above sequence of inequalities it clearly follows that
every pair (ui, uj) with i < j is sorted. Conversely, let (u1, . . . , ur) be sorted.
In particular, the pair (u1, u2) is sorted, hence i1 ≤ j1 ≤ i2 ≤ j2 ≤ · · · ≤ id ≤
jd. Let u3 = xk1 · · ·xkd where 1 ≤ k1 ≤ · · · ≤ kd ≤ n. Since (u2, u3) is sorted,
we have j1 ≤ k1 ≤ j2 ≤ k2 ≤ · · · ≤ jd ≤ kd. On the other hand, (u1, u3) is
sorted as well, thus we get i1 ≤ j1 ≤ k1 ≤ i2 ≤ j2 ≤ k2 ≤ · · · ≤ id ≤ jd ≤ kd.
Therefore, step by step, we get all the inequalities from (6.3).

Let (u1, . . . , ur) be an r-tuple such that for some i < j the pair (ui, uj)
is unsorted, and let (u′i, u

′
j) = sort(ui, uj). Then we call the assignment

(u1, . . . , ur) �→ (u1, . . . , u
′
i, . . . , u

′
j , . . . , ur) a single sorting step.

Theorem 6.12. Let (u1, . . . , ur) be an r-tuple of monomials in Sd.
(a) There is a unique sorted r-tuple (u′1, . . . , u

′
r) such that u1 · · ·ur = u′1 · · ·u′r.

(b)The unique sorted r-tuple can be obtained from the original one in a finite
number of single sorting steps.

Proof. (a) If u1u2 · · ·ur = xi1xi2 · · ·xird with 1 ≤ i1 ≤ i2 ≤ · · · ≤ ird ≤ n,

then u′j =
∏d−1

k=0 xirk+j
for 1 ≤ j ≤ r.

(b) We write u1 = xi1 · · ·xid , 1 ≤ i1 ≤ · · · ≤ id ≤ n, u2 = xj1 · · ·xjd , 1 ≤
j1 ≤ · · · ≤ jd ≤ n, . . . , and ur = x�1 · · ·x�d , 1 ≤ �1 ≤ · · · ≤ �d ≤ n. Then

u1u2 · · ·ur = (xi1xj1 · · ·x�1)(xi2xj2 · · ·x�2) · · · (xidxjd · · ·x�d).

We relabel the sequence i1, j1, . . . , �1, i2, j2, . . . , �2, . . . , id, jd, . . . , �d as

k = k1, k2, . . . , kr, kr+1, kr+2, . . . , k2r, . . . , k(d−1)r+1, k(d−1)r+2, . . . , kdr.

We define a function s from the set of all r-tuples of monomials of degree
d to Z which is given by s(u) =

∑
i<j(kj − ki). Obviously, this function is

bounded above. The proof is completed once we have shown that s(u) <
s(u′) where u′ is obtained from u by a single sorting step. Suppose that the
pair (ui, uj) is unsorted. The pair (ui, uj) defines a subsequence of k, let us
say ki1 , . . . , ki2d , and let S = {i1, . . . , i2d}. We split the sum defining s(u) as
follows:

s(u) =
∑
i<j

i,j∈S

(kj − ki) +
∑
i<j

i,j �∈S

(kj − ki) +
∑
j �∈S

⎡
⎢⎣∑

i<j
i∈S

(kj − ki) +
∑
i>j
i∈S

(ki − kj)

⎤
⎥⎦ .
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We apply the same decomposition for s(u′) with respect to the pair
(u′i, u

′
j). Note that the set of indices defining the corresponding subsequence

for (u′i, u
′
j) in k′ is again S = {i1, . . . , i2d}. Comparing the sums in the

decompositions for s(u) and s(u′, ) we see that first sum becomes strictly
larger, the second sum does not change, and for each j �∈ S, the sums in the
square brackets do not become smaller. The first part of the above claim
follows in the following way. Let l = �1, . . . , �r be a sequence of positive
integers and l′ = �′1, . . . , �

′
r a permutation of l such that �′1 ≤ · · · ≤ �′r.

Let f(l) =
∑

i<j(�j − �i), g(l) =
∑

i<j |�j − �i|, and g(l′) =
∑

i<j |�′j −
�′i| =

∑
i<j(�

′
j − �′i). We notice that g(l) = g(l′). Indeed, it is clear that

g(l) and g(l′) have the same number of summands. Let now |�j − �i| be a
summand of g(l). Then there exist uniquely determined integers p, q such
that �j = �′p and �i = �′q. If p < q, then |�j − �i| = �′q − �′p and if p > q, then
|�j−�i| = �′p−�′q. Thus there exists a bijection between the summands of g(l)

and the summands of g(l′). We obviously have the inequality f(l) ≤ g(l),
thus f(l) ≤ g(l′). Moreover, the equality in the last inequality holds if and
only if f(l) = g(l), that is, �i ≤ �j for all i < j.

Finally, we have to compare the last sums in the decompositions of s(u)
and s(u′). For a fixed j /∈ S, let S< = {i ∈ S : i < j} and S> = {i ∈ S :
i > j}. Then, for j �∈ S, the inequality∑

i∈S<

(kj − ki) +
∑
i∈S>

(ki − kj) ≥
∑
i∈S<

(kj − k′i) +
∑
i∈S>

(k′i − kj)

is equivalent to ∑
i∈S<

ki −
∑
i∈S>

ki ≥
∑
i∈S<

k′i −
∑
i∈S>

k′i.

Since
∑

i∈S ki =
∑

i∈S k′i, the last inequality is equivalent to
∑

i∈S< ki ≥∑
i∈S< k′i, which obviously holds by the construction of the sorting of a pair

of monomials. �

Let B ⊂ Sd be a sortable set of monomials and K[B] the semigroup ring
generated overK byB. Let R = K[{tu : u ∈ B}] be the polynomial ring with
the order of indeterminates given by tu > tv if u >lex v and ϕ : R → K[B]
the K-algebra homomorphism defined by tu �→ u for all u ∈ B. Let PB be
the kernel of ϕ. We are interested in studying the Gröbner basis of PB with
respect to a suitable monomial order. We need the following

Definition 6.13. Let F = {f1, . . . , fs} ⊂ R be a finite family of marked
binomials in R. In other words, fi = mi−m′

i for some monomialsmi,m
′
i ∈ R

for all i = 1, . . . , s, where the monomial mi in fi is marked by underline. F
is called marked coherently if there exists a monomial order < on R such
that in<(fi) = mi for 1 ≤ i ≤ s.
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The next theorem, due to Sturmfels [St95], gives a necessary and suf-
ficient condition for a finite set F = {f1, . . . , fs} of marked binomials to
be marked coherently. In order to recall this theorem we need one more
definition. Let g ∈ R be a nonzero polynomial, and let w be one of the
monomials of the support of g. If w is divisible by the marked monomial mi

of fi = mi −m′
i ∈ F , we replace the factor mi in w by m′

i. We let h be the
new polynomial obtained in this way and say that g reduces to h modulo
F .

Theorem 6.14. Let F ⊂ R be a set of marked binomials. Then F is marked
coherently if and only if every sequence of reductions modulo F terminates
in a finite number of steps.

With these tools at hand we have the following result.

Theorem 6.15. Let B be a sortable subset of monomials of Sd and

F = {tutv − tu′tv′ : u, v ∈ B, (u, v) unsorted, (u′, v′) = sort(u, v)}.
Then there exists a monomial order < on R which is called the sorting
order such that for every g = tutv − tu′tv′ ∈ F , in<(g) = tutv.

Proof. By Theorem 6.12, any r-tuple of monomials (u1, . . . , ur) can be
sorted by a finite number of sorting steps. This statement is equivalent to
saying that our set F is marked coherently by Theorem 6.14. �

Finally, as the main result of this subsection we obtain

Theorem 6.16. Let K[B] be the K-algebra generated by a sortable set of
monomials B ⊂ Sd and PB ⊂ R its toric ideal. Then

G = {tutv − tu′tv′ : u, v ∈ B, (u, v) unsorted, (u′, v′) = sort(u, v)}
is the reduced Gröbner basis of PB with respect to the sorting order.

Proof. By Theorem 6.15, (in<(G)) is generated by the monomials tutv
where (u, v) is unsorted. Therefore, the K-basis of R/(in<(G)) is the set
X of the monomials tu1 · · · tur of R with (u1, . . . , ur) sorted. By Proposi-
tion 4.29 we only need to show that the set X forms a K-basis of R/PB. By
Theorem 6.12, every polynomial of R reduces to a finite K-linear combina-
tion of monomials in X. Therefore, the set X generates R/PB over K. Next,
since any linear combination of distinct monomials in X maps to a linear
combination of distinct monomials in K[B] it follows that X is K-linearly
independent. �

There are examples which show that in general the sorting order is nei-
ther lexicographic nor reverse lexicographic [St95, Proposition 14.4.].
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It follows from Proposition 6.11 and Theorem 6.16 that the toric ideals
of Veronese type algebras have quadratic Gröbner bases with respect to the
sorting order.

If we choose the reverse lexicographic order induced by the natural order
of the indeterminates, then the Gröbner basis of the Veronese type algebras
is no longer quadratic. For example, choose Sa

3,3 ⊂ K[x1, x2, x3] where

a = (2, 2, 2). Then

Sa
3,3 = {x21x2, x21x3, x1x22, x1x2x3, x1x23, x22x3, x2x23}.

Let P ⊂ K[t1, . . . , t7] be the presentation ideal of the semigroup ring associ-
ated with Sa

3,3. Its reduced Gröbner basis with respect to the reverse lexico-

graphic order is Grevlex = {t1t25− t22t7, t1t
2
6− t23t7, t2t3− t1t4, t2t4− t1t5, t3t4−

t1t6, t
2
4 − t1t7, t3t5 − t1t7, t4t5 − t2t7, t2t6 − t1t7, t4t6 − t3t7, t5t6 − t4t7}.

However, we can show that the degree of the binomials in the reduced
Gröbner basis for Veronese type algebras with respect to the reverse lexico-
graphic order is at most three.

Theorem 6.17. Let G be the reduced Gröbner basis of the toric ideal of
K[Sa

n,d] with respect to the reverse lexicographic order induced by tu > tv if
u >lex v. Then, every binomial g ∈ G has degree at most 3.

Proof. Let g = tu1 · · · tuq − tv1 · · · tvq ∈ G with in<(g) = tu1 · · · tuq . Since g
is primitive, hence irreducible, it follows that tuq > tvq , that is, uq >lex vq.
Therefore, there exists an index � such that degx1

(uq) = degx1
(vq), . . . ,

degx�−1
(uq) = degx�−1

(vq), and degx�
(uq) > degx�

(vq). But uq and vq have

the same degree, thus there exists h > � such that degxh
(uq) < degxh

(vq).
On the other hand, u1 · · ·uq = v1 · · · vq, thus, by comparing the degrees of
each indeterminate in both products, we may find 1 ≤ a, b ≤ q−1 such that

degx�
(ua) < degx�

(va) and degxh
(ub) > degxh

(vb).

If ua = ub, then we set u′a = x�ua/xh and u′q = xhuq/x�. It follows that
h = tuatuq − tu′

a
tu′

q
∈ PH and tuq > tu′

q
, whence in<(h) = tuatuq . Since G

is a reduced Gröbner basis we have in<(g) = in<(h), which implies that
deg(g) = 2.

Finally, if ua �= ub, there exists j such that degxj
(ua) > degxj

(ub.) In
this case, we consider the monomials

u′a = x�ua/xj, u
′
b = xjub/xh, and u′q = xhuq/x�.

It follows that uaubuq = u′au
′
bu

′
q, thus h = tuatub

tuq − tu′
a
tu′

b
tu′

q
∈ PH , and

uq >lex u′q, hence in<(h) = tuatub
tuq . Since G is reduced, it follows that

in<(g) is a monomial of degree at most 3. �
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6.3. Generalized Hibi rings

In 1985 Hibi [Hi87] introduced a class of algebras which nowadays are called
Hibi rings. They are semigroup rings attached to finite posets, and may be
viewed as natural generalizations of polynomial rings. Indeed, a polynomial
ring in n variables over a field K is just the Hibi ring of the poset [n] =
{1, 2, . . . , n}.

Hibi rings appear naturally in various combinatorial and algebraic con-
texts, for example, in invariant theory.

Let P = {p1, . . . , pn} be a finite poset. A poset ideal I of P is a subset
of P which satisfies the following condition. For every p ∈ I, if q ∈ P and
q ≤ p, then q ∈ I. Let I(P ) be the set of the poset ideals of P. It is easily
seen that I(P ) is a sublattice of the power set of P, hence it is a distributive
lattice. By Birkhoff’s theorem any finite distributive lattice arises in this
way. Let K be a field. Then the Hibi ring over K attached to P is the toric
ring K[I(P )] generated by the set of monomials {xIt : I ∈ I(P )} where
xI =

∏
pi∈I xi. Let T = K[{tI : tI ∈ I(P )}] be the polynomial ring in the

variables tI over K, and ϕ : T → K[I(P )] the K-algebra homomorphism
with tI �→ xIt. One fundamental result concerning Hibi rings is that the
toric ideal LP = Kerϕ has a reduced Gröbner basis consisting of the so-
called Hibi relations:

tItJ − tI∩J tI∪J with I �⊆ J and J �⊆ I.

Hibi showed [Hi87] that any Hibi ring is a normal Cohen–Macaulay domain,
and that it is Gorenstein if and only if the attached poset P is pure, that is,
all maximal chains of P have the same cardinality.

More generally, for any lattice L, not necessarily distributive, one may
consider theK algebraK[L] with generators yα, α ∈ L, and relations yαyβ =
yα∧βyα∨β where ∧ and ∨ denote meet and join in L. Hibi showed that K[L]
is a domain if and only if L is distributive, in other words, if L is an ideal
lattice of a poset.

Hibi ideals were first introduced in [HH05]. To each finite poset P =
{p1, . . . , pn}, one may attach theHibi idealHP as the monomial ideal in the
polynomial ring with 2n indeterminates K[x1, . . . , xn, y1, . . . , yn] generated
by the monomials xIyP\I with I ∈ I(P ). Note that the toric ring generated
over K by these monomials is isomorphic to the Hibi ring attached to P .

We now present the theory of generalized Hibi rings as introduced in
[EHM10].

Let I(P ) be the set of poset ideals of P and r a positive integer. An
r-multichain of I(P ) is a chain of poset ideals of length r,

I : I1 ⊆ I2 ⊆ · · · ⊆ Ir = P.
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We define a partial order on the set Ir(P ) of all r-multichains of I(P ) by
setting I ≤ I ′ if Ik ⊆ I ′k for k = 1, . . . , r. Observe that the partially ordered
set Ir(P ) is a distributive lattice, if we define the meet of I : I1 ⊆ · · · ⊆ Ir
and I ′ : I ′1 ⊆ · · · ⊆ I ′r as I ∩ I ′ where (I ∩ I ′)k = Ik ∩ I ′k for k = 1, . . . , r,
and the join as I ∪ I ′ where (I ∪ I ′)k = Ik ∪ I ′k for k = 1, . . . , r.

With each r-multichain of Ir(P ) we associate a monomial uI in the
polynomial ring S = K[{xij : 1 ≤ i ≤ r, 1 ≤ j ≤ n}] in rn indeterminates
which is defined as

uI = x1J1x2J2 · · ·xrJr ,
where xkJk =

∏
p�∈Jk xk� and Jk = Ik \ Ik−1 for k = 1, . . . , r.

Lemma 6.18. Let I and I ′ be two r-multichains of I(P ). Then

uIuI′ = uI∪I′uI∩I′ .

Proof. Indeed, the equality holds if and only if

xtIt
xtIt−1

·
xtI′t
xtI′t−1

=
xtIt∩I′t

xtIt−1∩I′t−1

·
xtIt∪I′t

xtIt−1∪I′t−1

for t = 1, . . . , r.

In order to see that this identity holds, just observe that

xtIt∩I′t = gcd{xtIt , xtI′t}, xtIt−1∩I′t−1
= gcd{xtIt−1 , xtI′t−1

},
and

xtIt∪I′t =
xtIt · xtI′t

gcd{xtIt , xtI′t}
xtIt−1∪I′t−1

=
xtIt−1 · xtI′t−1

gcd{xtIt−1 , xtI′t−1
} .

�
Theorem 6.19. The set of monomials {uI : I ∈ Ir(P )} ⊂ Srn is sorted
with respect to x11 > x21 > · · · > xr1 > x12 > · · · > xr2 > · · · > x1n > · · · >
xrn.

Proof. Let I, I ′ ∈ Ir(P ) be two r-multichains. We show that, with respect
to the given order of the indeterminates, sort(uI , uI′) = (uI∪I′ , uI∩I′). By
Lemma 6.18, we have uIuI′ = uI∪I′uI∩I′ . Next, we notice that for every 1 ≤
j ≤ n, there exist uniquely determined 1 ≤ k, � ≤ r such that pj ∈ Ik \ Ik−1

and pj ∈ I ′�\I ′�−1. Therefore, x�j and xkj are the unique indeterminates with
second index j which divide the product uIuI′ . If k = �, then obviously xkj
divides uI∪I′ and uI∩I′ . Let k < �. By the definition of the sorting and the
chosen order of indeterminates, the conclusion follows once we show that
xkj |uI∪I′ and x�j |uI∩I′ . Since k < � and pj ∈ Ik, we obtain pj ∈ I� as well.
Therefore, we get pj ∈ (I� ∩ I ′�) \ (I�−1 ∩ I ′�−1) since pj �∈ I ′�−1. We thus
have x�j|uI∩I′ . On the other hand, as pj �∈ I ′�−1 and k < �, it follows that
pj �∈ I ′k−1, thus pj ∈ (Ik ∪ I ′k) \ (Ik−1 ∪ I ′k−1). Therefore, xkj |uI∪I′ and the
proof is completed. �

                

                                                                                                               



112 6. Selected applications in commutative algebra and combinatorics

Let Rr(P ) be the K-subalgebra of S generated by the set {uI : I ∈
Ir(P )}. The ring Rr(P ) is called a generalized Hibi ring. This naming is
justified by the fact that for r = 2 one obtains the classical Hibi ring. Let T
be the polynomial ring over K in the set of indeterminates {tI : I ∈ Ir(P )}.
Furthermore, let ϕ : T → Rr(P ) be the surjective K-algebra homomorphism
with ϕ(tI) = uI for all I ∈ Ir(P ).

By applying Theorem 6.16 and Theorem 6.19 we get the following

Theorem 6.20. The set

G = {tItI′ − tI∪I′tI∩I′ ∈ T : I, I ′ ∈ Ir(P ) incomparable},

is a reduced Gröbner basis of the ideal Lr = Kerϕ with respect to the sorting
order on T induced by x11 > x21 > · · · > xr1 > x12 > · · · > xr2 > · · · >
x1n > · · · > xrn.

Corollary 6.21. For any poset P and all integers r ≥ 1, the toric ring
Rr(P ) is a normal Cohen–Macaulay domain.

It is interesting that the set of binomials which gives the reduced Gröbner
basis of Lr with respect to the sorting order coincides with the reduced
Gröbner basis with respect to the reverse lexicographic order induced by a
total order of indeterminates with the property that I < I ′ implies that
tI > tI′ .

Theorem 6.22. The set

G = {tItI′ − tI∪I′tI∩I′ ∈ T : I, I ′ ∈ Ir(P ) incomparable},

is a reduced Gröbner basis of the ideal Lr = Kerϕ with respect to the reverse
lexicographic order induced by the given order of the variables tI .

Proof. Let
∏q

s=1 tIs −
∏q

s=1 tI′
s
be a primitive binomial in Lr with initial

monomial
∏q

s=1 tIs . We are going to show that there are two indices k and
� such that Ik and I� are incomparable r-multichains of ideals, and that
tIktI� is the leading monomial of tIktI� − tIk∪I�tIk∩I� . This will then show
that G is Gröbner basis of Lr. It is obvious that G is actually reduced.

Suppose to the contrary that I1 ≤ I2 ≤ . . . ≤ Iq. We will show that
I ′
s < Iq for all s. Indeed, since

∏q
s=1 tIs −

∏q
s=1 tI′

s
∈ Lr we see that∏q

s=1 uIs =
∏q

s=1 uI′
s
. It follows that

q∏
s=1

(

�∏
k=1

xkIsk\Isk−1
) =

q∏
s=1

(

�∏
k=1

xkI′sk\I′sk−1
) for all � = 1, . . . , r.

Here Is is the r-multichain of ideals Is1 ⊆ Is2 ⊆ · · · ⊆ Isr = P , and I ′
s the

r-multichain of ideals I ′s1 ⊆ I ′s2 ⊆ · · · ⊆ I ′sr = P .
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Now for all j and k we apply the substitution xkj �→ xj, and obtain

q∏
s=1

xIs� =

q∏
s=1

xI′s� , � = 1, . . . , r,

where xJ =
∏

j∈J xj for J ⊂ [n].

Since I1 ≤ I2 ≤ · · · ≤ Iq, it follows that supp(
∏q

s=1 xIs�) = Iq�. Thus
the equation

∏q
s=1 xIs� =

∏q
s=1 xI′s� implies that xI′s� |xIq� for all � and all s.

It follows that I ′
s ≤ Iq. We cannot have equality, since

∏q
s=1 tIs −

∏q
s=1 tI′

s

is a primitive binomial. This contradicts the fact that
∏q

s=1 tIs is the initial
monomial of

∏q
s=1 tIs −

∏q
s=1 tI′

s
.

Finally, tIktI� is the leading monomial of tIktI� − tIk∪I�tIk∩I� thanks to
the monomial order on T . �

6.4. Gröbner bases for Rees rings

6.4.1. The �-exchange property. This subsection is devoted to the study
of the Gröbner bases of presentation ideals of Rees rings defined by monomial
ideals.

Let I ⊂ S = K[x1, . . . , xn] be a graded ideal. Recall from Example 3.10
that the Rees ring of I = (f1, . . . fm), denoted by R(I), is the graded subring
of S[t] given by

R(I) =
⊕
j≥0

Ijtj = S[f1t, . . . , fmt].

The Rees ring R(I) has the presentation

ϕ : R = S[y1, . . . , ym] −→ R(I),

defined by

xi �→ xi for 1 ≤ i ≤ n and yj �→ fjt for 1 ≤ j ≤ m.

The ideal J = Ker(ϕ) ⊂ S[y1, . . . , ym] is called the presentation ideal of
R(I).

In the following we concentrate on the case that I = (u1, . . . , um) is a
monomial ideal generated in one degree. In this case R is a polynomial
ring which admits a natural bigraded K-algebra structure which is given by
setting deg(xi) = (1, 0) for i = 1, . . . , n and deg(yj) = (0, 1) for j = 1, . . . ,m.

On the other hand, let T = K[y1, . . . , ym] and L be the toric ideal of
K[u1, . . . , um] which is the kernel of the surjective homomorphism

ψ : T → K[u1, . . . , um]

defined by ψ(yi) = ui for all i.
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Notice thatK[u1, . . . , um] is isomorphic to the fiberR(I)/mR(I) ofR(I)
since all generators of I have the same degree. Here m = (x1, . . . , xn) is the
graded maximal ideal of S.

Let < be a monomial order on T . A monomial ya in T is called a
standard monomial of L with respect to <, if it does not belong to the
initial ideal of L.

The following definition appears first in [HHV05].

Definition 6.23. The monomial ideal I satisfies the �-exchange property
with respect to the monomial order < on T , if the following condition is
satisfied: let ya and yb be any two standard monomials of L with respect to
< of the same degree with u = ψ(ya) and v = ψ(yb) satisfying

(i) degxt
u = degxt

v for t = 1, . . . , q − 1 with q ≤ n− 1,

(ii) degxq
u < degxq

v.

Then there exists an integer k, and an integer q < j ≤ n such that xquk/xj ∈
I.

The usefulness of this concept becomes apparent in the next theorem
which is taken from [HHV05].

Let <′ be an arbitrary monomial order on T and <lex the lexicographic
order on S with respect to x1 > · · · > xn. A new monomial order <′

lex is

defined on R as follows: for two monomials xayb and xcyd in R, we set
xayb <′

lex xcyd if and only if (i) xa <lex xc or (ii) xa = xc and yb <′ yd.

Recall that <′
lex is just the product order of <′ and <lex as introduced

in Chapter 2.

Theorem 6.24. Let I = (u1, . . . , um) be a monomial ideal generated in one
degree, satisfying the �-exchange property. Then the reduced Gröbner basis
of the toric ideal J with respect to <′

lex consists of all binomials belonging to
the reduced Gröbner basis of L with respect to <′ together with the binomials

xiyk − xjyl,

where xi > xj with xiuk = xjul and xj is the smallest variable for which
xiuk/xj belongs to I.

Proof. Let G denote the finite set which consists of all binomials belonging
to the reduced Gröbner basis of L with respect to <′ and the binomials
xiyk − xjyl, as described in the theorem.

Our goal is to show that G is a Gröbner basis of J with respect to <
′
lex.

Let f ∈ R be an irreducible binomial belonging to J . If in
<

′
lex

(f) ∈ T ,

then f ∈ J ∩ T = L and in
<

′
lex

(f) is divided by the initial monomial of
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a binomial belonging to the Gröbner basis of L with respect to <′. This
is due to the fact that <

′
lex is an elimination order for x1, . . . , xn. Next,

suppose that in<′
lex

(f) �∈ T and write f = xix
ayb − xjx

a′
yb′

, where xi
is the biggest variable appearing in f and where i < j. We may assume
that yb is a standard monomial of L with respect to <′. We will show that
xiy

b is divided by the initial monomial of a binomial of type xiyk −xjyl, as
described in the theorem.

Replacing yb′
with its standard monomial of L with respect to <′, we

may assume that both yb and yb′
are standard monomials of L with respect

to <′.

Since none of the variables xk with k < i appears in f , it follows that,
for each 1 ≤ k < i, the power of the variable xk appearing in the monomial
u = ψ(yb) is equal to the power of the variable xk appearing in v = ψ(yb′

).
In other words, degxk

u = degxk
v for k = 1, 2, . . . , i− 1. On the other hand,

since the variable xi does not appear in xa′
, we also have degxi

u < degxi
v.

The �-exchange property of I with respect to <′ yields the existence of
integers s and i < � ≤ n such that xi(us/x�) ∈ I. Say, xi(us/x�) = ur. Then
xiys − x�yr ∈ J and its initial monomial divides xiy

b. This shows that G is
indeed a Gröbner basis of J . It is easy to see that it is a reduced Gröbner
basis. �

6.4.2. The Rees ring of generalized Hibi ideals. In this subsection we
use the �-exchange property to compute the Gröbner basis of the presenta-
tion ideal of the Rees ring of generalized Hibi ideals.

The following proposition provides classes of ideals which satisfy the �-
exchange property. To describe the result we need to introduce the following
concept due to M. Kokubo and T. Hibi [KH06].

Definition 6.25. A squarefree monomial ideal I which is generated in one
degree is called weakly polymatroidal with respect to the order x1 > x2 >
· · · > xn of the variables, if for any two generators u = xi1 · · ·xid with
i1 < i2 < · · · < id, and v = xj1 · · ·xjd with j1 < j2 < · · · < jd of I
such that i1 = j1, . . . , it−1 = jt−1 and it < jt, there exists � ≥ t such that
xit(v/xj�) ∈ I.

Now we have

Proposition 6.26. Let I ⊂ K[x1, . . . , xn] be a weakly polymatroidal ideal
which is sortable. Then I satisfies the �-exchange property with respect to
the sorting order.

Proof. Let I = (u1, . . . , um), L the toric ideal of K[u1, . . . , um] and ya

and yb be two standard monomials of L with respect to the sorting order
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satisfying (i) and (ii) of Definition 6.23. Suppose that ψ(ya) = ui1 · · ·uid
and ψ(yb) = uj1 · · ·ujd , and that all pairs (uil , uil′ ) and (ujl , ujl′ ) are sorted.
It follows from (i) that degxt

(uil) = degxt
(ujl) for l = 1, . . . , d and for

t = 1, . . . , q−1, and (ii) implies that there exists 1 ≤ l ≤ d with degxq
(uil) <

degxq
(ujl). Since degxt

(uil) = degxt
(ujl) for t = 1, . . . , q−1 and degxq

(uil) <

degxq
(ujl), and since I is weakly polymatroidal there exists j > q with

xquil/xj ∈ I, as desired. �

Let P be a finite poset and Hr(P ) ⊂ K[{xij : i = 1, . . . , r, j = 1, . . . , n}]
the rth generalized Hibi ideal as introduced in Section 6.3.

Proposition 6.27. The ideal Hr(P ) is weakly polymatroidal with respect to
the order

x11 > x12 > · · · > x1n > x21 > · · · > x2n > · · · > xr1 > · · · > xrn

of the variables.

Proof. Let I : I1 ⊆ I2 ⊆ · · · ⊆ Ir = P and J : J1 ⊆ J2 ⊆ · · · ⊆ Jr = P
be two different chains of poset ideals and uI and uJ the corresponding
generators of Hr(P ). Let k be the first index such that Ik �= Jk, and let
Ik\Ik−1 = {pi1 , . . . , pia} with i1 < i2 < . . . < ia and Jk\Jk−1 = {pj1 , . . . , pjb}
with j1 < j2 < . . . < jb. We may assume that there exists t such that
i1 = j1, . . . , it−t = jt−1 and it < jt. By our assumption on k, there exists
� > k such that pit ∈ J� \ J�−1. It follows that xkit(uJ /x�it) ∈ Hr(P ),
because xkit(uJ /x�it) = uL where L is the chain

J1 ⊆ J2 ⊆ · · · ⊆ Jk ∪ {pit} ⊆ · · · ⊆ J�−1 ∪ {pit} ⊆ J� ⊆ · · · ⊆ Jr = P

of poset ideals of P . This shows that Hr(P ) is indeed weakly polymatroidal.
�

Finally, as a consequence of Theorem 6.19, Proposition 6.27, Proposi-
tion 6.26 and Theorem 6.24 we obtain

Theorem 6.28. Let <′ be the sorting order given by the sorting of the
monomial generators u1, . . . , um of Hr(P ). Then the reduced Gröbner basis
of the presentation ideal of R(Hr(P )) with respect to <′

lex consists of all
binomials belonging to the reduced Gröbner basis of the toric ideal L of the
fiber R(Hr(P ))/mR(Hr(P )) together with the binomials

xiryk − xjsyl,

where xir > xjs with xiruk = xjsul and xjs is the smallest variable for which
xiruk/xjs belongs to Hr(P ).

Corollary 6.29. The Rees ring R(Hr(P )) is Koszul and a normal Cohen–
Macaulay domain.
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Proof. Since the fiber of R(Hr(P )) is generated by a sortable set of mono-
mials, Theorem 6.16 implies that the reduced Gröbner basis of its toric ideal
L is generated by binomials of degree 2 with squarefree leading terms. By
Theorem 6.28, the reduced Gröbner basis of the presentation ideal J of
R(Hr(P )) is composed of the reduced Gröbner basis of L and of binomials
of the type xiryk − xjsyl. Therefore the reduced Gröbner basis J consists of
binomials of degree 2 with squarefree leading terms. Hence the assertions
follow from Theorem 6.7 and Theorem 5.16. �

6.5. Determinantal ideals

This section is based on the paper [HT96] and the article [BC03]. There
the interested reader can find more details related to determinantal ideals
as well as extensions of the results presented here. A classical reference
for determinantal rings are the lecture notes [BV88] by Bruns and Vetter.
Here we approach the theory of determinantal ideals via Gröbner bases. To
compute the Gröbner bases of these ideals we follow the elegant method of
[St90].

6.5.1. Determinantal ideals and their initial ideals. In this section
we compute a Gröbner basis for the ideal of t-minors of an m× n-matrix of
indeterminates. The proof presented here is due to Sturmfels [St90].

Let K be a field and X = (xij) i=1,...,m
j=1,...,n

a matrix of indeterminates. We

denote by K[X] the polynomial ring over K with indeterminates xij .

Let 1 ≤ t ≤ min{m,n} be an integer. We fix two sequences of integers,

1 ≤ a1 < a2 < · · · < at ≤ m and 1 ≤ b1 < b2 < · · · < bt ≤ n,

and consider the determinant

[a1 · · · at|b1 · · · bt] := det

⎛
⎜⎜⎜⎝

xa1b1 xa1b2 . . . xa1bt
xa2b1 xa2b2 . . . xa2bt
...

...
...

xatb1 xatb2 . . . xatbt

⎞
⎟⎟⎟⎠ .

Any such determinant is called a t-minor of X. The ideal generated by all
t-minors of X will be denoted It(X).

There is a natural partial order on the set M(X) of all the minors of X
defined as follows:

[a1 · · · at|b1 · · · bt] ≤ [c1 · · · cs|d1 · · · ds],
if and only if t ≥ s, ai ≤ ci and bi ≤ di for i = 1, . . . , s.

A product of minors δ = δ1δ2 · · · δr with δ1 ≤ δ2 ≤ · · · ≤ δr is called a
standard monomial.
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One calls an array A of positive integers (aij) with 1 ≤ i ≤ r and
1 < j < si such that s1 ≥ s2 ≥ · · · ≥ sr with strictly increasing rows and
nondecreasing columns a standard (Young) tableau. The shape of the
tableau A is the sequence (s1, . . . , sr) and s1 + · · ·+ sr is called its degree.
A bitableau is an ordered pair T = (A,B) of tableaux of same shape, and
we set deg T = degA(= degB).

A standard monomial can be naturally identified with a bitableau. For
example, if δ = δ1δ2δ3 with δ1 = [124|123], δ2 = [13|23] and δ3 = [24|25],
then the bitableau associated with the standard monomial δ is given in
Figure 1.

1 2 4

1 3

2 4

1 2 3

2 3

2 5

Figure 1. A bitableau

The following remarkable fact is a consequence of the straightening law
of Doubilet-Rota-Stein; see for example [BC03] for the proof.

Theorem 6.30. Let t be an integer with 1 ≤ t ≤ min{m,n}. Then the
standard monomials δ = δ1δ2 · · · δr with deg δ1 ≥ t form a K-basis of It(X).

For the computation of a Gröbner basis of It(X) we apply the Knuth-
Robinson-Schensted correspondence. For this purpose we first describe
Schensted’s deletion algorithm applied to a standard tableau A of shape
(s1, . . . , sr): the input of DELETE is a positive integer k ≤ r with sk > sk+1,
the output is an element a of A and a standard tableau B = (bij) of shape
(sl, . . . , sk − 1, . . . , sr).

Set ak = aksk , and for i = k − 1, . . . , 1, let ai be the largest element
≤ ai+1 in the ith row of A. Then a = a1, and the standard tableau B is
obtained from A by replacing ai by ai+1 in the ith row for i = 1, . . . , k − 1
and by deleting the element aksk in the kth row of A.

In order to demonstrate this algorithm we apply DELETE for k = 3 to
the tableau in Figure 2.

The Knuth-Robinson-Schensted correspondence assigns to each standard
bitableau T = (A,B) of degree t a two-line array(

u1, u2, . . . , ut
v1, v2, . . . , vt

)
(6.4)
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1 2 4

3 5

4

1 3 4

4 5=⇒

a3 = 4, a2 = 3, a1 = 2

Figure 2

with u1 ≤ u2 ≤ · · · ≤ ut and vi ≥ vi+1 if ui = ui+1. This assignment is
defined as follows: starting with t we define recursively standard bitableaux
and pairs of integers,

(At, Bt), (At−1, Bt−1), . . . , (A1, B1) and ut, vt, ut−1, vt−1, . . . , u1, v1.

We let (At, Bt) = (A,B). Suppose (Ai, Bi) is already defined. Then let ui
the maximum of the elements in Ai, and s the maximal number with the
property that ui belongs the sth row of Ai. The tableau Ai−1 is obtained
from Ai by removing the element ui form the sth row of Ai. Now we apply
DELETE to Bi for the integer s, which we defined before and obtain vi and
Bi−1 as output.

Applying this recursion to the bitableau (A7, B7) in Figure 1 we obtain
u7 = 4 and s = 3. Now DELETE applied to B7 yields v7 = 3 and the new
bitableau in Figure 3:

1 2 4

1 3

2

1 2 3

2 5

2

(A6, B6)

Figure 3

Proceeding in this way we obtain the two-line array

(
1, 1, 2, 2, 3, 4, 4
2, 2, 5, 1, 2, 3, 3

)
.

We may identify the two-line array (6.4) with the monomial xu1v1 · · ·xutvt .
Thus, since any standard monomial in δ ∈ K[X] can be identified with
a bitableaux (A,B), the Knuth-Robinson-Schensted equivalence defines a
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map, denoted KRS, between the set of standard monomials of K[X] to the
set of monomials of K[X].

Theorem 6.31. The map KRS is a degree preserving bijection between the
set of standard monomials and the set of monomials of K[X].

We still need another important result regarding this correspondence.

Theorem 6.32 (Schensted). Let δ = δ1 · · · δr be a standard monomial and

KRS(δ) =

(
u1, u2, . . . , ut
v1, v2, . . . , vt

)
.

Then deg δ1 is the length of the longest increasing subsequence of v1, v2, . . . , vt.

Now we are ready to compute the Gröbner basis of It(X). For this
purpose we fix a diagonal monomial order, that is, a monomial order <
which selects the diagonal of a minor as its initial term. In other words, if
δ = [a1 · · · at|b1 · · · bt], then

in<(δ) = xa1b1xa2b2 · · ·xatbt .
An example of a diagonal monomial order is the lexicographic order induced
by

x11 > x12 > · · · > x1n > x21 > x22 > · · · > x2n > x31 > x32 > · · · > xmn.

Theorem 6.33. For any diagonal monomial order the set of all t-minors
of X is a Gröbner basis of It(X).

Proof. By Theorem 6.30, the standard monomials δ = δ1δ2 · · · δr with
deg δ1 ≥ t form a K-basis of It(X). Let us denote this set of standard
monomials by Dt. Schensted’s theorem implies that for each δ ∈ Dt, the
monomial KRS(δ) contains as a factor the main diagonal of a t-minor of X.
Therefore, for δ ∈ Dt there exists a t-minor σ such that in<(σ)|KRS(δ).
Thus, if J denotes the ideal generated by the initial monomials of the t-
minors of X, we see that KRS(Dt) ⊂ J ⊂ in<(It(X)).

For a subset S ⊂ K[X] consisting of homogeneous polynomials we denote
by KS the K-vector space spanned by the elements of S. Then KS is a
graded K-vector space, whose ith graded component we denote by (KS)i.
Since (KDt)i = It(X)i, Theorem 6.31 implies that

dimK It(X)i = dimK(K KRS(Dt))i ≤ dimK Ji

≤ dimK in<(It(X))i = dimK It(X)i

for all i. Consequently, HilbS/J(t) = HilbS/ in<(It(X))(t). Thus the desired
conclusion follows from Proposition 4.29. �
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6.5.2. The initial complex of a determinantal ideal. In the previous
subsection we have seen that for any diagonal monomial order < the set of
all t-minors of X is a Gröbner basis of It(X). Hence for such a monomial
order we have

in<(It(X)) = ({xa1b1xa2b2 · · ·xatbt}1≤a1<a2<···<at≤m, 1≤b1<b2<···<bt≤n).

In particular, we see that in<(It(X)) is a squarefree initial ideal. Thus,
identifying the variable xij with the point (i, j) ∈ [m] × [n], we may view
in<(It(X)) as the Stanley–Reisner ideal of a simplicial complex on the vertex
set [m]× [n]. We denote this simplicial complex by Δt, and call it the initial
complex of the determinantal ideal It(X).

To better understand the nature of this complex we start with a very
simple special case, namely the initial complex of the ideal of 2-minors of a
generic m×2-matrix. In this case the vertex set is [m]× [2], and the minimal
nonfaces are the subset of the form {(j, 1), (k, 2)} with 1 ≤ j < k ≤ m.

Figure 4 shows the minimal nonface {(2, 1), (4, 2)} in [5]× [2].

(1, 1)

(5, 2)

Figure 4

Thus, a facet of Δ2 is a maximal subset of [m]×[2] which does not contain any
pair of vertices in a position as indicated in Figure 4. In other words, if F is
a facet of Δ2 and (i, 2), (j, 1) ∈ F, then we must have i ≤ j. It is then obvious
that the facets of Δ2 are the sets Fk = {(1, 2), . . . , (k, 2), (k, 1), . . . , (m, 1)},
k = 1, . . . ,m.

One of the facets of Δ2 in [5]× [2] is shown in Figure 5.

(1, 1)

(5, 2)

Figure 5

We define a partial order on [m]× [n] by setting

(i, j) ≤ (k, l) if i ≤ k and j ≥ l.(6.5)
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With the partial order introduced, the facets of Δ2 are just the maximal
chains of the poset [m]× [2].

We will now study Δt for general t. Note that a t-antichain of [m]× [n]
is a subset {(a1, b1), (a2, b2), . . . , (at, bt)} ∈ [m]× [n] with a1 < a2 < · · · < at
and b1 < b2 < · · · < bt. This shows that the set of t-antichains in [m]× [n]
is in bijection with the minimal set of monomial generators of in<(It(X)),
that is, with the minimal nonfaces of Δt.

Next we will identify the facets of Δt: let Z be a subset of [m]× [n]. We
denote by δ(Z) the set of all elements (i, j) ∈ Z such that there exists no
element (k, l) ∈ Z with the property that k < i and l < j. Obviously, δ(Z)
is a chain of [m] × [n]. An iterated application of the operation Z �→ δ(Z)
yields a chain decomposition as follows:

Z1 = δ(Z),

Zi = δ(Z \
⋃
j<i

Zj), for i > 1.

This decomposition of Z into disjoint sets of chains is obtained by the “light
and shadow” procedure of Viennot, where the source of the light is in (1, 1),
see Figure 6.

(1,1) (1,1)

Figure 6

In the following we call a sequence of points (u1, v1), . . . , (us, vs) in [m]×
[n] a path if (ui − ui−1, vi − vi−1) is equal to either (1, 0) or (0,−1) for all
i = 2, . . . , s. Obviously, a path is a saturated chain of [m]× [n].

Theorem 6.34. A subset F ⊂ [m] × [n] is a facet of Δt, if and only if F
is the family of t− 1 nonintersecting paths from Pr = (r, n) to Qr = (m, r)
for r = 1, . . . , t− 1.

Proof. We first observe that a subset G ⊂ [n] × [m] belongs to Δt if and
only if G does not contain a t-antichain.

Suppose now that F is a family of t − 1 nonintersecting paths from
Pr = (r, n) to Qr = (m, r), r = 1, . . . , t − 1. Since an antichain intersects a
chain in at most one point it follows that F does not contain a t-antichain,
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and hence it is a face of Δt. Suppose F is not a facet. Then there exists a
vertex P = (i, j) �∈ F such that F ∪ {P} is a face of Δt.

Let

C = {(k, l) ∈ [m]× [n] : l − k ≥ n− t+ 1 or k − l ≥ m− t+ 1}.

Figure 7 displays four nonintersecting paths in [10]× [7]. The vertices of C
belong to the upper left and lower right triangles indicated by the dotted
lines.

P1 P2 P3 P4

Q1

Q2

Q3

Q4

Figure 7

Since the vertices of C do not belong to any t-antichain, it follows that
C ⊂ F . In particular, P �∈ C. This implies that the set {(i+k, j+k) : k ∈ Z}
intersects F ∪{P} in t vertices; see Figure 7 where we have chosen P = (7, 5)
and where the dashed line through P indicates the line {(7+k, 5+k) : k ∈ R}
within [10] × [7]. It follows that (F ∪ {P}) ∩ {(i + k, j + k) : k ∈ Z} is a
t-antichain contained in F ∪ {P}, a contradiction.

Conversely, let F be a facet of Δt, and let F =
⋃

r Fr be its decomposi-
tion into disjoint chains. We have Fr = ∅ for r > t− 1, because otherwise F
would contain a t-antichain, which is impossible. Moreover, since C ⊂ F , it
follows that Pr, Qr ∈ Fr for r = 1, . . . , t − 1. Thus it remains to be shown
that the chains Fr are saturated.

If P1 = (a1, b1) and P2 = (a2, b2), then we write P1 ≺ P2, if a1 < a2 and
b1 < b2. We note the following two facts:

(i) if Q′ ∈ Fk, then for each l < k there exists P ′ ∈ Fl with P ′ ≺ Q′;

(ii) if Q′ ∈ Fk and P ′ ≺ Q′, then P ′ �∈ Fk.

For the proof of (i) suppose that there exists an integer l < k such that for
no P ′ ∈ Fl one has P ′ ≺ Q′. Let l be the largest integer with this property.
Then there exists R ∈ Fl+1 with R � Q′ such that for no P ′ ∈ Fl one has

P ′ ≺ R. Therefore there is no vertex T ≺ R with T ∈ F \
⋃l−1

j=1 Fj . By our
definition of chain decompositions it follows that R ∈ Fl, a contradiction.
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In order to prove (ii) assume that P ′ ∈ Fk. Then P ′ ≥ Q′ or P ′ ≤ Q′.
Let P ′ = (a, b) and Q′ = (c, d) with respect to the partial order defined in
(6.5). In the first case we have a ≤ c and b ≥ d, while in the second case
a ≥ c and b ≤ d. However, since P ′ ≺ Q′ we have a < c and b < d, a
contradiction.

Now let P,Q ∈ Fr with Q > P , and let ]P,Q[= {R ∈ [m] × [n] : Q >
R > P}, where < denotes the partial order defined in (6.5). It is enough to
show that if ]P,Q[ �= ∅, then ]P,Q[∩Fr �= ∅.

Let R ∈]P,Q[. If R �∈ F , then

F ∪ {R} = F1 ∪ · · · ∪ Fr−1 ∪ (Fr ∪ {R}) ∪ Fr+1 ∪ · · · ∪ Ft−1

is a decomposition of F into t − 1 chains. Thus F ∪ {R} does not contain
a t-antichain, and hence is a face of Δt, contradicting the fact that F is a
facet of Δt. Thus we may assume that R ∈ F .

Consider first the case that P and Q are in horizontal position, that is,
if P = (a, b) and Q = (c, d), then b = d and a < c. Suppose R ∈ Fs for some
s < r. By (i), there exists T ∈ Fs with T ≺ P . Then T ≺ R, contradicting
(ii), since T and R both belong to Fs. On the other hand, if R ∈ Fs for
some s > r, then there exists T ∈ Fr with T ≺ R. It follows that T ≺ Q,
contradicting the fact that T and Q both belong to Fr. Similarly, one argues
when P and Q are in vertical position.

Now consider the case that c > a and d < b, and let R = (c, b). Suppose
R ∈ Fs for some s < r. Let T ∈ Fs with T ≺ P . Then T ≺ R, in
contradiction to (ii), since T,R ∈ Fs. Finally, suppose that R ∈ Fs for some
s > r. Then there exists T ∈ Fr with T ≺ R. It follows from the choice of
R that P < T < Q. Thus in all cases, we see that ]P,Q[∩Fr �= ∅. �

As a first consequence of Theorem 6.34 we obtain

Theorem 6.35. The determinantal ring K[X]/It(X) is an integral domain
with

dimK[X]/It(X) = (m+ n− t+ 1)(t− 1).

Proof. By Corollary 4.30 and Theorem 5.9 one has

dimK[X]/It(X) = dimK[X]/ in<(It(X))
= dimΔt + 1 = max{|F | : F ∈ Δt}.

Since any path from Pr to Qr has cardinality m + n − (2r − 1), it follows
from Theorem 6.34 that all facets of Δt have cardinality

t−1∑
r=1

(m+ n− (2r − 1)) = (t− 1)(m+ n− t+ 1).
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This yields the desired dimension formula.

In order to see that K[X]/It(X) is a domain, we proceed by induction
on t. The assertion is trivial for t = 1. Now let t > 1; then x1n does not
belong to any diagonal of X. Let < be a diagonal monomial order. Then
Theorem 6.33 implies that x1n does not divide any of the generators of
in<(It(X)). Therefore x1n is a nonzerodivisor on K[X]/ in<(It(X)). Thus
the subsequent lemma implies that x1n is a nonzerodivisor on K[X]/It(X)
as well. It follows that the natural map K[X]/It(X) → (K[X]/It(X))x1n

is injective. This implies that K[X]/It(X) is a domain provided that the
ring (K[X]/It(X))x1n is a domain. That the latter ring is indeed a domain
follows by induction, because

(K[X]/It(X))x1n
∼= (K[Y ]/It−1(Y ))[x11, . . . , x1n, x2n, . . . , xmn][x

−1
1n ],

where Y = (yij) i=2,...,m
j=1,...,n−1

is a matrix of indeterminates. This isomorphism

is induced by the isomorphism of K-algebras

K[X] → K[Y ][x11, . . . , x1n, x2n, . . . , xmn][x
−1
1n ]

given by the substitutions

xij �→ yij + x1jxinx
−1
1n , for i = 2, . . . ,m and j = 1, . . . , n− 1,

xij �→ xij , for i = 1 or j = n.

Indeed, this substitution maps X to a matrix Z from which one obtains the
matrixX ′ with entries x′1n = x1n, x

′
ij = 0 for i = 1 or j = n, and x′ij = yij for

i ≥ 2 and j ≤ n−1 by clearing the last column and first row of Z with x1n as
a pivot element. It follows that for It(Z), which is the image of It(X) under
this substitution, we have It(Z) = x1nIt−1(X

′) = x1nIt−1(Y ) = It−1(Y ). �

Lemma 6.36. Let K be a field, S = K[x1, . . . , xn] the polynomial ring over
K in the indeterminates x1, . . . , xn and I ⊂ S an ideal. Let < be a monomial
order on S and suppose that x1 is a nonzerodivisor on S/ in<(I). Then x1
is a nonzerodivisor on S/I.

Proof. Let x1f ∈ I for some f ∈ S, f �= 0. Then x1 in<(f) ∈ in<(I). Our
assumption implies that there exists g ∈ I such that in<(f) = in<(g). Thus
we may choose a ∈ K \{0} such that in<(h) < in<(f) for h = f−ag. Since
x1h ∈ I, we now may assume, by using induction on the initial monomial,
that h ∈ I. But then f ∈ I, as well. �

We have seen in the proof of Theorem 6.35 that Δt is a pure simplicial
complex. We even have

Theorem 6.37. The simplicial complex Δt is shellable.
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Proof. Let F and G be facets of Δt, and F =
⋃t−1

i=1 Fi and G =
⋃t−1

i=1 Gi

their decomposition into disjoint paths. We set F < G if for all i, Gi is on
the upper right side of Fi. In other words, for all i and all (a, b) ∈ Gi there
exists (c, d) ∈ Fi such that a ≥ c and b ≥ d. We extend this partial order
to a total order of the facets of Δt, and claim that this is a shelling order.
To this end, we have to show that for F < G, there exists P ∈ G \ F and a
facet H < G such that G \H = {P}.

Since F < G, there exists some j such that Fj is not on the upper right
side of Gj . Let i be the smallest integer with this property. Then there
exists an upper corner P = (a, b) of Gi which does not belong to Fi; see
Figure 8. Here we call a point P = (a, b) of a path R an upper corner of R,
if both (a− 1, b) and (a, b− 1) belong to R.

Pi Gi

Fi

P

Qi

Figure 8

Let r be the largest integer such that (a− k, b− k) ∈ G for k = 1, . . . , r.
Then Qk = (a − k, b − k) ∈ Gi−k for k = 1, . . . , r. Set Q0 = P . Then
the desired facet H of Δt is obtained from G by replacing Gi−k by Gi−k \
{Qk}∪{Qk+1} for k = 1, . . . , r− 1, and by letting Hj = Gj for all other Gj .
Figure 9 shows in an example how H arises from G. �

Q0

Q1

Q2

Figure 9
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Theorem 6.37 together with Theorem 5.13 and Corollary 6.9 finally im-
ply

Corollary 6.38. The determinantal ring K[X]/It(X) is Cohen–Macaulay.

6.6. Sagbi bases and the coordinate ring of Grassmannians

6.6.1. Sagbi bases. Sagbi bases, introduced by Robbiano and Sweedler
[RS90] and independently by Kapur and Madlener [KM89], are used to
study subalgebras of polynomial rings. The philosophy is the same as that
for Gröbner bases. By passing from a given subalgebra A of the polynomial
ring S = K[x1, . . . , xn] to the so-called initial algebra of A, one obtains an
algebra in<(A) generated over K by monomials of S. Many good properties
of in<(A), for example, being Cohen–Macaulay, are inherited by A. Since
the structure of in<(A) is usually much simpler than that of A, the study of
the initial algebra of A provides a useful technique for the study of A itself.

The terminology “Sagbi” is the acronym for “Subalgebra analog to
Gröbner bases for ideals”.

Definition 6.39. Let K be a field and A a K-subalgebra of the polynomial
ring S = K[x1, . . . , xn]. Given a monomial order < on S we let in<(A)
be the K-subalgebra of S generated over K by all monomials in<(f) with
f ∈ A. The algebra in<(A) is called the initial algebra of A with respect
to the monomial order <.

A set S ⊂ A is called a Sagbi basis of A with respect to <, if the
elements in<(f) with f ∈ S generate the K-algebra in<(A).

In the following we will always assume that A is a finitely generated
K-algebra. But, in general, this does not imply that in<(A) is finitely
generated, as the following example shows: let A be the subalgebra ofK[x, y]
generated by f1 = x+ y, f2 = xy and f3 = xy2. Let < be a monomial order
with x > y. We show by induction on i that for all i ≥ 0 the monomials xyi

belong to in<(A). This is obviously the case for i = 0, 1, 2. Suppose now
that i > 2, and that xyi−1 ∈ in<(A). Then xyi = f1(xy

i−1) − f2(xy
i−2) ∈

in<(A). (The argument actually show that xyi ∈ A for i > 0.) Since in<(A)
is a monomial subalgebra of K[x, y] containing for all i ≥ 0 the monomial
xyi but no pure power of y, it follows that in<(A) is not finitely generated;
see Problem 6.8.

On the other hand, if in<(A) is finitely generated, then so is A, as follows
from the next result.

Proposition 6.40. Assume that in<(A) = K[in<(f1), . . . , in<(fm)]. Then
A = K[f1, . . . , fm].
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Proof. Let B = K[f1, . . . , fm] and assume that B �= A. Let f ∈ A \ B
with smallest initial monomial. Since in<(f) ∈ in<(A) there exist integers
ai ≥ 0 and c ∈ K, c �= 0, such that in<(f) = c in<(f1)

a1 · · · in<(fm)am .
It follows that g = f − cfa1

1 · · · fam
m ∈ A with in<(g) < in<(f). Thus we

conclude that g ∈ B. But then f ∈ B as well, a contradiction. �

In the case that A is generated by homogeneous polynomials, then A
inherits a natural grading from S by setting Ai = A ∩ Si for all i. In this
situation we have

Proposition 6.41. Let A = K[f1, . . . , fm] be a K-subalgebra of S with the
property that each fi ∈ S is a homogeneous polynomial. Then

HilbA(t) = Hilbin<(A)(t).

In particular, if in<(A) is finitely generated, then A and in<(A) have the
same Krull dimension.

Proof. Given an integer i, and homogeneous polynomials g1, . . . , gr with
leading coefficient 1 such that in<(g1), . . . , in<(gr) is a K-basis of in<(A)i,
then g1, . . . , gr is a K-basis of Ai. Indeed, let g ∈ Ai, g �= 0. Then there
exists c ∈ K such that either g − cgj = 0 or in<(g − cgj) < in<(g). In the
first case, we are done, and in the second case we may assume by an obvious
induction argument that g − cgj ∈

∑r
k=1Kgk. Thus, again, we obtain the

desired conclusion.

These considerations show that HilbA(t) = Hilbin<(A)(t). By [BH98,
Proposition 4.4.1 ] the Krull dimension of a positively graded K-algebra is
the pole order of its Hilbert series at t = 1. This implies the second assertion
of the proposition. �
Remark 6.42. Assume that in the situation of Proposition 6.41, in<(A) is
generated in degree d, then A is generated in degree d, too. Thus we may
consider both algebras to be standard graded, in which case it also follows
directly from our definition of the Krull dimension of a graded module in
Subsection 4.4.6 that dimA = dim in<(A).

A deformation argument as it is used in the proof of Theorem 6.8 shows
that depth in<(A) ≤ depthA. In particular, if in<(A) is Cohen–Macaulay,
then so is A. For details we refer the reader to [BC03, Theorem 3.16].

The following criterion for Sagbi bases is the analogue to the Buchberger
criterion and a variation of the criterion due to Robbiano and Sweedler
[RS90].

Theorem 6.43. Let < be a monomial order on S, f1 . . . , fm polynomials
in S with leading coefficient 1 and A = K[f1, . . . , fm] the K-subalgebra of
S generated by f1 . . . , fm. Let ϕ : R = K[y1, . . . , ym] → A be a presentation
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of A with ϕ(yi) = fi for i = 1, . . . ,m, J = Ker(ϕ) the presentation ideal
of A. Furthermore, let B = K[in<(f1), . . . , in<(fm)] and J0 = Ker(ψ)
where ψ : R = K[y1, . . . , ym] → B is the K-algebra homomorphism with
ψ(yi) = in<(fi) for i = 1, . . . ,m.

Let ya1 − yb1 , . . . ,yar − ybr be a system of binomial generators of the
toric ideal J0. Then f1, . . . , fm is a Sagbi basis of A, if and only if the
relations ya1 −yb1 , . . . ,yar −ybr can be lifted to relations of A, that is, for

each j there exist elements c
(j)
a ∈ K such that

faj − fbj =
∑
a

c
(j)
a fa with in<(f

a) < in<(f
aj ) for all a,(6.6)

where fa = fa1
1 · · · fam

m for a = (a1, . . . , am).

If the equivalent conditions hold, then the polynomials

Gj(y1, . . . , ym) = yaj − ybj −
∑
a

c
(j)
a ya, j = 1, . . . , r,

generate J .

Proof. Suppose that the given set of monomial generators of J0 can be
lifted. We first show that then any other binomial yc−yd in J0 can be lifted.
To this end we give R a Zn-graded structure by setting deg yj = cj where
in<(fj) = xcj . With this grading of R, the ideal J0 is Zn-graded. Thus

yc − yd is a K-linear combination of binomials of the form yg(yaj − ybj )
with degyc = degygyaj . This implies that in<(f

c) = in<(f
g) in<(f

aj ).
Since yaj − ybj can be lifted we have

faj − fbj =
∑
a

c
(j)
a fa with in<(f

a) < in<(f
aj ) for all a.

It follows that yg(yaj − ybj ) is liftable, since

fg(faj − fbj ) =
∑
a

c
(j)
a fgfa with in<(f

gfa) < in<(f
g) in<(f

aj ) = in<(f
c)

for all a.

Now since fc − fd is a K-linear combination of elements of the form
fg(faj − fbj ) and since each of them is a K-linear combination of monomials
in the fi whose initial monomial is less than in<(f

c), it follows that fc − fd

can be expressed in the same way. In other words, yc − yd is liftable.

Now we are going to show that B = in<(A). To this end let h ∈ A,
h �= 0. We have to show that in<(h) ∈ B. Since h ∈ A there exists a
presentation h =

∑
a daf

a with da ∈ K. If in<(f
a) ≤ in<(h) for all a with

da �= 0, then in<(f
a) = in<(h) for some a, and we are done. Otherwise

max{in<(fa) : da �= 0} > in<(h).
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Let a1, . . . , as be the exponents for which in<(f
a) is maximal. Then we

have
∑s

i=1 dai = 0, and hence

s∑
i=1

daif
ai =

s∑
i=2

dai(f
ai − fa1).

Since in<(f
a1) = in<(f

ai), we see that ya1 − yai ∈ J0, and since all the
binomials in J0 can be lifted, it follows that

∑s
i=1 daif

ai can be rewritten as

a K-linear combination L of monomials fb in the fj with

in<(f
b) < max{in<(fa) : da �= 0}.

Hence if we substitute the sum
∑s

i=1 daif
ai , which is part of the sum

∑
a daf

a,
by the linear combination L, we obtain a new presentation h =

∑
a d

′
af

a of
h with

max{in<(fa) : d′a �= 0} < max{in<(fa) : da �= 0}.
An obvious induction argument completes the proof.

Conversely, assume that B = in<(A) and let yc − yd ∈ J0. We want
to show that yc − yd is liftable. Since in<(f

c) = in<(f
d) it follows that

in<(f
c − fd) < in<(f

c). Since B = in<(A), there exists a1 ∈ Nm and
ca1 ∈ K such that

in<(f
a1) = in<(f

c − fd) and in<(f
c − fd − ca1f

a1) < in<(f
a1).

As before we find a2 and ca2 ∈ K such that

in<(f
c − fd − ca1f

a1 − ca2f
a2) < in<(f

a2).

This process must terminate and yields after a finite number of steps the
desired lifting.

Finally, we show that the relations Gj(y1, . . . , ym) generate J . To see
this, let H(y1, . . . , ym) ∈ J with H(y1, . . . , ym) =

∑
a cay

a be an arbitrary
element. By using the fact that H(f1, . . . , fm) = 0, the arguments presented
above which showed that B = in<(A) if the given set of generators can be
lifted, also show that modulo the relations Gj(y1, . . . , ym) the sum

∑
a cay

a

can be rewritten as
∑

a c
′
ay

a such that

max{in<(fa) : c′a �= 0} < max{in<(fa) : ca �= 0}.

Thus arguing by induction the desired conclusion follows. �

6.6.2. The coordinate ring of Grassmannians. Let K be a field and
X = (xij) i=1,...,m

j=1,...,n
a matrix of indeterminates. We denote by K[X] the poly-

nomial ring over K with indeterminates xij , and by A the K-subalgebra of
K[X] generated by all maximal minors of X. Notice that A is the coordinate
ring of Grassmannians of the m-dimensional vector K-subspaces of Kn.
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In this section we want to study A by means of its initial algebra with
respect to the lexicographic order induced by the order of the variables

x11 > x12 > · · · > x1n > x21 > x22 > · · · > xm1 > xm2 > · · · > xmn.

It is convenient to denote the maximal minor of X with columns 1 ≤ a1 <
a2 < · · · < am ≤ n by [a1, . . . , am]. Then

in<[a1, . . . , am] = x1a1x2a2 · · ·xmam .

Let B be the K-algebra generated by the initial monomials of all the maxi-
mal minors of X. Our ultimate goal will be to show that B = in<(A). On
the set L of all maximal minors we define a partial order be setting

[a1, . . . , am] ≤ [b1, . . . , bm] ⇔ ai ≤ bi for all i.

This partially ordered set admits meets and joins; in other words, for any
two elements δ1, δ2 ∈ L there exists a unique smallest element ≥ δ1, δ2, called
the join and denoted by δ1∨δ2, and a unique largest element ≤ δ1, δ2, called
the meet and denoted by δ1 ∧ δ2. In fact, we have

[a1, . . . , am] ∨ [b1, . . . , bm] = [max{a1, b1},max{a2, b2}, . . . ,max{am, bm}]
and

[a1, . . . , am] ∧ [b1, . . . , bm] = [min{a1, b1},min{a2, b2}, . . . ,min{am, bm}].
It is obvious that L is a distributive lattice with meets and joins as described.

An element δ in a distributive lattice is called join irreducible, if it
is different from the unique smallest element in the lattice and cannot be
written as the join of two elements of the lattice which are properly smaller
that δ.

In our lattice L of maximal minors, the join irreducible elements can be
easily identified.

Lemma 6.44. The join irreducible elements of L are

(6.7) δik = [1, 2, . . . , i, i+ 1 + k, i+ 2 + k, . . . ,m+ k]

with i = 0, 1, . . . ,m− 1 and k = 1, . . . , n−m.

Proof. Given an integer 0 ≤ i ≤ m−1, we say that a minor [a1, a2, . . . , am]
has a gap at position i if ai+1−ai > 1 where we have set a0 = 0. Notice that
the minors listed in (6.7) are exactly those which have precisely one gap.
We claim that if [a1, a2, . . . , am] has at least two gaps, say at position i and
position j with i < j, then [a1, a2, . . . , am] is not join irreducible. Indeed,
we have

[a1, a2, . . . , am] = [a1, a2, . . . , ai, ai+1 − 1, ai+2, . . . , am]

∨ [a1, a2, . . . , aj , aj+1 − 1, aj+2, . . . , am].
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This shows that each join irreducible minor is one of the minors listed in
(6.7). Since each of these minors is obviously join irreducible, the desired
conclusion follows. �

Let P be the subposet of L consisting of all join irreducible elements. By
Birkhoff’s theorem the ideal lattice I(P ) of P is isomorphic to L. Figure 10
shows the poset P in the case that m = 3 and n = 5.

• •

•

••

•

[1, 2, 4]

[1, 3, 4]

[2, 3, 4]

[1, 2, 5]

[1, 4, 5]

[3, 4, 5]

Figure 10

For the rest of this section we fix a diagonal monomial order <.

Theorem 6.45. The K-algebra B generated over K by the initial monomi-
als of the maximal minors of X is isomorphic to the Hibi ring attached to
L, that is, B ∼= K[L], and dimB = m(n−m) + 1.

Proof. Let T be the polynomial ring over K in the variables tδ with δ ∈ L,
and let ψ : T → B be the K-algebra homomorphism with ψ(tδ) = in<(δ).
It is easily seen that the so-called Hibi relations

tδ1tδ2 − tδ1∨δ2tδ1∧δ2 , δ1, δ1 ∈ L(6.8)

belong to J = Kerψ. The Hibi relations are exactly the relations of the
Hibi ring K[L]; see [HH10, Theorem 10.1.3]. In particular, they generate a
prime ideal PL. We will show that J = PL, thereby proving the theorem.

Since PL ⊂ J and since both ideals are prime ideals, it will follow that
PL = J , once we have shown that dimB = dimK[L]. The dimension ofK[L]
is known to be 1 plus the cardinality of the underlying poset P (which is the
subposet of join irrreducible elements of L); see [Hi87]. Thus it follows from
Lemma 6.44 and a simple counting argument that dimK[L] = m(n−m)+1.

On the other hand, since B is an affine K-algebra we have dimB =
tr degQ(B)/K, where Q(B) is the quotient field of B and “tr deg” denotes
the transcendence degree of a field extension. Let

T = {in<(δ) : δ ∈ L, δ is joint irreducible} ∪ {x11x22 . . . xmm}.
We now claim that Q(B) = K(T ), and that the set T is algebraically
independent over K. This will then prove that indeed dimB = dimK[L] =
m(n−m) + 1.
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Let ≺ be a total order extending the partial order on L, and let δ ∈ L.
If δ �∈ T , then there exist δ1, δ2 ≺ δ such that δ = δ1 ∨ δ2. Thus

in<(δ) = in<(δ1) in<(δ2) in<(δ1 ∧ δ2)
−1.

Since δ1, δ2, δ1 ∧ δ2 ≺ δ we may assume by induction on the “size” of δ
with respect to ≺ that in<(δ1), in<(δ2), in<(δ1 ∧ δ2) ∈ K(T ). Therefore,
in<(δ) ∈ K(T ). Hence we have shown that in<(δ) ∈ K(T ) for all δ ∈ L.
This shows that Q(B) = K(T ).

In order to see that the monomials in T are algebraically independent
over K, we first notice that

in<(δik) = x11x22 · · ·xiixi+1,i+1+k · · ·xm,m+k.

Thus, if we set x = x11x22 · · ·xmm, then

in<(δik)/x = yik,

where

yik = yi+1,i+1+kyi+2,i+2+k · · · ym,m+k and yjl = xjl/xjj.

It follows that K(T ) = K(Y), where

Y = {yik : i = 0, . . . ,m− 1, k = 1, . . . , n−m} ∪ {x}.
Next we observe that yik/yi+1,k = yi+1,i+1+k, so that the set

V = {yik : i = 1, . . . ,m, k = 1, . . . , n−m} ∪ {x}
generates K(T ) over K.

Consider the semigroup ring R generated over K by the set monomials
V. The exponent vectors in Zm(n−m)+1 of the elements in V are obviously
linearly independent. This implies that R is a polynomial ring. In other
words, the set V is algebraically independent over K. Since |T | = |V|, it
follows that the set T is also algebraically independent over K, as desired.

�

Now we are in the position to prove

Theorem 6.46. The maximal minors of X form a Sagbi basis of A. In
other words, B ∼= in<(A).

Proof. We apply Theorem 6.43 and have to show that the Hibi relations
(6.8) can be lifted. To show this we use the fact the any product of two
incomparable minors can be straightened. This means the following: let
δ1 = [a1, a2 . . . , am] and δ2 = [b1, b2, . . . , bm] be two incomparable minors
(with respect to the partial order given in L). Then δ1δ2 can be written as
a linear combination � of products of minors [c1, c2, . . . , cm][d1, d2, . . . , dm]
satisfying the following condition (∗) (see [BH98, Section 7.1 and 7.2]):
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(1) [c1, c2, . . . , cm] ≤ [d1, d2, . . . , dm] and
[c1, c2, . . . , cm] ≤ [min{a1, b1}, . . . ,min{am, bm}].

(2) The sequence (c1, c2, . . . , cm, d1, d2, . . . , dm) arises from the sequence
(a1, a2 . . . , am, b1, b2, . . . , bm) by a permutation.

For example, if δ1 = [2, 3, 6] and δ1 = [1, 4, 5], then δ1δ2 is a linear combina-
tion of the following products of minors:

[1, 2, 4][3, 5, 6], [1, 2, 3][4, 5, 6], [1, 3, 4][2, 5, 6], [1, 3, 5][2, 4, 6].

Among the potential summands in � we have also (δ1 ∧ δ2)(δ1 ∨ δ2) which in
our example is [1, 3, 5][2, 4, 6]. The crucial fact to observe is that any product
of maximal minors στ satisfying (∗) which is different from (δ1∧ δ2)(δ1∨ δ2)
has the property that in<(στ) < in<(δ1δ2) = in<((δ1∧δ2)(δ1∨δ2)). Indeed,
let k be the integer such that

ci = min{ai, bi} and di = max{ai, bi} for i = 1, . . . , k − 1,

and ck �= min{ak, bk} or dk �= max{ak, bk}. We first notice that due to (2)
and the choice of k the sequence (ck, . . . , cm, dk, . . . , dm) and the sequence
S = (ak, . . . , am, bk, . . . , bm) coincide up to a permutation of their elements.
If ck �= min{ak, bk}, then condition (1) implies that ck < min{ak, bk} which
is impossible because ck ∈ S. Assuming, without loss of generality, that
ak < bk we then have ck = ak and dk �= max{ak, bk}. Suppose that dk <
max{ak, bk}. If dk = ak, we reach a contradiction since ck and dk are
different elements of the sequence S while ak is the unique smallest element
in S. On the other hand, if dk < max{ak, bk} and dk �= ak, there exists j > k
with aj < bk such that dk = aj . It follows that ak+1 ≤ aj < bk < bk+1, so
that min{ak+1, bk+1} = ak+1. This implies that

ak = ck < ck+1 ≤ min{ak+1, bk+1} = ak+1.

It follows that ck+1 = ak+1 since in between ak and ak+1 there is no other
element from the sequence S, and ck+1 belongs to this sequence. Proceeding
in the same way we get

aj−1 = cj−1 < cj ≤ min{aj , bj} = aj .

Thus we deduce as before that cj = aj . Since we also have dk = aj it
follows that aj appears twice in the sequence ck, . . . , cm, dk, . . . , dm which
is a permutation of the sequence S. However, aj appears exactly once in
the sequence (ak, . . . , am) and cannot appear in (bk, . . . , bm) since aj < bk <
· · · < bm.

We conclude that dk > max{ak, bk}. Now, we get

in<((δ1 ∧ δ2)(δ1 ∨ δ2)) = x1,a1x1,b1 · · ·xk−1,ak−1
xk−1,bk−1

xk,akxk,bk · · · ,
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and

in<(στ) = x1,a1x1,b1 · · ·xk−1,ak−1
xk−1,bk−1

xk,akxk,dk · · ·
with dk > bk. This shows that indeed in<(στ) < in<((δ1 ∧ δ2)(δ1 ∨ δ2)).

Since δ1δ2 − � = 0, the initial monomial of δ1δ2 must cancel against the
initial monomial of a summand in �. However, by what we have seen, this
summand can only be (δ1 ∧ δ2)(δ1 ∨ δ2). Thus (δ1 ∧ δ2)(δ1 ∨ δ2) actually
appears in � with coefficient 1. It follows that

δ1δ2 − (δ1 ∧ δ2)(δ1 ∨ δ2) = �′,

where �′ = �−(δ1∧δ2)(δ1∨δ2) is a linear combination of products of maximal
minors στ with in<(στ) < in<(δ1δ2), as desired. �

Corollary 6.47. The coordinate ring A of the Grassmannian of m-dimen-
sional vector K-subspaces of Kn is a Gorenstein ring of dimension

m(n−m) + 1.

Proof. By Corollary 6.29, the Hibi ring B is Cohen–Macaulay. Moreover,
dimB = m(n−m)+1 as shown in Theorem 6.45. Thus by Proposition 6.41
and Remark 6.42 it follows that A is a Cohen–Macaulay ring of dimension
m(n − m) + 1. Hibi showed [Hi87] that a Hibi ring is Gorenstein, if and
only if the underlying poset P is pure, that is, if all maximal chains in P
have the same length. In our case all maximal chains of P have length n−1.
Thus B is Gorenstein, and since B is standard graded it has a symmetric
h-vector. Since B ∼= in<(A) and since by Proposition 6.41, in<(A) and
A have the same Hilbert function, we conclude that the h-vector of A is
symmetric, as well. Since A is a domain, [BH98, Corollary 4.4.6] implies
that A is Gorenstein. �

6.7. Binomial edge ideals

Classically one studies the edge ideal of a graph G on the vertex set [n]
which is generated by all the squarefree monomials xixj ∈ K[x1, . . . , xn]
where {i, j} is an edge of G. Edge ideals were introduced by Villarreal in
[V90] and they have been widely studied since then.

In this section we consider a class of binomial ideals associated with
graphs which is a natural generalization of the ideal of 2-minors of a 2× n-
matrix of indeterminates. They were introduced in [HHHKR10] and ap-
peared independently in [O10]. Our presentation follows [HHHKR10]. In
simple terms, a binomial edge ideal is just an ideal generated by an arbitrary
collection of 2-minors of a 2×n-matrix whose entries are all indeterminates.

Let G be a simple graph on the vertex set [n], that is, without loops
and multiple edges. Let K be a field and S = K[x1, . . . , xn, y1, . . . , yn] the
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polynomial ring in 2n indeterminates. For any 1 ≤ i < j ≤ n, we set
fij = xiyj − xjyi. The binomial edge ideal associated with G is the ideal
JG ⊂ S generated by all the binomials fij where i < j and {i, j} is an
edge of G. In particular, the ideal of 2-minors of a 2 × n-matrix may be
interpreted as the binomial edge ideal of the complete graph on [n]. Note
that if G has an isolated vertex i, that is, there is no edge of G incident to
i, then JG = JG′ , where G′ is the restriction of G to the vertex set [n] \ {i}.

In this subsection we are concerned with the computation of the Gröbner
basis for binomial edge ideals. For this purpose we define the following
notion.

Definition 6.48. Let G be a simple graph G on [n] and let i and j be two
vertices of G with i < j. A path i = i0, i1, . . . , ir = j from i to j is called
admissible if the following conditions are fulfilled:

(i) ik �= i� for k �= �;

(ii) for each k = 1, . . . , r − 1 one has either ik < i or ik > j;

(iii) for any proper subset {j1, . . . , js} of {i1, . . . , ir−1}, the sequence
i, j1, . . . , js, j is not a path in G.

With an admissible path

π : i = i0, i1, . . . , ir = j

from i to j where i < j, we associate the monomial

uπ = (
∏
ik>j

xik)(
∏
i�<i

yi�).

In the next theorem we characterize the Gröbner basis of JG with respect
to the lexicographic order on S with x1 > · · · > xn > y1 > · · · > yn.

Theorem 6.49. The set of binomials

G =
⋃
i<j

{uπfij : π is an admissible path from i to j}

is a reduced Gröbner basis of JG with respect to lexicographic order on S.

Proof. We organize this proof as follows: First we prove that G ⊂ JG.
Then, since G is a system of generators, we show that G is a Gröbner basis
of JG by using Buchberger’s criterion. Finally, in the last step, it is proved
that G is a reduced Gröbner basis.

First Step. We show that, for each admissible path π from i to j, where i < j,
the binomial uπfij belongs to JG. Let π : i = i0, i1, . . . , ir−1, ir = j be an
admissible path in G. We proceed by induction on r. Clearly, the assertion
is true if r = 1. Let r > 1 and A = {ik : ik < i} and B = {i� : i� > j}. One
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has either A �= ∅ or B �= ∅. If A �= ∅, then we set ik0 = maxA. If B �= ∅,
then we set i�0 = minB.

Suppose A �= ∅. It then follows that each of the paths

π1 : ik0 , ik0−1, . . . , i1, i0 = i and π2 : ik0 , ik0+1, . . . , ir−1, ir = j

in G is admissible. Now, the induction hypothesis guarantees that each of
uπ1fik0 ,i and uπ2fik0 ,j belongs to JG. A routine computation says that the

S-polynomial S(uπ1fik0 ,i, uπ2fik0 ,j) is equal to uπfij . Hence uπfij ∈ JG, as
desired.

When B �= ∅, the same argument as in the case A �= ∅ is valid.

Second Step. It will be proven that the set of those binomials uπfij , where
π is an admissible path from i to j, forms a Gröbner basis of JG. In order to
show this we apply Buchberger’s criterion, that is, we show that all S-pairs
S(uπfij , uσfk�), where i < j and k < �, reduce to zero. For this we will
consider different cases.

In the case that i = k and j = �, one has S(uπfij , uσfk�) = 0.

In the case that {i, j} ∩ {k, �} = ∅, or i = �, or k = j, the initial
monomials in<(fij) and in<(fk�) form a regular sequence. Hence the S-
pair S(uπfij , uσfk�) reduces to zero, because of the following more general
fact: let f, g ∈ S such that in<(f) and in<(g) form a regular sequence
and let u and v be any monomials. Then S(uf, vg) reduces to zero; see
Problem 2.17.

It remains to consider the cases that either i = k and j �= � or i �= k
and j = �. Suppose we are in the first case. (The second case can be proved
similarly.) We must show that S(uπfij , uσfi�) reduces to zero. We may
assume that j < �, and must find a standard expression for S(uπfij , uσfi�)
whose remainder is equal to zero.

Let π : i = i0, i1, . . . , ir = j and σ : i = i′0, i
′
1, . . . , i

′
s = �. Then there

exist indices a and b such that

ia = i′b and {ia+1, . . . , ir} ∩ {i′b+1, . . . , i
′
s} = ∅.

Consider the path

τ : j = ir, ir−1, . . . , ia+1, ia = i′b, i
′
b+1, . . . , i

′
s−1, i

′
s = �

from j to �. To simplify the notation we write this path as

τ : j = j0, j1, . . . , jt = �.

Let

jt(1) = min{ jc : jc > j, c = 1, . . . , t }
and

jt(2) = min{ jc : jc > j, c = t(1) + 1, . . . , t }.
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Continuing these procedures yield the integers

0 = t(0) < t(1) < · · · < t(q − 1) < t(q) = t.

It then follows that

j = jt(0) < jt(1) < · · · < jt(q)−1 < jt(q) = �

and, for each 1 ≤ c ≤ t, the path

τc : jt(c−1), jt(c−1)+1, . . . , jt(c)−1, jt(c)

is admissible.

The crucial point of the proof is to show that

S(uπfij , uσfi�) =

q∑
c=1

vτcuτcfjt(c−1)jt(c)

is a standard expression of S(uπfij , uσfi�) whose remainder is equal to 0,
where each vτc is the monomial defined as follows: Let w = yi lcm(uπ, uσ).
Thus S(uπfij , uσfi�) = −wfj�. Then

(i) if c = 1, then

vτ1 =
x�w

uτ1xjt(1)
;

(ii) if 1 < c < q, then

vτc =
xjx�w

uτcxjt(c−1)
xjt(c)

;

(iii) if c = q, then

vτq =
xjw

uτqxjt(q−1)

.

Thus we have to show that

wfj� =
wx�
xjt(1)

fjjt(1) +

q−1∑
c=2

wxjx�
xjt(c−1)

xjt(c)
fjt(c−1)jt(c) +

wxj
xjt(q−1)

fjt(q−1)�

is a standard expression of wfj� with remainder 0. In other words, we must
prove that

(�) w(xjy� − x�yj) =
wx�
xjt(1)

(xjyjt(1) − xjt(1)yj)

+
∑q−1

c=2
wxjx�

xjt(c−1)
xjt(c)

(xjt(c−1)
yjt(c) − xjt(c)yjt(c−1)

)

+
wxj

xjt(q−1)
(xjt(q−1)

y� − x�yjt(q−1)
)

is a standard expression of w(xjy� − x�yj) with remainder 0.
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Since

wxjy� =
wxj

xjt(q−1)

xjt(q−1)
y� >

wxjx�
xjt(q−2)

xjt(q−1)

xjt(q−2)
yjt(q−1)

> · · · >
wxjx�

xjt(1)xjt(2)
xjt(1)yjt(2) >

wx�
xjt(1)

xjyjt(1) ,

it follows that, if the equality (�) holds, then (�) turns out to be a standard
expression of w(xjy� − x�yj) with remainder 0. If we rewrite (�) as

w(xjy� − x�yj) = w(xjx�
yjt(1)
xjt(1)

− x�yj)

+ wxjx�

q−1∑
c=2

(
yjt(c)
xjt(c)

−
yjt(c−1)

xjt(c−1)

)

+ w(xjy� − xjx�
yjt(q−1)

xjt(q−1)

),

then clearly the equality holds.

Third Step. Finally, we show that the Gröbner basis G is reduced. Let uπfij
and uσfk�, where i < j and k < �, belong to G with uπfij �= uσfk�. Let
π : i = i0, i1, . . . , ir = j and σ : k = k0, k1, . . . , ks = �. Suppose that uπxiyj
divides either uσxky� or uσx�yk. Then {i0, i1, . . . , ir} is a proper subset of
{k0, k1, . . . , ks}.

Let i = k and j = �. Then {i1, . . . , ir−1} is a proper subset of the set
{k0, k1, . . . , ks} and k, i1, . . . , ir−1, � is an admissible path. This contradicts
the fact that σ is an admissible path.

Let i = k and j �= �. Then yj divides uσ. Hence j < k. This contradicts
i < j.

Let {i, j} ∩ {k, �} = ∅. Then xiyj divides uσ. Hence i > � and j < k.
This contradicts i < j. �

Corollary 6.50. Every binomial edge ideal is a radical ideal.

Proof. The statement follows immediately by the above theorem and the
next easy lemma. �

Lemma 6.51. Let I ⊂ K[x1, . . . , xn] be a graded ideal which has a squarefree
initial ideal with respect to some monomial order. Then I is a radical ideal.

Proof. Let < be a monomial order on S such that in<(I) is a squarefree

monomial ideal. We have to show that
√
I = I. Let us assume that I �

√
I,

and let us choose a polynomial f ∈
√
I \ I which has the smallest initial

monomial with respect to < among all the homogeneous polynomials in√
I \ I. There exists an integer m ≥ 1 such that fm ∈ I, which implies
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that in<(f
m) = (in<(f))

m ∈ in<(I). Then there exists w, a squarefree
monomial generator of in<(I), which divides (in<(f))

m. It follows that w
divides in<(f) as well. Let g ∈ I be a homogeneous polynomial such that
in<(g) = w. We may choose a suitable term cu with c ∈ K and u a
monomial in S, such that the polynomial f ′ := f − ug has initial monomial
in<(f

′) strictly smaller than in<(f). On the other hand, it is obvious that

f ′ ∈
√
I \ I, a contradiction to the choice of f. �

By applying Theorem 6.49 we may characterize the binomial edge ideals
which have a quadratic Gröbner basis with respect to the lexicographic
order.

Corollary 6.52. Let G be a simple graph on the vertex set [n] with the edge
set E(G), and let < be the lexicographic order on S induced by x1 > · · · >
xn > y1 > · · · > yn. Then the following conditions are equivalent:

(a) The generators fij of JG form a quadratic Gröbner basis.

(b) For all edges {i, j} and {k, �} with i < j and k < �, one has {j, �} ∈
E(G) if i = k and {i, k} ∈ E(G) if j = �.

6.8. Connectedness of contingency tables

6.8.1. Contingency tables and the χ2-statistics. In statistics, a con-
tingency table is often used to record and analyze the relation between
two or more categorical variables. It displays the (multivariate) frequency
distribution of the variables in a matrix format. For example, suppose one
hundred individuals from a large population are randomly sampled to find
out whether there is any correlation between the color of their hair and the
color of their eyes. A contingency table as displayed in Figure 11 records
the result of this sampling.

The sequence of row and column sums is called the marginal distri-
bution of the contingency table.

The question is whether there is any correlation between eye and hair
color. To answer this question we have to decide on some statistical model
(which is our null hypothesis) and to test to what extent the given table fits
this model.

In general a (2-dimensional) contingency table is an m×n-matrix whose
entries are called the cell frequencies. Say that our contingency table
has cell frequencies aij , while our statistical model gives the expected cell
frequencies eij . Then the χ2-statistic of the contingency table is computed
by the formula

χ2 =
∑
i,j

(aij − eij)
2

eij
.
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Blue

Green

Brown

Blonde Red Black Totals

Totals

Eye colors

Hair colors

16 12 5

14 18 8

3 4 20

33 34 33

33

40

27

100

Figure 11

Under the hypothesis of independence and homogeneity of proportions one
has eij = ricj/N where ri =

∑
j aij is the ith row sum, cj =

∑
i aij is the

jth column sum and N =
∑

i ri =
∑

j cj is the total number of samples. In

our example we obtain χ2 = 29.001.

6.8.2. Random walks. Does the value of χ2 tell us that the data given
in the table of Figure 11 fits well our hypothesis of independence and ho-
mogeneity of proportions? One strategy to answering this question is to
compare the χ2-statistic of the given table with a large number of randomly
selected contingency tables with the same marginal distribution. If only a
rather low percentage (which is commonly fixed to be 5 %) of those ran-
domly selected contingency tables has a greater χ2 than that of the given
table, the null hypothesis is rejected.

But how can we produce such random contingency tables with fixed
marginal distribution? We start at the given table A and take random
moves that do not change the marginal distribution. Each single move is
given as follows: choose a pair of rows and a pair of columns at random, and
modify A at the four entries where the selected rows and columns intersect
by adding or subtracting 1 according to the following pattern of signs

+ −
− +

or
− +
+ −

with probability 1/2 each. In this way we obtain a random walk on the set
of contingency tables with fixed marginal distribution.

If the move produces negative entries, discard it and continue by choos-
ing a new pair of rows and columns. We will show below that each table with
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the same marginal distribution can be obtained from A in a finite number of
moves. If A is a contingency table of shape m×n, then the number of possi-
ble moves is

(m
2

)(n
2

)
, which is a rather big number. In practice one obtains a

pretty good selection of randomly selected contingency tables with the same
marginal distribution as that of A which allows us to test the significance of
A, if we restrict the set S of possible moves. For example, one could allow
only moves where the selected rows and columns are consecutive. Another
natural choice for the set of possible moves (studied by Glonek [G87]) is
to allow only moves which involve the first row and first column. We say
that two contingency tables A and B are connected via S, if B can be
obtained from A by a finite number of moves. The question arises how to
decide whether two contingency tables are connected.

By converting the rows of a contingency table of shape m × n to a
vector, we may view it as an element in the set Nm×n of nonnegative integer
vectors. Then the connectedness problem can be rephrased and generalized
as follows: let B be a subset of vectors of Zn. One defines the graph GB
whose vertex set is the set Nn of nonnegative integer vectors. Two vectors
a and c in Nn are connected by an edge of GB if a − c ∈ ±B. Then the
problem we have to deal with is to describe the connected components of
this graph. We say that a and c are connected via B, if they belong to
the same connected component of GB.

Now we arrived at a point where we can use commutative algebra. We
fix a field K and define the binomial ideal

IB = (xb+ − xb−
: b ∈ B) ⊂ K[x1, . . . , xn],

where for a vector a ∈ Zn, the vectors a+, a− ∈ Nn are the unique vectors
with a = a+ − a−.

The crucial observation is the following:

Theorem 6.53. The nonnegative integer vectors a and c are connected via
B if and only if xa − xc ∈ IB.

Proof. Suppose first that a and c are connected via B. Then there exist
b1, . . . ,bm ∈ ±B such that

a+ b1 + b2 + · · ·+ bi ∈ Nn for all i = 1, . . . ,m,

and

c = a+ b1 + b2 + · · ·+ bm.

We show by induction on m that xa − xc ∈ IB. Suppose that m = 1. Then
c = a + b1 ∈ Nn, which implies that supp(b+

1 ) ⊂ supp(c). It follows that
d := a− b−

1 = c− b+
1 ∈ Nn, and hence

xa − xc = xd(xb−
1 − xb+

1 ) ∈ IB.
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Now suppose m > 1 and that the assertion is true for i < m. Since a+ b1

and c are connected via m−1 edges of GB, our induction hypothesis implies
that xa+b1 − xc ∈ IB, and this implies that

xa − xc = (xa − xa+b1) + (xa+b1 − xc) ∈ IB.

Conversely, suppose that xa − xc ∈ IB. Then there exist b1, . . . ,bm ∈
±B and monomials xdi such that

xa − xc =

m∑
i=1

xdi(xb+
i − xb−

i );

see Problem 5.8.

We show by induction on m that a is connected to c via B. If m = 1,

then xa − xc = xd1(xb+
1 − xb−

1 ). Therefore, a = d1 + b+
1 and c = d1 + b−

1 ,
so that

a− b1 = d1 + b+
1 − b1 = d1 + b−

1 = c,

which means that a and c = d1 + b−
1 are connected by the edge −b1. Now

let m > 1. Then there exists an integer i, say i = 1, such that xa = xd1+b+
1 .

It follows that

xd1+b−
1 − xc =

m∑
i=2

xdi(xb+
i − xb−

i ).

Hence our induction hypothesis implies that d1 + b−
1 and c are connected

via B. Since a and d1 + b−
1 are connected by the edge −b1, the desired

conclusion follows. �

As a first consequence we obtain

Corollary 6.54. Let C(m,n) be the set of all contingency tables of shape
m×n, and S the set of all possible moves. Then any two contingency tables
in C(m,n) with the same marginal distribution are connected via S.

Proof. The ideal IS corresponding to the set of moves S is just the ideal
I2(X) of all 2-minors of the matrix X = (xij) i=1,...,m

j=1,...,n
. By Theorem 6.35 we

know that I2(X) is a prime ideal. Hence it follows from Proposition 5.4 that
IS is a lattice ideal of a sublattice L ⊂ Zm×n. The lattice is generated by the
m× n-matrices of integers which correspond to the generators of IS , which
are the 2-minors of X. Thus we see that the generators of L are matrices
whose row and column sums are zero. It follows that all matrices in L have
row and column sums equal to zero. Conversely, any integer m× n-matrix
with row and column sums equal to zero belongs to L; see Problem 6.27.

Now let A and B be two contingency tables with same marginal distri-
bution, and consider the monomial xA − xB . Since A and B have the same
marginal distribution, it follows that A − B is an m× n-matrix of integers
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with row and column sums equal to zero. This implies that xA − xB ∈ IS ,
and the desired conclusion follows from Theorem 6.53. �

6.8.3. Contingency tables of shape 2×n. In Corollary 6.54 we have seen
how powerful Theorem 6.53 is in helping to decide whether two contingency
tables are connected via the set S of all possible moves. In general, however,
if we only allow a restricted proper subset T ⊂ S of moves, then we obtain an
ideal IT which is properly contained in I2(X) and whose structure is much
less understood than that of I2(X). The ideal IT may not be a prime ideal,
and not even a radical ideal; see Problem 6.28. Nevertheless, for contingency
tables of shape 2 × n there is a full-fledged theory, due to the fact that in
this case the ideal IT is nothing but the edge ideal of a suitable graph which
was studied in Section 6.7.

In general we are confronted with the following problem. Given a bi-
nomial ideal I and a binomial f , can we find feasible conditions in terms
of the exponents appearing in f that guarantee that f ∈ I? The following
strategy suggested in [DES98] may be successful in some cases. Write the
given binomial ideal I as an intersection I =

⋂r
k=1 Jk of ideals Jk. Then

f ∈ I if and only if f ∈ Jk for all k. This strategy is useful only if each
of the ideals Jk has a simple structure, so that it is possible to describe
the conditions that guarantee that f belongs to Jk. A natural choice for
such an intersection is a primary decomposition of I. In the case that I is
a radical ideal the natural choice for the ideals Jk are the minimal prime
ideals of I. While the existence of a primary decomposition of an ideal in
a Noetherian ring can easily be shown in a nonconstructive way by using
the ascending chain condition for ideals, it is much harder to give an algo-
rithm which yields a primary decomposition for a given ideal. There exist
several such algorithms (see for example [GTZ88] and [EHV92]), which
are implemented in various computer algebra systems. Here we are dealing
with binomial ideals. In [ES84] it is shown that a binomial ideal has a
primary decomposition in terms of binomial ideals, provided that the base
field is algebraically closed. In this context, a binomial ideal is understood
to contain binomials and monomials. In a special case described below we
give such a primary decomposition.

The binomial edge ideal of a graph is a radical ideal, as we have seen
in Corollary 6.50. Thus if we want to apply the above described strategy
to study connectedness of contingency tables of shape 2×n we are lead to
determine the minimal prime ideals of binomial edge ideals. The description
of the minimal prime ideals of these ideals is taken from [HHHKR10].
Other interesting cases where the minimal prime ideals of a class of binomial
ideals is known in quite explicit terms can be found, for example, in the
papers [HS00], [HS04] and [HH11].
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Let K be a field and R = K[x1, . . . , xn, y1, . . . , yn] the polynomial ring in
2n indeterminates. We consider ideals generated by a given set of maximal
minors of the 2× n-matrix(

x1 x2 . . . xn
y1 y2 . . . yn

)
.

Thus these ideals are generated by polynomials of the form fij = xiyj−xjyi
with 1 ≤ i < j ≤ n. Any such ideal determines in a natural way a unique
simple graph G on the vertex set [n] with {i, j} an edge of G if and only
if fij is the generator of the ideal. The ideal of 2-minors associated with
the graph G is called the binomial edge ideal of G and denoted JG; cf.
Section 6.7

Let G be a simple graph on [n]. For each subset S ⊂ [n] we define
a prime ideal PS(G) ⊂ R. Let T = [n] \ S, and let G1, . . . , Gc(S) be the
connected component of GT . Here GT is the induced subgraph of G whose
edges are exactly those edges {i, j} of G for which i, j ∈ T . For each Gi we

denote by G̃i the complete graph on the vertex set V (Gi). We set

PS(G) = (
⋃
i∈S

{xi, yi}, JG̃1
, . . . , JG̃c(S)

).

Obviously, PS(G) is a prime ideal. In fact, each JG̃i
is the ideal of 2-minors

of a generic 2 × nj-matrix with nj = |V (Gj)|. Since all the ideals JG̃j
, as

well as the ideal (
⋃

i∈S{xi, yi}) are prime ideals in pairwise different sets of
variables, PS(G) is a prime ideal, too.

Lemma 6.55. With the notation introduced we have heightPS(G) = |S| +
(n− c(S)).

Proof. We have

heightPS(G) = height(
⋃
i∈S

{xi, yi}) +
c(S)∑
j=1

heightJG̃j
= 2|S|+

c(S)∑
j=1

(nj − 1)

= |S|+ (|S|+
c(S)∑
j=1

nj)− c(S) = |S|+ (n− c(S)),

as required. Here we used that the ideal of 2-minors of a 2× nj-matrix has
height nj − 1; cf. Theorem 6.35. �

In [ES84] Eisenbud and Sturmfels showed that all associated prime
ideals of a binomial ideal are binomial ideals in the sense that each polyno-
mial generator has at most two terms. In our particular case we have

Theorem 6.56. Let G be a simple graph on the vertex set [n]. Then JG =⋂
S⊂[n] PS(G).
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Proof. It is obvious that each of the prime ideals PS(G) contains JG. We
will show by induction on n that each minimal prime ideal containing JG is
of the form PS(G) for some S ⊂ [n]. Since by Corollary 6.50, JG is a radical
ideal, and since a radical ideal is the intersection of its minimal prime ideals,
the assertion of the theorem will follow.

Let P be a minimal prime ideal of JG. We first show that xi ∈ P if
and only if yi ∈ P . For this part of the proof we may assume that G is
connected. Indeed, if G1, . . . , Gr are the connected components of G, then
each minimal prime ideal P of JG is of the form P1+ · · ·+Pr where each Pi

is a minimal prime ideal of JGi . Thus if each Pi has the expected form, then
so does P . Let T = {xi : i ∈ [n], xi ∈ P, yi �∈ P}. We will show that T = ∅.
This will then imply that if xi ∈ P , then yi ∈ P . By symmetry it then also
follows that yi ∈ P implies xi ∈ P , so that the final conclusion will be that
xi ∈ P if and only yi ∈ P .

We first observe that T �= {x1, . . . , xn}. Because otherwise we would
have JG ⊂ JG̃ � (x1, . . . , xn) ⊂ P , and P would not be a minimal prime
ideal of JG.

Suppose that T �= ∅. Since T �= {x1, . . . , xn}, and since G is connected
there exists {i, j} ∈ E(G) such that xi ∈ T but xj �∈ T . Since xiyj − xjyi ∈
JG ⊂ P , and since xi ∈ P it follows that xjyi ∈ P . Hence since P is a prime
ideal, we have xj ∈ P or yi ∈ P . By the definition of T the second case
cannot happen, and so xj ∈ P . Since xj �∈ T , it follows that yj ∈ P .

Let G′ be the induced subgraph of G with vertex set [n] \ {j}. Then

(JG′ , xj, yj) = (JG, xj , yj) ⊂ P.

Thus P̄ = P/(xj , yj) is a minimal prime ideal of JG′ with xi ∈ P̄ but yi �∈ P̄
for all xi ∈ T ⊂ P̄ . By induction hypothesis, P̄ is of the form PS(G

′) for
some subset S ⊂ [n] \ {j}. This contradicts the fact that T �= ∅.

Now let G be again an arbitrary simple graph. By what we have shown
it follows that there exists a subset S ⊂ [n] such that P = (

⋃
i∈S{xi, yi}, P̄ )

where P̄ is a prime ideal containing no variables. Let G′ be the graph G[n]\S .
Then reduction modulo the ideal (

⋃
i∈S{xi, yi}) shows that P̄ is a binomial

prime ideal JG′ which contains no variables. LetG1, . . . , Gc be the connected
components of G′. We will show that P̄ = (JG̃1

, . . . , JG̃c
). This then implies

that P = (
⋃

i∈S{xi, yi}, JG̃1
, . . . , JG̃c

), as desired.

To simplify notation we may as well assume that P itself contains no
variables and have to show that P = (JG̃1

, . . . , JG̃c
), where G1, . . . , Gc are

the connected components of G. In order to prove this we claim that if i, j
with i < j is an edge of G̃k for some k, then fij ∈ P . From this it will
then follow that (JG̃1

, . . . , JG̃c
) ⊂ P . Since (JG̃1

, . . . , JG̃c
) is a prime ideal
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containing JG, and P is a minimal prime ideal containing JG, we conclude
that P = (JG̃1

, . . . , JG̃c
).

Let i = i0, i1, . . . , ir = j be a path in Gk from i to j. We proceed by
induction on r to show that fij ∈ P . The assertion is trivial for r = 1.
Suppose now that r > 1. Our induction hypothesis says that fi1j ∈ P . On
the other hand, one has xi1fij = xjfii1 + xifi1j . Thus xi1fij ∈ P . Since P
is a prime ideal and since xi1 �∈ P , we see that fij ∈ P . �

Now let G be an arbitrary simple graph. Which of the ideals PS(G) are
minimal prime ideals of JG? The following result helps to find them.

Proposition 6.57. Let G be a simple graph on [n], and let S and T be
subsets of [n]. Let G1, . . . , Gs be the connected components of G[n]\S, and
H1, . . . , Ht the connected components of G[n]\T . Then PT (G) ⊂ PS(G), if
and only if T ⊂ S and for all i = 1, . . . , t one has V (Hi) \ S ⊂ V (Gj) for
some j.

Proof. For a subset U ⊂ [n] we let LU be the ideal generated by the vari-
ables {xi, yi : i ∈ U}. With this notation introduced we have PS(G) =
(LS , JG̃1

, . . . , JG̃s
) and PT (G) = (LT , JH̃1

, . . . , JH̃t
). Hence it follows that

PT (G) ⊂ PS(G), if and only if

T ⊂ S and (LS , JH̃1
, . . . , JH̃t

) ⊂ (LS , JG̃1
, . . . , JG̃s

).

Observe that (LS , JH̃1
, . . . , JH̃t

) = (LS , JH̃′
1
, . . . , JH̃′

t
) where H ′

i = (Hi)[n]\S .

Therefore, PT (G) ⊂ PS(G) if and only if

(LS , JH̃′
1
, . . . , JH̃′

t
) ⊂ (LS , JG̃1

, . . . , JG̃s
)

which is the case if and only if (JH̃′
1
, . . . , JH̃′

t
) ⊂ (JG̃1

, . . . , JG̃s
), because the

generators of the ideals (JH̃′
1
, . . . , JH̃′

t
) and (JG̃1

, . . . , JG̃s
) have no variables

in common with the xi and yi for i ∈ S.

Since V (H ′
i) = V (Hi) \ S, the assertion will follow once we have shown

the following claim: let A1, . . . , As and B1, . . . , Bt be pairwise disjoint sub-
sets of [n]. Then

(JÃ1
, . . . , JÃs

) ⊂ (JB̃1
, . . . , JB̃t

),

if and only if for each i = 1, . . . , s there exists a j such that Ai ⊂ Bj .

It is obvious that if the conditions on the Ai and Bj are satisfied, then
we have the desired inclusion of the corresponding ideals.

Conversely, suppose that (JÃ1
, . . . , JÃs

) ⊂ (JB̃1
, . . . , JB̃t

). Without loss

of generality, we may assume that
⋃t

j=1Bj = [n]. Consider the surjective
K-algebra homomorphism

ε : R → K[{xi, xiz1}i∈B1 , . . . , {xi, xizt}i∈Bt ] ⊂ K[x1, . . . , xn, z1, . . . , zt]
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with ε(xi) = xi for all i and ε(yi) = xizj for i ∈ Bj and j = 1, . . . , t. Then

Ker(ε) = (JB̃1
, . . . , JB̃t

).

Indeed, one may check that the set
⋃t

k=1{xiyj − xjyi : i < j, i, j ∈ Bk} is a
Gröbner basis of Ker(ε) with respect to the lexicographic order induced by
x1 > · · · > xn > y1 > · · · > yn.

Now fix one of the sets Ai and let k ∈ Ai. Then k ∈ Bj for some k.
We claim that Ai ⊂ Bj . Indeed, let � ∈ Ai with � �= k and suppose that
� ∈ Br with r �= j. Since xky� − x�yk ∈ JÃi

⊂ (JB̃1
, . . . , JB̃t

), it follows

that xky� − x�yk ∈ Ker(ε), so that 0 = ε(xky� − x�yk) = xkx�zj − xkx�zr, a
contradiction. �

Let G1, . . . , Gr be the connected components of G. Once we know the
minimal prime ideals of JGi for each i the minimal prime ideals of JG are
known. Indeed, since the ideals JGi are ideals in different sets of variables,
it follows that the minimal prime ideals of JG are exactly the ideals

∑r
i=t Pi

where each Pi is a minimal prime ideal of JGi .

The next result detects the minimal prime ideals of JG when G is con-
nected.

Corollary 6.58. Let G be a connected simple graph on the vertex set [n],
and S ⊂ [n]. Then PS(G) is a minimal prime ideal of JG if and only if
S = ∅, or S �= ∅ and for each i ∈ S one has c(S \ {i}) < c(S).

Proof. Assume that PS(G) is a minimal prime ideal of JG and fix i ∈ S. Let
G1, . . . , Gr be the connected components of G[n]\S . We distinguish several
cases.

Suppose that there is no edge {i, j} of G such that j ∈ Gk for some k. Set
T = S \ {i}. Then the connected components of G[n]\T are G1, . . . , Gr, {i}.
Thus c(T ) = c(S) + 1. However, this case cannot happen, since Proposi-
tion 6.57 would imply that PT (G) ⊂ PS(G).

Next suppose that there exists exactly one Gk, say G1, for which there
exists j ∈ G1 such that {i, j} is an edge of G. Then the connected com-
ponents of G[n]\T are G′

1, G2, . . . , Gr where V (G′
1) = V (G1) ∪ {i}. Thus

c(T ) = c(S). Again, this case cannot happen since Proposition 6.57 would
imply that PT (G) ⊂ PS(G).

It remains the case that there are at least two components, sayG1, . . . , Gk,
k ≥ 2, and j� ∈ G� for � = 1, . . . , k such that {i, j�} is an edge of G. Then
the connected components of G[n]\T are G′

1, Gk+1, . . . , Gr, where V (G′
1) =⋃k

�=1 V (G�) ∪ {i}. Hence, in this case, c(T ) < c(S).

Conversely, suppose that c(S \ {i}) < c(S) for all i ∈ S. We want to
show that PS(G) is a minimal prime ideal of JG. Suppose this is not the
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case. Then there exists a proper subset T ⊂ S with PT (G) ⊂ PS(G). We
choose i ∈ S \ T . By assumption, we have c(S \ {i}) < c(S). The discussion
of the three cases above shows that we may assume that G′

1, Gk+1, . . . , Gr

are the components of G([n]\S)∪{i} where V (G′
1) =

⋃k
�=1 V (G�) ∪ {i} and

where k ≥ 2. It follows that G[n]\T has one connected component H which
contains G′

1. Then V (H) \S contains the subsets V (G1) and V (G2). Hence
V (H)\S is not contained in any V (Gi). According to Proposition 6.57, this
contradicts the assumption that PT (G) ⊂ PS(G). �

In the terminology of graph theory, Corollary 6.58 says that if G is a
connected graph, then PS(G) is a minimal prime ideal of JG, if and only if
each i ∈ S is a cut-point of the graph G([n]\S)∪{i}.

The following example demonstrates Corollary 6.58.

Example 6.59. Consider the path graph G of length 4 as shown in Fi-
gure 12. Then the only subsets S ⊂ [4], besides the empty set, for which

• ••• 3 421

Figure 12

each i ∈ S is a cut-point of the graph G([4]\S)∪{i}, are the sets S = {2} and
S = {3}. Thus

JG = I2(X) ∩ (x2, y2, x3y4 − x4y3) ∩ (x3, y3, x1y2 − x2y1),

where

X =

(
x1 x2 x3 x4
y1 y2 y3 y4

)
.

Next we analyze what it means that a binomial f belongs to a prime
ideal of type PS(G). For that we need the following

Lemma 6.60. Let X1 = (x
(1)
ij ), . . . , Xr = (x

(r)
ij ) be t-row matrices (with

possibly different numbers of columns) in pairwise disjoint sets of variables.
Then the binomial

f =
r∏

k=1

∏
i,j

(x
(k)
ij )a

(k)
ij −

r∏
k=1

∏
i,j

(x
(k)
ij )b

(k)
ij

belongs to I = I2(X1) + I2(X2) + · · ·+ I2(Xr) if and only if∑
j

a
(k)
ij =

∑
j

b
(k)
ij and

∑
i

a
(k)
ij =

∑
i

b
(k)
ij for all k.
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Proof. The ideal I is a binomial prime ideal. Hence by Proposition 5.4, I
is a lattice ideal. In fact, if nk is the number of columns of Xk, then I = IL
where

L ⊂ Zt×n1 × Zt×n2 × · · · × Zt×nr

with L = L1×L2×· · ·×Lr, and Lk ⊂ Zt×nk consists of all integer matrices

(c
(k)
ij ) ⊂ Zt×nk with all row and column sums equal to zero. Here we identify

row-wise the t× nk-matrix (c
(k)
ij ) with the corresponding t× nk-vector.

We may assume that f is primitive. Then f ∈ I if and only if

(a
(1)
ij − b

(1)
ij )× (a

(2)
ij − b

(2)
ij )× · · · × (a

(r)
ij − b

(r)
ij ) ∈ L,

and this is the case if and only for all k, the matrix (a
(k)
ij − b

(k)
ij ) has row and

column sums equal to zero. This yields the desired conclusion. �

Let A = (aij) i=1,2
j=1,...,n

be a 2×n-matrix. The set supp(A) = {(i, j) : aij �=
0} is called the support of A. If T ⊂ [n] we denote by AT the matrix
restricted to T . In other words, AT = (aij)i=1,2, j∈T .

Now we have

Theorem 6.61. Let G be a simple graph on the vertex set [n], and S ⊂ [n].
Let A = (aij) i=1,2

j=1,...,n
and B = (bij) i=1,2

j=1,...,n
be contingency tables. Then the

binomial

f =
n∏

j=1

x
a1j
j y

a2j
j −

n∏
j=1

x
b1j
j y

b2j
j

belongs to PS(G) = (
⋃

i∈S{xi, yi}, JG̃1
, . . . , JG̃c(S)

) if and only if the following

condition (∗) is satisfied:∑
j∈S

(a1j + a2j) ≥ 1 and
∑
j∈S

(b1j + b2j) ≥ 1, or

supp(A − B) ⊂
⋃c(S)

i=1 V (G̃i), and AV (G̃i)
and BV (G̃i)

have equal marginal

distribution for i = 1, . . . , c(S), where G1, . . . , Gc(S) are the connected com-
ponents of G[n]\S.

Proof. Suppose that f ∈ PS(G) and that
∑

j∈S(a1j+a2j) = 0 or
∑

j∈S(b1j+
b2j) = 0. Say,

∑
j∈S(a1j+a2j) = 0 . Then

∑
j∈S(b1j+b2j) = 0, too, because

otherwise it would follow that
n∏

j=1

x
a1j
j y

a2j
j ⊂ (JG̃1

, . . . , JG̃c(S)
)R′,

where R′ is the polynomial ring over K in the variables xj , yj with j �∈ S.
Since P ′ := (JG̃1

, . . . , JG̃c(S)
)R′ is a prime ideal, this would imply that one

of the variables xj or yj with j �∈ S would belong to PS(G), a contradiction.
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It follows that f ∈ P ′. Let f = ug where u is a monomial and g is a
binomial whose monomial terms have greatest common divisor 1. By using
the fact that P ′ is a prime ideal containing no variables we conclude that
g ∈ P ′. Now we apply Problem 5.8 and deduce that g ∈ P ′′ with P ′′ =
(JG̃1

, . . . , JG̃c(S)
)R′′, where R′′ is the polynomial ring over K in the variables

xj , yj with j ∈
⋃c(S)

i=1 V (G̃i). Thus if C = (cij) i=1,2
j=1,...,n

and B = (dij) i=1,2
j=1,...,n

with g =
∏n

j=1 x
c1j
j y

c2j
j −

∏n
j=1 x

d1j
j y

d2j
j , then

supp(A−B) = supp(C −D) ⊂
c(S)⋃
i=1

V (G̃i).

As g ∈ P ′′ it follows from Lemma 6.60 that for i = 1, . . . , c(S) the tables
CV (G̃i)

and DV (G̃i)
have equal marginal distributions. Since there exists a

matrix E such that A = C + E and B = D + E the same holds true for A
and B. Thus condition (∗) follows.

Conversely, suppose that
∑

j∈S(a1j + a2j) ≥ 1 and
∑

j∈S(b1j + b2j) ≥
1. Then f ∈ (

⋃
j∈S{xj , yj}), and hence f ∈ PS(G). On the other hand,

if supp(A − B) ⊂
⋃c(S)

i=1 V (G̃i), and f = ug with u a monomial and g a
binomial as in the first part of the proof, then the condition that AV (G̃i)

and

BV (G̃i)
have equal marginal distribution for i = 1, . . . , c(S) together with

Lemma 6.60 guarantee that g ∈ P ′′, so that f ∈ PS(G). �

Now we are in the position to give numerical conditions for two contin-
gency tables of shape 2× n to be connected via a given set of moves.

Corollary 6.62. Let A and B be contingency tables with equal marginal
distribution. Furthermore, let S be a set of moves and IG the binomial edge
ideal whose binomial generators correspond to the moves in S. Then A and
B are connected via S, if and only if for each subset S ⊂ [n] for which each
j ∈ S is a cut-point of G([n]\S)∪{j} the contingency tables A and B satisfy
condition (∗) of Theorem 6.61.

Proof. By Theorem 6.53 we have to show that the binomial f which is
associated to the pair (A,B) of contingency tables belongs to IG. Since
by Corollary 6.50 the ideal IG is a radical ideal it follows that f ∈ IG if
and only if f belongs to all minimal prime ideals of IG. By Corollary 6.58
these are exactly the prime ideals PS(G) where each j ∈ S is a cut-point of
G([n]\S)∪{j}. What it means that f belongs to such a prime ideal is described
in Theorem 6.61. Thus the assertion follows. �

                

                                                                                                               



152 6. Selected applications in commutative algebra and combinatorics

Example 6.63. Let A = (aij) and B = (bij) be two contingency tables of
shape 2× 4. Let S be the set of adjacent moves(

1 −1 0 0
−1 1 0 0

)
,

(
0 1 −1 0
0 −1 1 0

)
,

(
0 0 1 −1
0 0 −1 1

)
.

Then we deduce from Example 6.59 and Corollary 6.62 that A and B are
connected via S if and only if the following conditions are satisfied:

(a)
∑4

j=1 aij =
∑4

j=1 bij for i = 1, 2;

(b) a1j + a2j = b1j + b2j for j = 1, 2, 3, 4;

(c) either a12 + a22 ≥ 1 and b12 + b22 ≥ 1, or aij = bij for i, j ≤ 2, and
a13 + a14 = b13 + b14 and a23 + a24 = b23 + b24;

(d) either a13 + a23 ≥ 1 and b13 + b23 ≥ 1, or aij = bij for i, j ≥ 3, and
a11 + a12 = b11 + b12 and a21 + a22 = b21 + b22.

Problems

Problem 6.1. Let f1, . . . , fm ∈ S be a regular sequence, and let

ε :
m⊕
i=1

Sei → (f1, . . . , fm)

the S-module homomorphism with ε(ei) = fi for i = 1, . . . ,m. Show that
Ker ε is generated by the elements fiej − fjei with i < j.

Problem 6.2. Let R be a hypersurface ring, that is, a ring of the form
R = S/(f) where f ∈ (x1, . . . , xn)

2 is a homogeneous polynomial. Show
that R is Koszul if and only if f is of degree 2.

Problem 6.3. By using Proposition 6.2 and the result of Problem 6.2 com-
pute the Poincaré series of a hypersurface ring.

Problem 6.4. Prove that a hypersurface ring R = S/(f) where f is a
quadratic binomial is strongly Koszul.

Problem 6.5. Show that the 2-squarefree Veronese subalgebra of S =
K[x1, x2, x3, x4] is strongly Koszul.

Problem 6.6. Let u1, . . . , um ∈ S = K[x1, . . . , xn] be monomials of same
degree d and R = K[u1, . . . , um] the toric ring endowed with the standard
grading given by Ri = R ∩ Sdi for i ≥ 0. Show that R is strongly Koszul if
and only if the ideals (ui)∩ (uj) of R are generated in degree 2 for all i �= j.

Problem 6.7. Let R be the 2-squarefree Veronese subalgebra of S =
K[x1, x2, x3, x4, x5]. Show that R is Koszul, but not strongly Koszul.
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Problem 6.8. Let A ⊂ K[x, y] be a monomial subalgebra of K[x, y] con-
taining the set of monomials M = {xyi : i ≥ 0} but no pure power of y.
Show that M is part of any minimal set of generators of A.

Problem 6.9. Let B ⊂ S = K[x1, . . . , xn] be a sortable set of monomials
and s = (s1, . . . , sn) an element in Nn. Show that the set

Bs = {xa11 · · ·xann ∈ B : a1 ≤ s1, . . . , an ≤ sn}.
is also sortable.

Problem 6.10. Let L ⊂ S = K[x1, . . . , xn] be a set of monomials of degree
d. The set L is called an initial lexsegment if for all u ∈ L and monomials
v ∈ Sd with v >lex u it follows that v ∈ L. Show that initial lexsegments
are not always sortable and characterize those which are sortable.

Problem 6.11. By analyzing carefully the arguments in the proof of The-
orem 6.17, show that the toric ideal of the squarefree Veronese algebra has
a squarefree initial ideal with respect to the reverse lexicographic order.

Problem 6.12. Let P be a finite poset and Ir(P ) the distributive lattice
of r-multichains of poset ideals of P , as defined in Subsection 6.3. Let Qr−1

be the poset of the integers 1 ≤ i ≤ r − 1 equipped with the natural order.
Then P×Qr−1 is again a poset with the partial order defined componentwise.
Show that the distributive lattice Ir(P ) can be naturally identified with the
distributive lattice I(P ×Qr−1) of poset ideals of P ×Qr−1.

Problem 6.13. A finite poset P is called pure if all maximal chains in P
have the same length. A well-known theorem of Hibi [Hi87] says that the
Hibi ring attached to a poset P is Gorenstein if and only if P is pure. Use
this fact and Problem 6.12 to deduce that for any given integer r ≥ 2 one
has that R2(P ) is Gorenstein if and only if Rr(P ) is Gorenstein.

Problem 6.14. Let K be a field, S = K[x1, x2] the polynomial ring over K
in two variables with graded maximal ideal m = (x1, x2). Given an integer
k ≥ 1, compute the presentation ideal of the Rees ring R(mk).

Problem 6.15. Let K be a field, S = K[x1, x2, . . . , xn] the polynomial ring
in n variables over the field K and I = (x21, x

2
2, . . . , x

2
n) ⊂ S. Compute the

presentation ideal of the Rees ring R(I).

Problem 6.16. Let K be a field, S = K[x1, x2, . . . , xn] the polynomial ring
in n variables over the field K and m = (x1, . . . , xn) the graded maximal
ideal of S. Show that the presentation ideal of the Rees ring R(m) can be
interpreted as the ideal I2(X) of 2-minors of a suitable 2×n-matrix. Deduce
from this fact that R(m) is Cohen–Macaulay. What is the dimension of
R(m)?
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Problem 6.17. Let K be a field, X = (xij) an m × n-matrix of inde-
terminates with m ≤ n and Im(X) ⊂ K[X] the ideal of maximal minors
of X. Consider the ideal J generated by the elements xij with i > j or
j ≥ i +m together with the elements x1j − xi,j+i−1 with i = 1, . . . ,m and
j = 1, . . . ,m. Show that (K[X]/Im(X))/J(K[X]/Im(X)) ∼= T/mm, where
T = K[x11, . . . , x1m] and m = (x11, . . . , x1m) is the graded maximal ideal of
T . Conclude that J is generated by a regular sequence of linear forms.

Problem 6.18. Let K be a field, X = (xij) an m× n-matrix of indetermi-
nates and fix a diagonal monomial order < on K[X]. Compute the minimal
prime ideals of in<(It(X)) in the case that m = n− 1 and in the case that
m = 2 and n is arbitrary. How many minimal prime ideals does one have in
each of these cases?

Problem 6.19. Let K be a field, X = (xij) an m × n-matrix of indeter-
minates, and let A be the K-subalgebra of K[X] generated by the maximal
minors of X. Show that A is isomorphic to a polynomial ring if and only if
m = 1, m = n or m = n− 1.

Problem 6.20. Let K be a field, X = (xij) an m× n-matrix of indetermi-
nates and fix a diagonal monomial order < on K[X], and let A be the K-
algebra generated by the maximal minors of X. According to Theorem 6.45
the initial algebra B = in<(A) is isomorphic to a Hibi ring attached to a
suitable poset. In the case that m = 2 and n ≥ 2 is arbitrary, determine
this poset and compute the Hilbert series of A.

Problem 6.21. Let K be a field and A the algebra generated by the 2× 2-
minors of the matrix

X =

(
x1 x2 x3 x4 y1
x2 x3 x4 x5 y2

)
.

Show that the 2 × 2-minors generating A do not form a Sagbi basis of X
with respect to the lexicographic order induced by x1 > x2 > x3 > x4 >
x5 > y1 > y2, while the 2× 2-minors of the matrix

X =

(
x1 x2 x3 x4
x2 x3 x4 x5

)

form a Sagbi basis of the algebra they generate with respect to the lexico-
graphic order induced by x1 > x2 > x3 > x4 > x5.

Problem 6.22. Let A be a K-subalgebra of the polynomial ring S =
K[x1, . . . , xn] and {f1, . . . , fn} a Sagbi basis of A with respect to a monomial
order < . Prove that if in<(f1), . . . , in<(fm) are algebraically independent
over K, then f1, . . . , fm are algebraically independent over K too.
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Problem 6.23. Let G be a simple graph on the set [n]. With an admissible
path

π : i = i0, i1, . . . , ir = j

where i < j, we associate the monomial

vπ = (
∏
ik<i

xik)(
∏
i�>j

yi�).

Show that the set of binomials

G =
⋃
i<j

{vπfij : π is an admissible path from i to j}

is a reduced Gröbner basis of JG with respect to reverse lexicographic order
on S where x1 > · · ·xn > y1 > · · · > yn.

Problem 6.24. Compute the reduced Gröbner basis with respect to (re-
verse) lexicographic order with x1 > · · · > xn > y1 > · · · > yn for the
binomial edge ideal JG where G is:

(a) the graph with edge set {{1, j} : 2 ≤ j ≤ n};
(b) an n-cycle with edge set {{1, 2}, {2, 3}, . . . , {n− 1, n}, {n, 1}}.

Problem 6.25. Let G be the graph displayed in Figure 13. Show that there
exists a labeling of its vertices such that the corresponding binomial edge
ideal JG has a quadratic Gröbner basis with respect to the lexicographic
order induced by the natural order of the indeterminates.

•

•

•

•
Figure 13

Problem 6.26. Let G be the graph displayed in Figure 14. Show that for
any labeling of its vertices, the corresponding binomial edge ideal JG does
not have a quadratic Gröbner basis with respect to the lexicographic order
induced by the natural order of the indeterminates.

•

•
•

•

• •
Figure 14
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Problem 6.27. Let A be an m×n-matrix of integers with row and column
sums equal to zero. Show that A belongs to the sublattice of Zm×n which
is generated by the matrices of the form D = (dij), where for some integers
1 ≤ i1 < i2 ≤ m and 1 ≤ j1 ≤ j2 ≤ n one has di1,j1 = di2,j2 = 1,
di1,j2 = di2,j1 = −1 and dij = 0 otherwise.

Problem 6.28. Consider the matrix

X =

⎛
⎝ x11 x12 x13

x21 x22 x23
x31 x32 x33

⎞
⎠ ,

and let I be the ideal generated by the following minors:

x11x22 − x12x21, x12x23 − x13x22, x21x32 − x22x31, x22x33 − x23x32

of X. Show that f = x13x21x32 − x11x22x33 �∈ I but f2 ∈ I. In particular,
I is not a radical ideal.

Problem 6.29. Let G be a cycle of length n. Determine the minimal prime
ideals of JG.

Problem 6.30. Describe the conditions for two contingency tables of shape
2 × 4 to be connected via the moves which correspond to the binomial
generators of the binomial edge ideal of a cycle of length 4. How many
connected components of contingency tables do we have in this example?

                

                                                                                                               



Bibliography

[AL94] W. W. Adams, P. Loustaunau, An Introduction to Gröbner bases, Amer. Math.
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minimal, 71

generalized Hibi rings
Cohen-Macaulay property of, 112
normality of, 112

Gordan’s lemma, 92
Gröbner basis, 20, 55

of toric ideal, 87
graded

K-algebra, 69
ideal, 4
monomial order, 41

graph
bipartite, 95
complete, 95
connected, 95
connected component of, 95
cut-point of, 149
restriction of, 95
simple, 94

Hibi
ideal, 110
relations, 110
ring, 110

generalized, 112
Hilbert

function, 74
series, 74

of a simplicial complex, 89
Hilbert’s basis theorem, 5
Hilbert’s Nullstellensatz

Strong, 43
Weak, 42

Hilbert’s syzygy theorem, 68
Hochster, 94
homogeneous, 4

component, 4
homogenization, 103

of a polynomial, 40
of an ideal, 40

homomorphism, 52, 69
homogeneous, 70

ideal, 4
determinantal, 117

K-basis of, 118
Gröbner basis of, 120

maximal, 6
of initial forms, 47
prime, 6
quotient, 6, 11, 35

weakly polymatroidal, 115
zero-dimensional, 44

image, 53
initial

algebra, 127
complex, 121
degree, 69
form, 47
ideal, 19
lexsegment, 153
module, 55
monomial, 18, 55

integral closure, 91
isomorphism, 53

join, 131
irreducible, 131

kernel, 4, 53
Knuth-Robinson-Schensted

correspondence, 118
Koszul algebra, 99

strongly, 101
Krull dimension, 74

lattice, 86
lattice ideal, 86
leading

coefficient, 18, 55
term, 18, 55

lexicographic order, 16, 54
lexsegment, 31
light and shadow, 122
linear resolution, 73
Loewy length, 31

Macaulay’s theorem, 20
marginal distribution, 140
marked coherently, 108
meet, 131
minimal set of generators, 9
module, 51

Cohen-Macaulay, 75
factor, 51
free, 52
Gorenstein, 75
graded, 69
linear, 101
relation, 54
syzygy, 59

monomial, 1, 54
ideal, 8
module, 54
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order, 16, 54
diagonal, 120

monomorphism, 53
multichain, 110
multiplicity, 74

Nakayama’s lemma, 70
nilpotent element, 48
normal

domain, 91
semigroup, 91

normal semigroup rings, 91
Cohen-Macaulay property of, 94

normalization, 91
numerical semigroup, 98

partial order, 15
path, 95, 122

admissible, 136
Poincaré series, 99
polynomial, 1

ring, 1
poset ideal, 110
position over coefficient, 54
presentation ideal, 38, 113
product

of ideals, 6
order, 17

projective dimension, 73
pure

lexicographic order, 17
poset, 110, 153

radical, 7
ideal, 7, 12
membership, 37

rank, 52
rational cone, 92
reduced Gröbner basis, 29
Rees ring, 38, 113
regularity, 73
relations, 59
remainder, 22, 56
representative, 7, 51
residue class, 7, 51

rings, 7
reverse lexicographic order, 17, 54

Sagbi basis, 127
saturated, 6
saturation, 6

with respect to, 36
Schensted, 120

Schreyer, 67
semigroup ring, 84
shape of a tableau, 118
simplex, 88
simplicial complex, 88

Cohen-Macaulay, 90
dimension of, 88
face of, 88
facet of, 88
nonface of, 88
pure, 88
shellable, 90, 125

sortable set, 105
sorting, 105

operator, 105
order, 108
step, 106

squarefree
monomial, 11

ideal, 11
vector, 78

standard
expression, 22, 56
graded, 69
monomial, 114, 117
tableau, 118

Stanley-Reisner
ideal, 88
ring, 88

straightening law, 118
Sturmfels, 94, 105, 117
subalgebra membership, 39
submodule, 51

graded, 70
substitution homomorphism, 3
sum

direct, 80
of ideals, 6
of modules, 80

support, 2
system of generators, 52
syzygy theorem, 66

tangent cone, 47
term, 2
toric ideal, 84
total order, 16
type, 75

universal mapping property, 3

Veronese type algebra, 105
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walk, 94
closed, 95
even, 95
odd, 95
primitive, 95

weight vector, 18

Young tableau, 118
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This book provides a concise yet comprehensive and self-contained introduction 
to Gröbner basis theory and its applications to various current research topics in 
commutative algebra. It especially aims to help young researchers become acquainted 
with fundamental tools and techniques related to Gröbner bases which are used in 
commutative algebra and to arouse their interest in exploring further topics such as 
toric rings, Koszul and Rees algebras, determinantal ideal theory, binomial edge ideals, 
and their applications to statistics.

The book can be used for graduate courses and self-study. More than 100 problems 
will help the readers to better understand the main theoretical results and will 
inspire them to further investigate the topics studied in this book.
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