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Preface

We wrote this book with two goals in mind:
(i) To give a leisurely and fairly comprehensive introduction to the definition
and construction of Grobner bases;
(ii) To discuss applications of Grébner bases by presenting computational
methods to solve problems which involve rings of polynomials.
This book is designed to be a first course in the theory of Grobner bases suitable
for an advanced undergraduate or a beginning graduate student. This book is
also suitable for students of computer science, applied mathematics, and engi-
neering who have some acquaintance with modern algebra. The book does not
assume an extensive knowledge of algebra. Indeed, one of the attributes of this
subject is that it is very accessible. In fact, all that is required is the notion of the
ring of polynomials in several variables (and rings in general in a few places, in
particular in Chapter 4) together with the ideals in this ring and the concepts of
a quotient ring and of a vector space introduced at the level of an undergraduate
abstract and linear algebra course. Except for linear algebra, even these ideas
are reviewed in the text. Some topics in the later sections of Chapters 2, 3, and 4
require more advanced material. This is always clearly stated at the beginning of
the section and references are given. Moreover, most of this material is reviewed
and basic theorems are stated without proofs.

The book can be read without ever “computing” anything. The theory stands
by itself and has important theoretical applications in its own right. However,
the reader will not fully appreciate the power of, or get insight into, the methods
introduced in the book without actually doing some of the computations in the
examples and the exercises by hand or, more often, using a Computer Algebra
System (there are over 120 worked-out examples and over 200 exercises). Com-
puting is useful in producing and analyzing examples which illustrate a concept
already understood, or which one hopes will give insight into a less well under-
stood idea or technique. But the real point here is that computing is the very
essence of the subject. This is why Grébner basis theory has become a major
research area in computational algebra and computer science. Indeed, Grobner
basis theory is generating increasing interest because of its usefulness in pro-
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viding computational tools which are applicable to a wide range of problems in
mathematics, science, engineering, and computer science.

Grobner bases were introduced in 1965 by Bruno Buchberger! [Bu65]. The
basic idea behind the theory can be described as a generalization of the theory
of polynomials in one variable. In the polynomial ring k[z], where k is a field,
any ideal I can be generated by a single element, namely the greatest common
divisor of the elements of I. Given any set of generators {fi,...,fs} C k[z]
for I, one can compute (using the Euclidean Algorithm) a single polynomial
d=gcd(fi1,..., fs) suchthat I = (fy,..., fs) = (d). Then a polynomial f € k[z]
is in I if and only if the remainder of the division of f by d is zero. Groébner
bases are the analog of greatest common divisors in the multivariate case in the
following sense. A Grobner basis for an ideal I C k[zy,... ,z,] generates I and
a polynomial f € k[z,,... ,Z,] is in I if and only if the remainder of the division
of f by the polynomials in the Grébner basis is zero (the appropriate concept of
division is a central aspect of the theory).

This abstract characterization of Grébner bases is only one side of the theory.
In fact.it falls far short of the true significance of Grobner bases and of the
real contribution of Bruno Buchberger. Indeed, the ideas behind the abstract
characterization of Grobner bases had been around before Buchberger’s work.
For example, Macaulay [Mac] used some of these ideas at the beginning of
the century to determine certain invariants of ideals in polynomial rings and
Hironaka [Hil, in 1964, used similar ideas to study power series rings. But the
true significance of Grébner bases is the fact that they can be computed. Bruno
Buchberger’s great contribution, and what gave Grébner basis theory the status
as a subject in its own right, is his algorithm for computing these bases.

Our choice of topics is designed to give a broad introduction to the elemen-
tary aspects and applications of the subject. As is the case for most topics in
commutative algebra, Grébner basis theory can be presented from a geometric
point of view. We have kept our presentation algebraic except in Sections 1.1
and 2.5. For those interested in a geometric treatment of some of the theory we
recommend the excellent book by D. Cox, J. Little and D. O’Shea [CLOS]. The
reader who is interested in going beyond the contents of this book should use our
list of references as a way to access other sources. We mention in particular the
books by T. Becker and V. Weispfenning [BeWe| and by B. Mishra [Mi] which
contain a lot of material not in this book and have extensive lists of references
on the subject.

Although this book is about computations in algebra, some of the issues which
might be of interest to computer scientists are outside the scope of this book.
For example, implementation of algorithms and their complexity are discussed
only briefly in the book, primarily in Section 3.3. The interested reader should
consult the references.

1'Wolfgang Grobner was Bruno Buchberger’s thesis advisor.
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In Chapter 1 we give the basic introduction to the concept of a Grobner basis
and show how to compute it using Buchberger’s Algorithm. We are careful to
give motivations for the definition and algorithm by giving the familiar examples
of Gaussian elimination for linear polynomials and the Euclidean Algorithm for
polynomials in one variable. In Chapter 2 we present the basic applications to
algebra and elementary algebraic geometry. We close the chapter with three
specialized applications to algebra, graph theory, and integer programming. In
Chapter 3 we begin by using the concept of syzygy modules to give an improve-
ment of Buchberger’s Algorithm. We go on to show how to use Grobner bases to
compute the syzygy module of a set of polynomials (this is solving diophantine
equations over polynomial rings). We then develop the theory of Grobner bases
for finitely generated modules over polynomial rings. With these, we extend
the applications from the previous chapter, give more efficient methods for com-
puting some of the objects from the previous chapter, and conclude by showing
how to compute the Hom functor and free resolutions. In Chapter 4 we develop
the theory of Grébner bases for polynomial rings when the coefficients are now
allowed to be in a general Noetherian ring and we show how to compute these
bases (given certain computability conditions on the coefficient ring). We show
how the theory simplifies when the coefficient ring is a principal ideal domain.
We also give applications to determining whether an ideal is prime and to com-
puting the primary decomposition of ideals in polynomial rings in one variable
over principal ideal domains.

We give an outline of the section dependencies at the end of the Preface.
After Chapter 1 the reader has many options in continuing with the rest of the
book. There are exercises at the end of each section. Many of these exercises
are computational in nature, some doable by hand while others require the use
of a Computer Algebra System. Other exercises extend the theory presented in
the book. A few harder exercises are marked with (*).

This book grew out of a series of lectures presented by the first author at the
National Security Agency during the summer of 1991 and by the second author
at the University of Calabria, Italy, during the summer of 1993.

We would like to thank many of our colleagues and students for their helpful
comments and suggestions. In particular we would like to thank Beth Arnold,
Ann Boyle, Garry Helzer, Karen Horn, Perpetua Kessy, Lyn Miller, Alyson
Reeves, Elizabeth Rutman, Brian Williams, and Eric York. We also want to
thank Sam Rankin, Julie Hawks and the AMS staff for their help in the prepa-
ration of the manuscript.
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Chapter 1. Basic Theory of Grobner Bases

In this chapter we give a leisurely introduction to the theory of Grébner bases.
In the first section we introduce the reader to the kinds of problems we will be
interested in throughout this book. In the next two sections we motivate the
method of solution of these problems by presenting the method of solution in
two familiar special cases, namely the row reduction of matrices of systems of
linear polynomials, and the division algorithm for polynomials in one variable.
The basic method in both cases is to use the leading term of one polynomial to
subtract off a term in another polynomial. In Section 1.4 we introduce what we
mean by the leading term of a polynomial in n variables. In Section 1.5 we go
on to generalize the ideas in Sections 1.2 and 1.3. This leads us in Section 1.6 to
defining the central notion in this book, namely the notion of a Grébner basis. In
Section 1.7 we present the algorithm due to Bruno Buchberger which transformed
the abstract notion of a Grébner basis into a fundamental tool in computational
algebra. We refine the definition of a Grobner basis in an important way in
Section 1.8 and summarize what we have done in Section 1.9.

1.1. Introduction. Let k be any field (e.g., the rational numbers, Q, the real
numbers, R, or the complex numbers, C). We consider polynomials f(z1,... ,z,)
in n variables with coefficients in k. Such polynomials are finite sums of terms of
the form az3" - - z8, where a € k, and' §; € N,i=1,... ,n. We call " . . . B
a power product. For example, f = z}+23—1 and g = z, —3zZ + }z, 23 are poly-
nomials in three variables. We let k[z1, ... ,z,] denote the set of all polynomials
in n variables? with coefficients in the field k. Note that in k[z,, ... ,z,] we have
the usual operations of addition and multiplication of polynomials, and with re-
spect to these operations k[z1, . . . ,Z,] is a commutative ring. Also, k[z1,... ,Z.)
is a k-vector space with basis the set, T™, of all power products,

T":{z‘f’-o‘zﬁ" |B;eNyi=1,...,n}.

1We denote by N the set of non-negative integers, that is, N= {0,1,2,3,...}.

2Most of the titne, from now on, whenever we work with just one, two, or three variables,
we will not use variables with subscripts, but instead will use the variables z, y, or z as needed.
For example, f = 22 +y2 — 1 is a polynomial in Q[z, y] and g = = —3y? + 12z is a polynomial

in Qfz, y, 2}.
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For a positive integer n we define the affine n-space
k* = {(a1,.-. ,an) [a; €k,i=1,... ,n}.

(For example, if k¥ = R, then ¥* = R™ is the usual Euclidean n-space.) A
polynomial f € k[z,,... ,z,] determines a function ¥® — k defined by

(a1;...,an) — f(a,...,ay), for all (a1,... ,a,) € k™.

This function is called evaluation. We thus have two ways of viewing a poly-
nomial f € k[zy,...,zn]. One is as a formal polynomial in k[z;,...,z,] and
the other is as a function k™ — k (it should be noted that if k¥ happens to be
a finite field then two different polynomials can give rise to the same function;
however this need not concern us here).

This “double identity” of polynomials is the bridge between algebra and ge-
ometry. For f € k[z,,... ,z,] we define V(f) to be the set of solutions of the
equation f = 0. More formally,

V(f) = {(a1,--- ,an) €K | f(ar,.. ,an) = 0} C k™.

V() is called the variety defined by f. For example, V(22 + 3% — 1) C R? is the
circle in the zy-plane with center (0,0) and radius 1.

More generally, given fi,...,fs € k[z1,...,Zy,], the variety V(f1,...,fs) is
defined to be the set of all solutions of the system

(1.1.1) fi=0,f2=0,...,f;=0.
That is,
V(fl,“- 7fs) = {(al,”- )an) € k"™ I fi(al)“- )a'n) =0,1= 1;21--- 73}'

Note that V(fi,...,fs) = Ni=; V(f:). For example, the variety V(z? + ¢ —
1,z — 3y?) C R? is the intersection of the circle 2 + > = 1 and the parabola
z = 3y? in the zy-plane. More generally still, if S C k[zy,... ,2,], we define

V(S)={(a1,... ,an) € k™| f(a1,... ,a,) =0 for all f€ S}.

There are many numeric algorithms for solving non-linear systems such as
(1.1.1). These algorithms solve for one solution at a time, and find an “approx-
imation” to the solution. They ignore the geometric properties of the solution
space (the variety), and do not take into consideration possible alternate de-
scriptions of the variety (using a different system). Indeed, as we will see below,
a variety can be the solution set of a number of systems such as (1.1.1), and
the computation of the solutions can drastically improve if the given system of
equations is transformed into a different system that has the same solutions but
is “easier” to solve. To illustrate this, recall that the Gauss-Jordan elimination
method transforms a system of linear equations into the so-called row echelon
form (see Section 1.2). The system thus obtained has exactly the same solu-
tions as the original system, but is easier to solve; this example will be discussed
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more thoroughly in the next section. We will develop an analogous procedure
for System (1.1.1) which will give us algebraic and geometric information about
the entire solution space of System (1.1.1).

The method for obtaining this information is to find a better representation for
the corresponding variety. This will be done by considering the ideal generated
by polynomials fi,..., fs, denoted (fi,... , fs):

i=1

(fiy.o-» fs) = {Zuif.- | u; € k[z1,..., 2.}, =1,... ,s}.

It is easy to check that I = (f1,...,fs) is an ideal in k[z,,... ,z,]; that is, if
f,g€ I, thensois f+ gandif f €I and h is any polynomial in k[z,... ,Z,)],
then hf € I. The set {f1,...,fs} is called a generating set of the ideal I. The
desired “better” representation for the variety V(fi,...,f;) will be a better
generating set for the ideal I = (fy,..., fs).

To see how this might help, we consider the variety V/(I), that is, the solutions
of the infinite system of polynomial equations

(1.1.2) f=0,fel
and contrast it with the solutions of the finite system

(1.1.3) f1=0,fa=0,...,f, =0.

A solution of System (1.1.2) will clearly be a solution of System (1.1.3), since
fi€Ifori=1,...,s Conversely, if (aj,...,a,) € k™ is a solution of System
(1.1.3), and if f is any element of I, then f(ay,... ,an) =0,since f =Y ;_, wifi,
for some u; € k[z1,...,z,)- Hence (ai,...,a,) is a solution of System (1.1.2).
Thus we have that V(I) = V(f1,...,fs). We note that an ideal may have
many different generating sets with different numbers of elements. For exam-
ple, in k[z,y], (z + y,z) = (z,¥) = (z + zy,22,9%,y + zy). Now, if we have
I = (f,... afs) = (f{"" ’ftl)’ then V(fla-” ,fs) = V(I) = V(f{r“ ’ftl)'
This means that the system f; = 0,..., fs = 0 has the same solutions as the
system fi{ = 0,...,f; = 0, and hence a variety is determined by an ideal, not
by a particular set of equations. So, if we obtain a “better” generating set for
the ideal I = (f,... , fs), we will have a “better” representation for the variety
V(f1,---,fs)- And by “better” we mean a set of generators that allows us to
understand the algebraic structure of I = (fi,... , fs) and the geometric struc-
ture of V(f1,..., fs) better. The remainder of this chapter is devoted to finding
this “better” generating set for I (which will be called a Grébner basis for I).
In the case of linear polynomials this “better” generating set is the one obtained
from the row echelon form of the matrix of the system.

‘We will now look at the problem from a different perspective. Consider a col-
lection, V; of points of the affine space k™. We define the set I(V) of polynomials
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in k[z1,... ,z,] by
I(V)={f €klzy,... ,z.] | fa1,-...,an) =0for all (ay,...,an) €V}

It is easy to verify that the set (V) is an ideal in k[z1, . . . , Z,]. It would seem that
this ideal is very different from the ideal (fi,... , fs). The latter ideal is defined
algebraically as the set of all linear combinations of f1,... , f; with polynomial
coefficients, while the former ideal is defined by the geometric condition that f is
in I(V) if and only if f(a1,... ,an) =0 for all (a,,... ,a,) € V. We will examine
the exact relationship between these two descriptions later. For now, we note
that the ideal I(V) can be put in the form (f,..., fs) for some fi,...,fs €
k[z1,... ,Zs)- Indeed, the Hilbert Basis Theorem (Theorem 1.1.1) states that
any ideal I in k[z1,. .. ,Zn] (in particular the ideal J(V)) has a finite generating
set. We will prove the Hilbert Basis Theorem at the end of the section. Another
consequence of this result is that if A is an infinite set and for all A € A we have
a polynomial fy € k[z1,... ,Zy], then the solution set of the infinite system

Hh=0€eA

is, in fact, the solution set of a finite system, namely, of a finite generating set
for the ideal (fy | A € A) (this ideal is defined to be the set of all finite linear
combinations of the fy, A € A, with polynomial coefficients).

The construction of the ideal I(V)) above is a very important one. It is the
bridge from geometry back to algebra since, in addition to the map

{ Subsets of k[z1,... ,z,]} — { Varieties of ¥}
M — V(S),

we now have a map

{ Subsets of k*} — { Ideals of k[z1,... ,z.]}
1% — (V).

Understanding the relationship between these two maps allows us to go back
and forth between algebraic and geometric questions. In particular, we will be
interested in the exact relationship between the ideal I and the ideal I (V(I)). It
is easy to see that I C I (V(I)), but equality does not always hold. For example,
if I = (22,4%) C kl[z,y], then V(I) = {(0,0)}, and so z and y are in the ideal
I(V(I)), but they are not in I. For more on the relationship between I and
I(V(I)), see Section 2.2.

In order to find the “better” generating set discussed above, we will need to
determine whether two finite sets of polynomials in k[z1,. .. , Z5] give rise to the
same ideal. More specifically, given fi,... , fs € k[z1,... ,Z,], and fi,...,f{ €
k[z1,... ,Zs], we will need to determine whether (f1,..., fs) = (fi,-.. , fi). For
this reason and many others, it is desirable to solve the following problems: given
I={fi,... ,f.) and f € ka1, ,za],
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PROBLEM 1. Determine whether f is in I. This is the so-called “ideal mem-
bership problem.”

PROBLEM 2. If f € I, determine u1,... ,us € k[z1,...,Z,] such that f =
urfi tuafat+---+usfs.

REMARK: In this book, the word “determine” is informally understood to
mean that one can give an algorithm that can be programmed on a computer.

The discussion above is related to another problem that deals with a certain al-
gebraic construction. Let I be an ideal of k[z1, ... ,Zs], and let f € k[z1,... ,Zn).
We saw earlier that f determines an evaluation function £ — k defined by
(a1,--- ya@n) — f(ai,...,an). We now consider the restriction of this function
to V(I); that is, we consider the evaluation function V(I) — k defined by
(@1,-.. ,an) — f(ay,-.. ,ay) for all (ay,...,a,) € V(I).

We would like to answer the following question: for f, g in k[zy, ... , ], when
are the corresponding evaluation functions V' (I) — k equal? We note that this
is related to the ideal I (V(I)) introduced earlier. Indeed, if f ~ g is in the ideal
I(V(I)), then the evaluation function V(I) — k defined by f — g is identically
zero, and hence the evaluation functions V(I) — k determined by f and g are
equal. Recall that given f and g in k[z;, . .. , Zn], and an ideal J of k[z;, ... ,Z,],
we say that f is congruent to g modulo J, denoted f =g (mod J),if f —g € J.
Observe that “=” is an equivalence relation on k[z,... ,z,]. We denote the set
of equivalence classes by k[z1, ... ,Z,]/J. Elements of k[z1,... ,z,]/J are of the
form f + J and are called cosets of J. Also, k[z1,...,z]/J is a commutative
ring with the usual operations of addition and multiplication inherited from
k[z1,... ,zn) and is called the guotient ring of k[z1,... ,zs] by J. It is also a
vector space over k.

In connection with this construction, we would like to solve the following

problems:
PROBLEM 3. Determine a set of coset representatives of k[z;,... ,z,]/J.
PRrROBLEM 4. Determine a basis for k[z1,... ,2z»]/J as a vector space over &

(which may or may not be finite).

We now turn our attention to the Hilbert Basis Theorem. This result is
crucial in everything we will be doing throughout this book. It guarantees the
termination of our algorithms and also, as pointed out above, it guarantees that
every variety is the solution set of a finite set of polynomials.

THEOREM 1.1.1 (HILBERT BAsIS THEOREM). In the ring klzi,...,zn] we
have the following:
(i) IfI is any ideal of k[z1,- . . ,Zn), then there exist polynomials fi,... ,fs €
k[z1,... ,z,) such that I = (f1,..., fs).
) fLHLCLCI3C---CI, C--- is an ascending chain of ideals of

k[z1,... ,z,), then there exists N such that IN =INj1 =INj2 =---.

Before we go on to the proof we would like to make a couple of definitions.
An ideal I in a general ring R which satisfies Condition (i) is said to be finitely
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generated, or to have a finite generating set. Condition (ii) is sometimes referred
to as the Ascending Chain Condition, and any commutative ring R satisfying
that condition is called a Noetherian ring.

In the next two sections we will illustrate the discussion of this section using
two examples: linear systems and polynomials in one variable. These will be
fundamental motivations for the general constructions we will develop in the
remainder of this chapter.

The remainder of this section is devoted to the proof of Theorem 1.1.1. The
reader may skip the proof and proceed directly to the next section.

It turns out that if either of the two conditions in Theorem 1.1.1 holds, then
the other also holds; this is the content of the next theorem.

THEOREM 1.1.2. The following conditions are equivalent for a commutative
ring R:
(i) IfI is any ideal of R, then there exist elements fi,... , fs € R such that
I=(fye.. S}
@ fLCLCIC:-CI, C--- is an ascending chain of ideals of R,
then there ezxists N such that Iy = Inyy =Inja =+-+ .
That is, the ring R i3 Noetherian if and only if every ideal in R has a finite
generating set.

PROOF. Let us first assume Condition (i), and let
LELCLC---CI,C---

be an ascending chain of ideals of R. Consider the set I = |J3—, I,. Since the
ideals I,, are increasing, it is easy to see that I is an ideal of R. By Condition
@), I ={f1,-..,fs), for some f1,...,fs € R. Since for i = 1,...,s, f; isin I,
there exists N; such that f; € In,. Let N = max;<i<s N;; then f; € Iy for all
i=1,...,s and so I C Iy. Thus I = Iy, and Condition (ii) follows.

For the reverse implication, assume to the contrary that there exists an ideal
I of R that is not generated by a finite set of elements of R. Let f; € I. Then
there exists fo € I with fo & (f1). Thus (fi) C (f1, f2). We continue in this
fashion, and we get a strictly ascending chain of ideals of R which contradicts
Condition (ii). O

‘We now state and prove a more general version of the Hilbert Basis Theorem.
THEOREM 1.1.3. If R is a Noetherian ring, then so is R[z].

PROOF. Let R be a Noetherian ring, and let J be an ideal of R[z]. By Theorem
1.1.2, it is enough to show that J is finitely generated. For each n > 0, define
I, = {r € R| r is the leading coefficient of a polynomial in J of degree n } U {0}
(that is, 7 is the coefficient of z™). It is easy to see that I,, is an ideal of R and
that I, C I, for all n > 0. Since R is Noetherian, there exists N such that
I, = Iy for all n > N. Also, by Theorem 1.1.2, each I; is finitely generated,
say I; = (ri1,...,7i;). Now for i = 1,... ;N and j = 1,...,¢;, let f;; be a
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polynomial in J of degree ¢ with leading coefficient r;;. To complete the proof of
the theorem it suffices to show that J = (f;; | 1<i< N,1<j<t).

Solet J* = (fij |1 <4< N,1<j<t;). Clearly J* C J. Conversely, let
f € J, and let the degree of f be n. We prove by induction on n that f € J*.
I f=0o0rn=0, then f € Iy, and hence f € J*. Now let n > 0, and assume
that all the elements of J of degree at most 7 — 1 are in J*. Let r be the leading
coefficient of f. If n < N, then, since r € I,, we have r = Z;.":I 8jTnj, for
some s; € R. Then the polynomial g = Z;":I 3 fnj is of degree n, has leading
coefficient r, and is in J*. Thus f — g has degree at most n — 1 and is in J. By
induction, f — g is in J*, and hence f is alsoin J*. fn > N, then r € I,, = Iy,
and r = Zﬁ’;l 8jTnj, for some s; € R. The polynomial g = Zj’;’l s;2™ N s
has degree n, leading coefficient 7, and is in J*. Thus f — g has degree at most

n — 1 and, by induction, f — g € J*. Therefore f isin J*. O

Using a simple induction on » and the above result, we can easily show that
k[zy,... ,zn] is Noetherian (first noting that the field k is trivially Noetherian).
That is, Theorem 1.1.1 is true.

1.2. The Linear Case. In this section we consider the system
(1.2.1) fi=0,...,fs =0, where each f; is linear.

In this case, the algorithmic method to answer all the questions raised in
Section 1.1 is the well-known row reduction which changes System (1.2.1) to row
echelon form. Consider the following examples.

ExaMpLE 1.2.1. Let f; = z+y—2 and fo = 2x+3y+22 be linear polynomials
in Rz, y, z]. We consider the ideal I = (f1, f2) and the variety V(f1, f2), that is,
the solutions to the system

z + y — z =0
(1.22) {2:1: + 3y + 22 = 0.

We now perform row reduction on the matrix associated with this system:
11 -1 11 -1
—_— .
2 3 2 01 4
The last matrix is in row echelon form. The solutions of System (1.2.2) are
the same as those of the following system

z + y — 2z =0
(12.3) { A

and are easily obtained parametrically as: £ = 52z and y = —4z.

The row reduction process is, in fact, a methed to change a generating set for
the ideal I = (f1, f) into another generating set. We subtracted twice the first
row from the second row and replaced the second row by this new row. This
amounts to creating a new polynomial, f3 = fo — 2f; = y + 42, and replacing f2
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by fs. The original ideal I is equal to the ideal (fi, f3). Indeed, since f3 = f2—2f1
we see that f3 € I = (f1, f2), and since fo = 2f) + f3 we see that fo € (f1, f3)
and so I = (fy, f2) = {f1, f3). This process simplifies the generating set of the
ideal I and allows for an easy resolution of System (1.2.2), that is, it makes it
easy to determine V(I).

The process by which the polynomial f, was replaced by f3 using f; is called
reduction of fa by fi, and we write

215 f.

The new polynomial f; that was created can be viewed as a remainder of
a certain division: we used the first term of f;, namely z, to eliminate a term
from f>, namely 2z. Since this first term of f; cannot eliminate any other terms,
the division stops and the remainder is exactly f;3. This can be written in long
division form
2
r+y—z 22+ 3y + 22

2z + 2y — 2z
y+4z

which gives us fo = 2f; + f3.

When the system has more than two equations, the division (or reduction) of
a polynomial may require more than one polynomial.

EXAMPLE 1.2.2. Let fy =y—2, fo =2 +2y+ 32, and f3 = 3z — 4y + 2z
be linear polynomials in Q|z, y, z]. We consider the ideal I = (f}, fo, f3) and the
variety V(f1, f2, f3), that is, the solutions to the system

y — 2z =0
(1.2.4) z + 2y + 32 =0
3z — 4y + 22 0.

The row reduction is as follows:

0 1 -1 0 1 -1 01 -1
1 2 3|— 1 2 3| —1]1 2 3 1.
3 -4 2 0 -10 -7 00 -17

This says that a new generating set for I = (f}, f2, f3) is {f1, f2, —17z}. Note
that the polynomial —17z is obtained by the following reductions:

(1.2.5) fs 25 —10y — 72 4 172,

This amounts to a division, similar to that in Example 1.2.1, of f3 by f, and f;
in succession.
Repeated use of the reduction steps, as in the above, will be denoted by

f3 [1_;9f2+ -172.
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Note that we have
(126) f3=-10f; + 3f2 —17z.

The coefficient “3” of f, is the multiple of f5 used in the first reduction in (1.2.5)
and the coefficient “—10” of f, is the multiple of f, used in the-second reduction
in (1.2.5).

We would like to “extract” from these examples some general ingredients
that will be used in the general situation of non-linear polynomials. We will
concentrate on Example 1.2.2.

First, we imposed an order on the variables: we chose to eliminate z first
from the third equation of (1.2.4) and then we chose to eliminate y from the
new third equation. That is, when we row-reduce a matrix there is an order on
how to proceed to introduce zeros: first we introduce zeros into the first column
(that is, we eliminate ), and then we introduce zeros in the second column (we
eliminate y) etc. We could have written the variables in the polynomials in a
different order, say fy = —z+y, fo = 32+ 2y + = and f3 = 2z — 4y + 3z. We
would have used the same row reduction method, but would have eliminated z
first, then y. We would have wound up with a different set of equations in row
echelon form, but they would have been just as good for our purpose of solving
System (1.2.4). So the order does not matter, but there must be an order. This
issue becomes essential in our generalization of these ideas. We note that in our
example the order is such that z is first followed by ¥ and then z and so the
leading term of f, is y, the leading term of f> is z, and the leading term of f3 is
3z.

Second, the reductions in (1.2.5) were obtained by subtracting multiples of f;
and fa. This had the effect of using the leading terms of f; and f; to eliminate
terms in f3 and in —10y — 7z leaving the remainder of —17z and giving us
Equation (1.2.6). Note that —17z cannot be reduced further using the leading
terms of f; and f,.

The process of row reduction viewed in this light gives us a way to solve the
problems posed in Section 1.1. Let us concentrate on Example 1.2.1. First, we
have a very clear description of the solution space:

V(I) = V(fl, f2) = V(fl; f3) = {’\(5’ —4’ 1) I A€ IR},

it is a line in R3. We next turn to the question of determining whether a poly-
nomial f € k[z,y, 2] is in I and, if so, express it as a linear combination of the
elements in the generating set. In our case, because the leading term of f, is =
and the leading term of f3 is y, any polynomial f can be reduced to a polynomial
in z alone by the division process using both f; and f; in a way similar to that
used in (1.2.5). Also, any polynomial in z alone cannot be reduced using division
by f1 and fs;. The division process allows us to write f as a linear combination
of fi and f3 plus a remainder in a similar fashion to Equation (1.2.6) (the re-
mainder is in z alone). It is not too hard to see that f € I = (fy, f2) = (1, fa) if



10 CHAPTER 1. BASIC THEORY OF GROBNER BASES

and only if this remainder is zero. Finally one could also check that the basis of
the vector space k[z, ¥y, 2]/I is the set of all cosets of powers of z. The statements
made in this paragraph may be a little difficult to verify or appreciate at this
point but will become clear later.

Exercises

1.2.1. Prove the last statement made about Example 1.2.1 in the last paragraph
of the section. Namely, prove that a basis of the vector space Q|[z,y, 2]/
is the set of all cosets of powers of z. Assume that we now eliminate 2
first, then z, then y. What is the row echelon form of the matrix? Use
this to give another basis for the vector space Q[z,y,z]/1.

1.2.2. Following what was done for Example 1.2.1, solve the problems posed in
Section 1.1 for Example 1.2.2. Repeat this eliminating y first, z second
and z last.

1.2.3. Consider the following polynomials in Q[z,y,2,t}, fi = z — 2y + z + ,
fo=xz+y+32+t fs=2r—y—2—t,and fy =2z + 2y + z+¢. Solve

~ the problems posed in Section 1.1 for this set of polynomials.

1.2.4. Let A be an s X n matrix with entries in a field k. Let fi,..., fs be the
linear polynomials in k[z1,... ,z,] corresponding to the rows of A, as in
Example 1.2.2. Let B be a row echelon form for the matrix A and assume
that B has ¢ non-zero rows. Let gy, ... , g: be the polynomials correspond-
ing to the non-zero rows of B. Prove that (fi,...,fs) = (91,..-,8t)-
Use the polynomials g;,...,¢: to obtain a basis of the k-vector space

k1. s @al/{f1s- - fo)-

1.3. The One Variable Case. In this section we consider polynomials in
k[z], that is, polynomials in one variable. In this context we will use the well-
known Euclidean Algorithm to solve the problems mentioned in Section 1.1. In
doing this we will present some of the standard material concerning k[z] but will
present this material using notation that will be more immediately generalizable
to the study of polynomials in many variables. The theory of polynomials in one
variable is a good illustration of the more general theory that will be presented
in the remainder of this chapter.

For 0 # f € k[z], we recall that the degree of f, denoted deg(f), is the largest
exponent of = that appears in f. The leading term of f, denoted 1t(f), is the
term of f with highest degree. The leading coefficient of f, denoted lc(f), is the
coefficient in the leading term of f. So, if f = @z +ap_12" * +---+ a1z +ag,
with ag, ... ,a, € k and a, # 0, then deg(f) = n, It(f) = anz™ and lc(f) = a,.

The main tool in the Euclidean Algorithm is the Division Algorithm (also
known as long division of polynomials) which we illustrate in the next example.

ExXampLE 1.3.1. Let f = 2% — 222 + 274 8, and g = 222 + 3z + 1 be in Q[z].
We divide f by g to get the quotient 1z — I and the remainder ¥z + 3 as
follows:
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1 7
3T— 1

222 + 3z +1 23 —2224 2248
2+ 322+ 1z

72 3
-51;' +§CL’+8

Tp2__ 21, 7
—37° — 2

4

and so we have f = (3z— D)g + (Fz + 39)

Let us analyze the steps in the above division. We first multiplied g by %:t
and subtracted the resulting product from f. The idea was to multiply g by
an appropriate term, namely %m, so that the leading term of g times this term
canceled the leading term of f. After this first cancellation we obtained the first
remainder h = f — 1zg = —1z% + 3z + 8. In general if we have two polynomials
f=anz"+an_12" 1+ +ayx+ap and g = b @™ +bpm_12™ L+ - -+ bz + by,
with n = deg(f) > m = deg(g), then the first step in the division of f by g is to
subtract from f the product ,%:m"‘"‘g. Using the notation introduced above, we
note that the factor of g in this product is %&3 andsoweget h=f — }: g as
the first remainder. We call h a reduction of f by g and the process of computing
h is denoted

f=Sh.

Going back to Example 1.3.1, after this first cancellation we repeated the

process on h = —Z22 + 3z + 8 by subtracting 1+ : g=—-122— Qx 2 from h to

obtain the second (and in this example the final) remainder r = Zz + 39 This
can be written using our reduction notation

FSnrLr
Repeated use of reduction steps, as in the above, will be denoted
5,

We note that, in the reduction f —» h, the polynomial A has degree strictly
less than the degree of f. When we continue this process the degree keeps going
down until the degree is less than the degree of g. Thus we have the first half of
the following standard theorem.

THEOREM 1.3.2. Let g be a non-zero polynomial in k[z]. Then for any f €
k[z], there exist q and r in k[z] such that

f=qg+r, withr =0 or deg(r) < deg(g).

Moreover r and q are unigue (q is called the quotient and r the remainder).
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ProOOF. The proof of the existence of ¢ and r was outlined above. The proof
of the uniqueness of ¢ and r is an easy exercise (Exercise 1.3.3). O

Observe that the outline of the proof of Theorem 1.3.2 gives an algorithm for
computing q and 7. This algorithm is the well-known Division Algorithm, which
we present as Algorithm 1.3.1.

INPUT: f,g € k[z] with g #0

OUTPUT: ¢, such that f = gg+ r and
r =0 or deg(r) < deg(g)

INITIALIZATION: ¢ :=0;r:= f
WHILE r # 0 AND deg(g) < deg(r) DO

. 1t(r)
qg:=q+ m-)
e lt('r)

' 1t(g)?

ALGORITHM 1.3.1. One Variable Division Algorithm

The steps in the WHILE loop in the algorithm correspond to the reduction
process mentioned above. It is repeated until the polynomial r in the algorithm
satisfies 7 = 0 or has degree strictly less than the degree of g. As mentioned
above this is denoted

f iq_ T.
ExAMPLE 1.3.3. We will repeat Example 1.3.1 following Algorithm 1.3.1.
INITIALIZATION: ¢ := 0,7 := f = 2% — 222 + 22 + 8
First pass through the WHILE loop:
q = 0+ £ ﬂ; 22) .
ri= (23— 222+ 224+ 8) — £5(22% +3z+1) = ~ 122+ 3z +8

Second pass through the WHILE loop:

q _'z"'_zjz"_ -

ri={(-1z2+3z+8) - FZr (202 +3z+1) =z + 3
The WHILE loop stops since deg(r) =1<2= deg(g)

‘We obtain the quotient ¢ and the remainder r as in Example 1.3.1.

Now let I = (f, g) and suppose that f > h. Then, since h = f — 11:(5 g, it
is easy to see that I = (h,g), so we can replace f by h in the generating set
of I. This idea is similar to the one presented for linear polynomials studied in
Section 1.2. Using this idea repeatedly (that is, using Theorem 1.3.2 repeatedly)
we can prove the following result.

——::
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THEOREM 1.3.4. Every ideal of k[z] is generated by one element®.

PRrOOF. Let I be a non-zero ideal of k[z]. Let g € I be such that g # 0
and n = deg(g) is least. For any f € I we have, by Theorem 1.3.2, that
f = qg +r for some ¢, 7 € k[z], with r = 0 or deg(r) < deg(g) = n.Ifr # 0, then
r = f —qg € I, and this contradicts the choice of g. Therefore r = 0, f = qg,
and I C (g). Equality follows from the fact that g isin I. O

Observe that the polynomial g in the proof of Theorem 1.3.4 is unique up to
a constant multiple. This follows from the fact that if 7 = (g1) = (g2), then g,
divides g, and g, divides g;.

We see that the polynomial g in the proof of Theorem 1.3.4 is the “best”
generating set for the ideal I = (fi,... , f;). For example, the system of equations

(1.3.1) fi=0,...,f, =0with f; € klz],i=1,...,s,

has precisely the same set of solutions as the single equation g = 0, where
(Froeer £ = (g)-
We now investigate how to compute the polynomial g of Theorem 1.3.4. We
will first focus on ideals I C k[z] generated by two polynomials, say I = (f1, f2),
with one of fy, fo not zero. We recall that the greatest common divisor of f, and
f2, denoted ged(f1, f2), is the polynomial g such that:
o g divides both f; and f;
e if h € k[z] divides f; and f,, then h divides g;
e lc(g) =1 (that is, g is monic).

We further recall

PROPOSITION 1.3.5. Let fy, fo € k|z], with one of fi,f» not zero. Then
ged(f1, f2) exists and (f1, f2) = (ged(f1, f2))-

PROOF. By Theorem 1.3.4, there exists g € k[z] such that (f1,f2) = (g)-
Since g is unique up to a constant multiple, we may assume that lc(g) = 1. We
will show that g = ged(f1, f2). Since f1, f2 € (g), g divides both f; and f,. Now,
let h be such that h divides both f; and f,. Since g is in the ideal (f;, f2), there
exist uj,up € k[z] such that g = u; fi; + uafo. Thus A divides g, and we are
done. O

As a consequence, if we have an algorithm for finding ged’s, then we can
actually find a single generator of the ideal (f1, f2). The algorithm for computing
ged’s is called the Euclidean Algorithm. It depends on the Division Algorithm
discussed above and the following fact.

LEMMA 1.3.6. Let f1, f2 € k[z], with one of f1, fa not zero. Then ged(fi, f2) =
ged(f1 — gfa, f2) for all g € k[z].
3Recall that an ideal generated by one element is called a principal ideal, and an integral

domain for which every ideal is principal is called a principal ideal domain, or PID. Therefore
Theorem 1.3.4 says that k[z] is a PID
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PROOF. It is easy to see that {f1, f2) = (fi — ¢f2, f2)- Therefore, by Propo-
sition 1.3.5,

(ged(fr, f2)) = (1, f2} = {fr — af2, f2) = (ged(f1 — afa, f2))-

Thus since the generator of a principal ideal is unique up to constant multiples,
and since the ged of two polynomials is defined to have leading coefficient 1, we

bave ged(f1, f2) = ged(fr ~ gfe, f2)- O

We give the Euclidean Algorithm as Algorithm 1.3.2. The reader should note
that the algorithm terminates because the degree of r in the WHILE loop is
strictly less than the degree of g, which is the previous r, and hence the degree of
7 is strictly decreasing as the algorithm progresses. Also, the algorithm does give
ged(f1, f2) as an output, since at each pass through the WHILE loop, we have
ged(f1, f2) = ged(f,g) = ged(r, g), by Lemma 1.3.6, as long as g # 0. When
g9 = 0, then ged(f1, f2) = god(f,0) = {5y The last step in the algorithm
ensures that the final result has leading coefficient 1 (that is, is monic).

INPUT: fi, f2 € k[z], with one of fi, f2 not zero
OUTPUT: f = ged(f1, fo)
INITIALIZATION: f := fi,9:=f2

WHILE g # 0 DO

f -2, 7, where r is the remainder of the division of f by g

f=g

ALGORITHM 1.3.2. Euclidean Algorithm

To illustrate this algorithm, consider the following

ExaMPLE 1.3.7. Let fi = 2 —3z+2 and f2 = 2% — 1 be polynomials in Q[z].
INITIALIZATION: f:=2% -3z +2,9:= 22 -1
First pass through the WHILE loop:

2?3z +2%7 —25+2
f=22-1
g:=—2z+2

Second pass through the WHILE loop:
2?2 -1 7225 1 724
f=-2c+2



13. THE ONE VARIABLE CASE 15

g=0
The WHILE loop stops
fregipf=tf=2-1

Therefore ged(f1, f2) =z — 1.

We now turn our attention to the case of ideals generated by more than two
polynomials, I = (fi,...,fs), with not all of the f;’s zero. Recall that the
greatest common divisor of s polynomials fi,... , fs, denoted ged(fi,..., fs), is
the polynomial g such that:

e g divides f;,1=1,...,s;
e if h € k[z] divides f;,i =1,...,s, then h divides g;
e Ic(g) =1 (that is, g is monic).

PROPOSITION 1.3.8. Let fi,..., fs be polynomials in k[z]. Then

(l) (fl?"‘ ?fs) = (ng(fl)"' )fs));
(ii) if s >3, then ged(fy,. .. , f5) = ged(f1,8¢d(f2, - -+ , f5))-

PROOF. The proof of statement (i) is similar to the proof of Proposition 1.3.5.
To prove statement (ii), let A = ged(f2,--- , fs)- Then, by (i), (f2,-.. , fs) = (h),
and hence (fy,..., fs) = (f1,h). Again, by (i),

gcd(fly” . 1f3) = ng(fl,h) = ng(flang(f2" v yfs))v
as desired. [

With the ideas developed in this section we can now solve all the problems
raised in Section 1.1 for the special case of polynomials in one variable. As noted
before, to solve System (1.3.1) we first compute ¢ = ged(fi,..., fs). It then
suffices to solve the single equation g = 0. The computation of ged(fi,... ,fs)
is done by induction, a polynomial at a time, as is easily seen from part (ii)
of Proposition 1.3.8. To decide whether a polynomial f is in the ideal I =
(f1,-.-,fs), we first compute g = ged(fi,...,fs). We then use the Division
Algorithm to divide f by g. The remainder of that division is zero if and only if
f is in the ideal I = (fi, ..., fs) = (g). Using the notation introduced earlier:

feI={g)ifand only if f <+, 0.

Also, the coset representative of the element f + I in the quotient ring k[z]/I
is 7+ I, where r is the remainder of the division of f by g (that is, f —g—>+ T,
with r = 0 or deg(r) < deg(g)). Finally, the cosets of 1,z,z2,... ,2%"!, where
d = deg(g), form a basis for the k-vector space k[z]/I (Exercise 1.3.6).

In the last section (the linear case) we saw that there were two ingredients for
our solution method: a reduction algorithm (in that case it was row reduction)
and an order among the terms. In the current section we saw that the concept
of reduction leading to the Division Algorithm (Algorithm 1.3.1) was the key
to solving the problems mentioned in Section 1.1. We have not yet stressed the
importance of the ordering of the terms in the one variable case, even though we
have already used the notion of ordering in the concepts of degree and leading
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term. In effect, the ordering is forced upon us. Indeed, in the Division Algorithm,

when we compute r — %g, the terms that we introduce (coming from %g)

must be smaller than the leading term of » which has been canceled, in order for
the algorithm to terminate. This can only occur if the powers of z are ordered so
that " < z™ if and only if n < m (Exercise 1.4.2). We note that the condition
n < m is equivalent to the statement that z™ divides z™.

Exercises

1.3.1. Follow Algorithm 1.3.1 (as in Example 1.3.3) to divide f = 2z° — 423 +
z2-z+2byg=2?+z+1.

1.3.2. Find a single generator for the ideal I = (z% — 1, z% 4 223 + 2% — 2z — 3).
Is 2% + 2% + 22 — 7 € I? Show that 2%+ 222 —3 € I and write z* +2z2 -3
as a linear combination of z6 — 1 and z* + 223 + 222 — 2z — 3.

1.3.3. Prove that ¢ and 7 obtained in Theorem 1.3.2 are unique.

1.3.4. Compute ged(f1, f2, f3) using Proposition 1.3.8, where f; = 2°—2z%—z2+
2z, fo = 7 +28—2x% - 223+ +1, and f3 = 26— 22° 4+ 24— 223 + 22— 2z.

1.3.5. Modify Algorithm 1.3.2 to output f, u1,u2 € k[z] such that f = ged(f1, f2)
and f = w1 fi + u2fo. Apply your algorithm to the polynomials f; =
28 — 1, f2 = z* + 228 + 222 — 22 — 3 € Q[z] of Exercise 1.3.2.

1.3.6. Let g € k[z] be of degree d. Prove that {1+ (g),z + {g),... ,z%* + {g)}
is a k-vector space basis for k[z]/(g)-

1.3.7. Show that in k[z,y], Theorem 1.3.4 is false. In particular, show that the
ideal (z,y) C k[z,y] cannot be generated by a single element. Show that,
in general, k[z), ... , ] is not a PID.

1.3.8. Prove that a system of equations f = 0, g = 0 with two relatively prime
polynomials f,g € k[z,y] has at most finitely many solutions. [Hint:
View f and g in k(z)[y] and use the Gauss Lemma: f and g are relatively
prime when viewed in k[z,y] if and only if they are relatively prime in
k(z)[y], where we recall that k{z) denotes the field of fractions of k[z], i.e.
Kz) = {2 | a,b € klz],b # 0}

1.3.9. Let g € kl[y] be irreducible, and let f € k[z),...,Zn,y] be such that
f ¢ (g). Prove that (f,g) Nk[zi1,...,z,] # {0}. [Hint: Use the hint of
Exercise 1.3.8 with k(z1,...,%n)[y], where we recall that k(z1,...,2z,)
denotes the field of fractions of k[z,... ,%,], ie. k(z1,-..,Zn) = {§ |
a,b € k[z1,... ,znl,b # 0}.]

1.3.10. Let f,g € Ciz,y]. Prove that if f and g have a non-constant common
factor in Clz,y], then V(f, g) is infinite. That is, show that if A € C[z, y]
and h is not in C, then the equation h = 0 has infinitely many solutions.
Generalize this exercise to the case where h € C[zy,... ,z,], for n > 2.

1.3.11. Let fi, f2,h € k[z]. We consider the equation u;fi + uafo = h, with
unknowns u;, ug, to be polynomials in k[z].

a. Show that the above equation is solvable if and only if g = ged(f1, fo)
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divides A.

. Prove that if g = ged(f1, f2) divides h, then there exist unique u;,us €

k[z] that satisfy the equation above and such that deg(u;) < deg(f2) -
deg(g)- Moreover, if deg(h) < deg(f1)+deg(f2)—deg(g), then deg(uz) <
deg(f1) — deg(g). Give an algorithm for computing such u; and us.

.Let i=2~-1,fo=22>+2—-2,h =2%—42+3 € Qz]. Find u;,up

which satisfy b.

. Use b to show that if fi and f, are relatively prime, then for every

h € k[z] such that deg(h) < deg(f1)+deg(f2), there exist uj,us € k[z]

such that
h u; U2

—_—=— 4 —,
hHfe H  f
with deg(u;) < deg(fi1) and deg(uz) < deg(f2). (This is the partial
fraction decomposition of rational functions.)

. Use d to compute the partial fraction decomposition of

z-—-3
23+ 32243z +2°

Generalize a and b to the case of s polynomials fi,... , f, € k[z].

When the coeflicients of polynomials in one variable are not in a field
k, the Division Algorithm (Algorithm 1.3.1) has to be modified. In this
exercise we present a “pseudo” division algorithm for polynomials in R[z],
where R is a unique factorization domain (UFD).

a.

- O

Let f,g € R[z] be such that g # 0 and deg(f) > deg(g). Prove that
there exist polynomials ¢,r € R[z] such that lc(g)’f = gg + r, where
r = 0 or deg(r) < deg(g), and £ = deg(f) — deg(g) + 1.

. Give an algorithm for computing ¢ and 7. The polynomials q and r are

called the pseudo-quotient and the pseudo-remainder respectively.

. Use this algorithm to find ¢ and r in the following cases:

(i) f=6z*—11z® — 3z% + 2z, g = 10z — 2322 — 20z — 3 € Z[z];
(i) f= (-2 +4i)2® + (5+ 3i)2? — 2iz + (-1 +4),9 = 222 + (1 +
1)z + (1 + 1) € (Z[i])[z], where i = —1.

. A polynomial f € R[z] is called primitive if its coefficients are relatively

prime. Let f,g be primitive polynomials in R|z], and let lc(g)?f =
gq + 7 be as in a. Prove that gcd(f,g) = ged(g,7’), where 7’ is the
primitive part of r; i.e. r = ar’, @ € R and r’ primitive.

. Use d to give an algorithm for computing ged(f, g).
. Use e to compute ged(f, g) for the examples in c.
. Use the above to give an algorithm for computing gcd(f,g), where

f,9 € R[zy,... ,z,), R a UFD.

Use g to compute ged(f, g), where f = (y2 +y)z® + (—y* —y+1)z? +
(P +y* = 2)z+(-y° +2), g = (* + 2y + 1)a® + (1 +3¢° — 2)z +
®® - y* - 2y) € Z[z, y).
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1.4. Term Orders. It was important in the last two sections to specify an
order on the power products. In the linear case, we computed with z first, then y,
etc. The particular order used was unimportant but did have to be specified. In
the one variable case we used the highest degree term first and this was required
by the procedures used. In more than one variable we need an order analogous
to the ones used in these two special cases and this will be the focus of this
section.

First recall that the set of power products is denoted by

T ={af - o | B eNi=1,...,n}.

Sometimes we will denote :cf‘ ---xP~ by 2P, where 8 = (f1,...,8,) € N™.

We would like to emphasize that, throughout this book, “power product” will
always refer to a product of the x; variables, and “term” will always refer to
a coefficient times a power product. So every power product is a term (with
coefficient 1) but a term is not necessarily a power product. We will also always
assume that the different terms in a polynomial have different power products
(so we never write 372y as 2z%y + z?y).

There are many ways to order T". However, we already know some properties
that a desirable order must satisfy. For example, the orders in the linear and
one variable cases were used to define a division (or reduction) algorithm, thus
the order had to extend divisibility relations (see the discussion at the end of the
previous section). That is, if £* divides «?, then we should have = < zP, or
equivalently, if a; < 3; for all i = 1,... ,n, then * < P. Also, in the divisions
described in Sections 1.2 and 1.3, we arranged the terms of the polynomials
in increasing or decreasing order, and hence we must be able to compare any
two power products. Thus the order must be a total order, that is, given any
2>, P € T, exactly one of the following three relations must hold:

z% <P, 2* = 2P or x* > «P.

Moreover, the reduction — described in Sections 1.2 and 1.3 must stop after a
finite number of steps. Recall that whenever we had f -, r, the polynomial r
was such that its leading power product was less than the leading power product
of ¢g: in Section 1.2, that meant that the reduced polynomial r was obtained
by eliminating a leading variable using g; in Section 1.3, that meant that the
remainder polynomial r had degree less than that of g. Therefore, for the reduc-
tion to be finite, we need that the order be a well-ordering, that is, there is no
infinite descending chain £** > £®2 > 23 > ... in T". An order that satisfies
all these conditions is called a term order, and it turns out that these conditions
are captured in the following definition (this will be justified in Proposition 1.4.5
and Theorem 1.4.6).

DEFINITION 1.4.1. By a term order on T" we mean a total order < on T"
satisfying the following two conditions:
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(i) 1< P forall P € T", P # 1;
(ii) If x> < xP, then z®x” < P, for all &7 € T™.

Before we prove that the basic properties we discussed above follow from the
conditions in Definition 1.4.1, we give three examples of term orders. The easy
verification that they are term orders will be left to the exercises (Exercise 1.4.3).

DEFINITION 1.4.2. We define the lexicographical order on T™ with z; > 5 >
-+ >z, as follows: For

o= (alj"‘ ’an))ﬂ= (ﬁl?"' 1ﬂn) eNn
we define

o the first coordinates a; and §; in o and B
2% <af = { from the left, which are different, satlisfy o; < ;.

So, in the case of two variables z; and z2, we have

2

1<a:2<a:§<:vg<---<:v1<:v2w1<a:§a;1<---<xl<-~~.

As noted before, when we do examples in a small number of variables, we will
usually use z,y, or z instead of the subscripted variables above. It is important
to note that we need to specify the order on the variables. For example, if we
use the lexicographic order with z < y, then we have

l<r<z’<zd<. . <y<zy<z?ly<.---<y?<---.

(We deliberately altered the order of z and y from what was probably expected
to emphasize the point that an order on the variables must be specified.)

Note that, for this order, z{ is always greater than z¥, for all non-zero g, v € N.
This will be of importance later on (see Section 2.3). We will always denote this
order by “lex”. We emphasize again that we always need to specify the order on
the variables.

DEFINITION 1.4.3. We define the degree lexicographical order on T™ with
Ty > To > -+ > Ty as follows: For

az(ala“' 1an)sﬂ=(ﬂla-“ ,ﬂn)eNn

we define
n n
i=1 a; < E‘i:l ﬂi
or
*<zP = n

o=y, Biandz* < 2P
with respect to lex with x; > x5 > -+ > Ty,
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So, with this order, we first order by total degree and we break ties by the lex
order. In the case of two variables z; and z5, we have

1<z <z <T2< T <z <zd<mai<aize<ad<---.
Or, using the degree lexicographic ordering in k[z,y] with z < y, we have
l<z<y<zl<zy<yP<el<2y<apl<yl<---.

We will always denote this order by “deglex”. Again, we always need to
specify the order of the variables.

DEFINITION 1.44. We define the degree reverse lexicographical order on T™
with ; > x93 > - -+ > z,, as follows: For

a=(a,-..,00),8=(61,--.,6,) E N
we define

or
S =Y i Bi and the first coordinates o; and B; in
« and B from the right, which are different, satisfy a; > S;.

2 <P =

We will always denote this order by “degrevlex”. It is easy to see that in the
case of two variables deglex and degrevlex are the same orders (Exercise 1.4.4).
However, if there are at least 3 variables, this is not the case anymore, as the
following example shows:

zizoz3 > 7175 with respect to deglex with z; > 72 > z3

but
:c'f:cza:s < xlxg with respect to degrevlex with z; > x5 > z3.

This order turns out to be extremely good for certain types of computations.
The important property that this order possesses is given in Exercise 1.4.9.

Note that the term “right” in Definition 1.4.4 refers to the smallest variable.
That is, we have z; > x5 > - -+ > Z,. This must be especially kept in mind when
we consider examples involving z,y, z (see Exercise 1.4.1).

There are many other orders on T™ which we will see later in both the exercises
and the text. The three examples given above are the ones we will use the most.
‘We will see that each order has different properties and which order we use will
depend on the problem we want to solve.

‘We now return to the general definition of a term order. We want to observe
that a term order, as defined in Definition 1.4.1, has all the properties discussed
before that definition. That is, we need to prove that any term order extends
the divisibility relation and is a well-ordering.

PROPOSITION 1.4.5. For &%, xP € T", if x> divides ° then = < zP.



1.4. TERM ORDERS 21

PROOF. By assumption there is an ¥ € T™ such that £? = z>zY. By
Condition (i) in Definition 1.4.1 we have Y > 1 and so by Condition (ii) we
bave f = %Y > £, as desired. [J

Now from the Hilbert Basis Theorem (Theorem 1.1.1) we can prove

THBEOREM 1.4.6. Every term order on T" is a well-ordering; that is, for every
subset A of T™, there exists *> € A such that for all P € A, = < =P.

PRrOOF. Suppose to the contrary that the given term order is not a well-
ordering. Then there exist £* € T,i =1,2,... such that

(1.4.1) ¥ > > > ...
This defines a chain of ideals in k[z;, ... ,Zx)
(1.4.2) (mal> g (mtn’maz) g (mal,maz’maa) C--r.

We first note that (x®1,... ,x%) # (x™,... ,x™+1), since if we had equality,
then

3
(14.3) gt =) ujE™,
F=1
where u; is a polynomial in k[zy,...,Zn], =1,... ,i. If we expand each uj as a

linear combination of power products, we see that each term in u;x®s is divisible
by . Thus every term of the right-hand side of Equation (1.4.3) is divisible
by some %/,1 < j < i. But £+ must appear as the power product of a term
on the right-hand side of Equation (1.4.3). Therefore 2+ is divisible by some
x%i,1 < j <1, and hence z*+! > =/ for some j,1 < j < 4, by Proposition
1.4.5 and this contradicts (1.4.1). So if we go back to the chain of ideals (1.4.2),
we now see that this chain is a strictly ascending chain of ideals in k[zy, ... ,Z,).
This is a contradiction to the Hilbert Basis Theorem (Theorem 1.1.1). [J

Theorem 1.4.6 will be used throughout this book for many proofs in a manner
described in Appendix B.

To finish this section, we fix some notation. First we choose a term order* on
k[z1,... ,Zn). Then for all f € k[zy,...,z,], with f # 0,we may write

f=az™ + 022 + -+ + a,zr,

where 0 # a; € k, £* € T*, and £** > 22 > --- > %, We will always try to
write our pelynomials in this way. We define:

e Ip(f) = 1, the leading power product of f;

e Ic(f) = a1, the leading coefficient of f;

o 1t(f) = a1z, the leading term of f.

4We will say that we have a term order on k[z1,... ,Zn] when we have a term order on T".
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We also define 1p(0) = Ic(0) = 1t(0) = 0.

Note that Ip,lc, and It are multiplicative; that is, Ip(fg) = Ip(f) Ip(g), lc(fg)
= le(f)1c(g), and 1t(fg) = It(f)1t(g). Also, if we change the term order, then
Ip(f), 1c(f), and 1t(f) may change. For example, let f = 22%yz + 3xy® — 223 :

e if the order is lex with z > y > 2, then Ip(f) = z3,lc(f) = —2, and
1t(f) = —22%;

o if the order is deglex with = > y > 2, then Ip(f) = z2yz,lc(f) = 2, and
1(f) = 22%yz;

o if the order is degrevlex with z > y > z, then Ip(f) = zy3,lc(f) = 3,
and 1t(f) = 3zy°.

Exercises

1.4.1. Consider the polynomial f = 3z*z —2z3y*+722y%23 — 8zy%23 € Q[z, v, 2].
Determine the leading term, leading coefficient, and leading power produet
of f with respect to deglex, lex, and degrevlex with z > y > 2. Repeat
the exercise with z < y < z.

1.4.2. In the polynomial ring in one variable, k[z], let < be a term order. Show
that it must be the usual one, i.e. the one such that

l<z<z?l<zl<---.

1.4.3. Show that lex, deglex and degrevlex are term orderings.

1.4.4. Show that in k[z,y], deglex and degrevlex are the same orders.

1.4.5. Given polynomials fi,...,fs and uy,...,us in k[zy,... ,z,], show that
Ip(fiur + -+ fous) < maxi<i<s(1p(fi) Ip(:)). Does equality necessarily
hold? (Prove or disprove.)

1.4.6. Let < be a total order on T" satisfying condition (ii) in Definition 1.4.1,
and assume that < is also a well-ordering. Prove that for all 2* # 1 in
T, we have 1 < . (This is a partial converse of Theorem 1.4.6).

1.4.7. Let z,,... ,z, be variables, and let m < n. Prove that any term order
on power products in the variables z,,... ,Z, is the restriction of a term
order on power products in the variables z;,. .. , Z,. [Hint: Use the idea of
lex, grouping the variables zy, ... ,Z,, together, and using the given term
order on them.]

1.4.8. Let f € k[z,,... ,z,] and consider the lex order with z, > 23 > --- > z,,.
Let i € {1,...,n}. Prove that f € k[z;,...,z,] if and only if It(f) €
k[.'ti, .ee s T

1.4.9. We call a polynomial f € k[z,,... ,zn] homogeneous provided that the
total degree of every term is the same (e.g. z2y%z + zy* — 25 is homoge-
neous since every term has total degree 5, while z°y? — 22y2z2 + y22 is not
homogeneous; the latter polynomial is the sum of the two homogeneous
polynomials z3y? — 22y22 and y?z, called the homogeneous components of
z3y? —2%y22 +922). Let f be a homogeneous polynomial and let the term
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ordering be degrevlex with z; > z9 > --- > z,. Prove that z,, divides f
if and only if z,, divides It(f). Show more generally that f € (z;,... ,z,)
if and only if It(f) € (z;,... ,Zn)-

The revlex ordering is defined as follows: For a = (oy,...,0n),8 =
(B1,--- ,Pn) € N™ we define * < x? if and only if the first coordinates
o; and §; in a and B from the right which are different satisfy a; > 8;.
Show that revlex is not a term order on k[zy,... , ).

Let I C k[z,,...,z,] be an ideal generated by (possibly infinitely many)
power products (such an ideal is called a monomial ideal). Prove that
there exist a, ...,y € N® such that I = (2*,... ,z%m). [Hint: First
show that a polynomial f € I if and only if each term of f is in I.]
(Dickson’s Lemma) Prove that the result of Exercise 1.4.11 is equivalent to
the following statement: Given any A C N", there exist a;,... ,a,, € A
such that

m
AC | (e +N).

=1
(By @ + N™ we mean {a +v |~ € N*}.)
Prove that every monomial ideal I (see Exercise 1.4.11) contains a unique
minimal generating set. That is, prove there is a subset G C I such that
I = (G) and for all subsets F C I with I = (F) we have G C F. [Hint:
Prove first that if I = (®*,... ,z*™) then for @ € N* we have 2® & I if
and only if there is an i such that ¢ divides 7.
(Mora-Robbiano [MoRo]) Let

u; = (U11,%12, -+ , Uln)s- -+ s Um = (Um1, Um2, -« - ,Umn) € Q™.

We define an order in Q™ as follows: (a;,... ,am) < (B1,--- ,0m) if and
only if the first o;, B; from the left which are different satisfy a; < G;. (Note
that this is just lex on Q™.) Now we define an order <, in k[zi,... ,Zy]
as follows: for a, 8 € N*,

22 <, P = (@ uy,...,aUR) < (B-uy,...,B up),

where « - u; is the usual dot product in Q™.
a. Prove that <, is a transitive relation.
b. Prove that x> <, ? implies %z <, Pz for all , 3, € N".

c. Prove that if the vectors ui,... ,u,, span Q", then the order, <,, is
a total order.
d. Prove that if the vectors u;,... , %, span Q", then <, is a term order

if and only if for all ¢, the first u; such that uj, # 0 satisfies u;; > 0.

e. Let u;,... ,u, be vectors satisfying: for all ¢, the first u; such that
uji # 0 satisfies uj; > 0. Show that the partial <, can be extended to
a term order, <./, that is, ® <, «® implies > <, «P.
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What vectors u,...,u, € Q" in Exercise 1.4.14 give rise to the lex, to
the deglex, and to the degrevlex term orderings with z; < 23 < --- < z,?
Same question with 1 > zg > -+ > Zn.
Let f = 2z%° + 3252 + z%y° € Q|z,y|. Show that there is no term
ordering on Q[z,y] such that Ip(f) = z*y°.
(*) Let X; = g3 ... g% 4 =1,...,7, be power products in k[z1, ... ,Zys)]
and let f = 37, ¢;X;, where ¢; € k — {0}, for ¢ = 1,...,r. Assume
that there is a term order < such that Ip(f) = X;. Consider the vectors
a; = (a1,... ,0,) € N? i =1,...,r In this exercise we show that there
exists a vector u = (u1,...,u,) € Q" such that 4; > 0fori=1,...,n
and a1 -u = Y0 nu; > Y0 opu; = op-uforal £=2,...,r
(compare with Exercise 1.4.14). We will use the following result from
linear algebra (see, for example, [Ga)):
THEOREM. Let A be any r X n matrix with rational entries, then
exactly one of the following two alternatives holds:

e there exists a row vector v € Q" with non-negative coor-
dinates such that the coordinates of the vector v A are all
negative or zero,

e There exists a column vector » € Q™ with non-negative co-
ordinates such that the coordinates of the vector Au are all
positive.

a. Use the above result to show that there is a vector # € Q™ with non-
negative coordinates such that a;-u > ag-u for £ = 2,...,r. [Hint:
Consider the matrix A whose rows are the vectors a; — a.]

There is a geometric way to view the linear algebra theorem used above.
First we define the convezr hull of the vectors ey, - .. , a, as follows:

conv(ay,... o) = {Zc,a, | >0,i=1,...,r, and Eq = 1}.
Also, let {ey,...,e,} be the standard basis for Q", that is, e; is the
vector in Q™ with all coordinates equal to O except the ith coordinate
which is equal to 1.

b. Show that the first alternative in the linear algebra theorem above is
equivalent to the condition that the zero vector is in the convex hull
of the rows of A together with the vectors e;, i = 1,... ,n. Note that
the second alternative implies that there is a vector u which makes an
acute angle with every row of A; i.e. the hyperplane, L, orthogonal to
u has all the rows of A on one side, and so L has the convex hull of
the rows of A and the e;’s on one side.

c. Conclude that X is the leading term of f with respect to some term
order if and only if the zero vector is not in the convex hull of the
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vectors oy — @, i =2,...,7 and e,, j =1,...,n. [Hint: See Exercise
1.4.14, part e.]

d. Use the above to determine all the possible leading terms of f =
2z4y® + 325y% + 23y° — 27y,

In this exercise we prove the Fundamental Theorem of Symmetric Poly-

nomials. Recall that a polynomial f € k[z,,...,z,] is called symmet-

ric provided that when the variables of f are rearranged in any way,

the resulting polynomial is still equal to f. For example, for n = 3,

T + 23 + 23, 1Z2 + 123 + T2x3, and z122x3 are symmetric. For general

nletoy =142+ + 24,00 =122+ 123+ -+ Tn-1Zpn,-.. ,0n =

Z1Z2 - - Tn. These polynomials are called the elementary symmetric poly-

nomials. The theorem states that every symmetric polynomial is a polyno-

mial in the elementary symmetric polynomials. Fix the lex term ordering

on k[zy,...,zn) With 21 > 29 > --- > z,. Let f € k[z1,...,z,] be a

symmetric polynomial. We need to show the existence of a polynomial

h € k[z1,... ,Zy] such that f = h(oy,...,0n)-

a. Let It(f) = cz™ where a = (a3, ... ,a,) € N" and c € k. Show that
o >az > 20y

b. Let

g= a?l—azazaz—as - o,::-ll—ano_g,, .
Show that Ip(g) = ==.

c. Now observe that Ip(f — cg) < Ip(f) and that f — cg is a symmetric
polynomial. Use the well-ordering property of term orders to com-
plete the proof of the existence of h and so to prove the Fundamental
Theorem of Symmetric Polynomials.

d. Note that the above proof yields an algorithm for computing £ given
the symmetric polynomial f. Use it in the case n = 2 to write z$ + z3
as a polynomial in oy = z; + z2 and o3 = 7:%Z2.

1.5. Division Algorithm. In this section we study the second ingredient
in our solution method for the problems mentioned in Section 1.1: a division
algorithm in kfz1,... ,Z»). In Sections 1.2 and 1.3 we had a division algorithm,
also referred to as a reduction process. We will define a division algorithm in

k[:l?l, .

.. ,Z,) that extends both of the algorithms seen in the previous sections.

The basic idea behind the algorithm is the same as for linear and one vari-
able polynomials: when dividing f by fi,.-. , fs, we want to cancel terms of f
using the leading terms of the f;’s (so the new terms which are introduced are
smaller than the canceled terms) and continue this process until it cannot be
done anymore.

Let us first look at the special case of the division of f by g, where f,g €

k[.’l.'l, .

.« ,Tn). We fix a term order on k[z;,... ,Zn)].
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DeFINITION 1.5.1. Given f,g,h in k[z,,... ,z,], with g # 0, we say that f
reduces to h modulo g in one step, written

f-5h,
if and only if Ip(g) divides a non-zero term® X that appears in f and

X

h:f—@g.

It must be strongly emphasized that in this definition we have subtracted
from f the entire term X and we have replaced X by terms strictly smaller than
X. (We observe that in the special cases presented in Sections 1.2 and 1.3 we
considered only the case where X = It(f).)

For example, let f = 622y — z +4y® — 1 and g = 2zy + %® be polynomials in
Q[z,y]. If the term order is lex with z > y, then f -2+ h, where h = —3zy° —
z +4y° — 1, since, in this case X = 622y is the term of f we have canceled using
t(g) = 2zy; in fact X = 1t(f). (We are not allowed to cancel, say, only 4z2y.
Another way of saying this is that we are not allowed to write f = 4z°%y+ 2z%y—
z + 4y® — 1 and just cancel 4x%y). We now consider the term order deglex with
z > y so that now lt(g) = ® and so f —2, h, where now h = 622y —8zy—z — 1.
We note that in this latter case we canceled the term X = 4y® from f which is
not the leading term of f.

We can think of & in the definition as the remainder of a one step division of
f by g similar to the one seen in Section 1.3. We can continue this process and
subtract off all terms in f that are divisible by 1t(g).

EXAMPLE 1.5.2. Let f = y?z +4yz — 32%,g =2y + = + 1 € Q[z, y]. Also, let
the order be deglex with y > z. Then

~

P
= —%ymz +5yz - 3z2 2, %z3 + 5y = 14—1:1:2 =, ix:’ - g:z:2 — —z.

)
IS

Note that in the last polynomial, namely z® — $2% — 2z, no term is divisible by

Ip(g) = y and so this procedure cannot continue. We could write this reduction
process in long division format as

5From now on we will use capital letters, usually X, Y or Z, to denote power products or
terms instead of the more cumbersome & or az® unless we need to make an explicit reference
to the exponent oc. We will also say X > Y, for term X, Y, provided that Ip(X) > Ip(Y).
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lyz— 122+ Iz

2y+z+1 32z + dyx — 322
Y’z + iyz? + Lyz

—1y2? + Iyz — 322

1

1,,.,.2 1.3 2
——§yz —ZZ —Z‘Z

1,3 4 To — 11,2
T+ 3yz — G

-27-ya: + %mz + -;(:z:

I e
In the multivariable case we may have to divide by more than one polynomial
at a time, and so we extend the process of reduction defined above to include

this more general setting.

DEFINITION 1.5.3. Let f,h, and fi,...,fs be polynomials in k[z,,... ,z,),
with f; #0 (1 <i < s), and let F = {fi1,..., fs}. We say that f reduces to h
modulo F, denoted

f L+ h,
if and only if there exist a sequence of indices i1,12,... ,4; € {1,...,s} and a
sequence of polynomials hy,... ,hi—1 € k[z1,... ,z,] such that

PRS- S SRS NN Y
EXAMPLE 1.54. Let fi = yz —y, f2 = ¥> — = € Q[z,y]. Let the order be
deglex with y > z. Let F = {f1, f2}, f = ¥?z. Then

F
f'_’+ z,

since
v’z ELN S Ny
DEFINITION 1.5.5. A polynomial r is called reduced with respect to a set of
non-zero polynomials F = {f1,... , fs} if r = 0 or no power product that appears
in r s divisible by any one of the Ip(f;),i = 1,...,s. In other words, r cannot
be reduced modulo F.

DEFINITION 1.5.6. If f i,+ r and r is reduced with respect to F, then we
call r a remainder for f with respect to F.

The reduction process allows us to define a division algorithm that mimics
the Division Algorithm in one variable. Given f, fi,..., fs € k[z1,... ,z,] with
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fi # 0 (1 <i < s), this algorithm returns quotients u,, ... ,us € k[Z1,... ,Zn],
and a remainder 7 € k[z1,. .. , %), such that

f=ufi+-+ufs+r.
This algorithm is given as Algorithm 1.5.1.

INPUT: f, f1,..- , fs € k[z1,... ,z,] with f; 0 (1 <1 < 5)
OUTPUT: uy,... ,us,r such that f =uy fy +--- +usfs + 7 and
r is reduced with respect to {fi,..., fs} and
max(Ip(w1) Ip(f1), - - . , Ip(us) Ip(fs), Ip(r)) = Ip(f).
INITIALIZATION: u; :=0,u3 :=0,... ,u3:=0,r:=0,h:=f
WHILE h # 0 DO
IF there exists i such that Ip(f;) divides lp(h) THEN

choose i least such that Ip(f;) divides Ip(h)

i lt(h)
wim l(t(fz)
()
h=h v b
ELSE
r=r+1t(h)
h:=h—lt(k)

ALGORITHM 1.5.1. Multivariable Division Algorithm

Note that in Algorithm 1.5.1 we have, in effect, assumed an ordering among
the polynomials in the set {fi,...,fs} when we chose ¢ to be least such that
Ip(f;) divides lp(h). This is an important point and will be illustrated in Example
1.5.10.

It is informative to consider the similarities between Algorithm 1.3.1, the one
variable Division Algorithm in Section 1.3, and Algorithm 1.5.1, the multivari-
able Division Algorithm. The quotients u,, ... ,us in Algorithm 1.5.1 correspond
to the single quotient ¢ in Algorithm 1.3.1; we have s different quotients in Al-
gorithm 1.5.1 because we are dividing f by s different polynomials fi,..., fs
as opposed to dividing f by a single polynomial g in Algorithm 1.3.1. The re-
mainders, denoted by r in both algorithms, have the same definition: no term
of r is divisible by the leading term of any divisor. In Algorithm 1.3.1, once the
leading term of  is not divisible by 1t(g), we also know that no other term of r
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is divisible by 1t(g), and we have obtained the remainder. So in Algorithm 1.3.1
we start with 7 = f and subtract off multiples of g until this occurs. This simple
property is not true in the multivariable case, necessitating the introduction of
the extra polynomial h in Algorithm 1.5.1. So we start with A = f and r =0
and subtract off the leading term of h when we can or add the leading term of
h into r when we cannot, and so build up the remainder.

EXAMPLE 1.5.7. We recompute Example 1.5.2 but now we follow Algorithm
1.5.1. Let F = {f,}, where fi = 2y + z + 1 € Q|z,y]. The order is deglex with
y > z. Let f =%z + 4yx — 322.

INITIALIZATION: u, := 0,7 := 0, h := y2z + 4y — 322

First pass through the WHILE loop

= Ip(f1) divides lp(h)

Uy = Uy + = 2yar:

hi=h- %‘,—’:’;fl
= (y%z + 4yr — 322) — 9;7”(2y+w+1)
=—lyz® + %ya: — 32?2

Second pass through the WHILE loop:
Y =Ip(f1) divides Ip(h) = F

u1=u1+—f—-—— iyz — }2?

h:=h-— f%é%’; f
= (~Lyo? + gz - 30%) - B oy + 2 41)

=123 4 Lyz — Yg?
Third pass through the WHILE loop
y = Ip(f1) does not divide lp(h) =z3
ri=r+1t(h) =
h:=h-1t(h) = 2'yar: -4
Fourth pass through the WHILE loop
y =Ip(f1) divides lp(h)
up i=u + 45— 2ya: 322+ Iz
hi=h- %,—’?;fl
=G4~ By ety
=—3%" — zx
Fifth pass through the WHILE loop:
y = Ip(f1) does not d1v1de lp(h) = z?
r:=r+I1t(h) = —:r — 222
h:=h- lt(h) —Z.’L'
Sixth pass through the WHILE loop:
= Ip(f,) does not divide Ip(h) =z
ri=r+lt(h) =123 - 32— Iz
h:=h—-1t(h)=
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The WHILE loop stops, and we have

and
9, 7

1 1,7 1,
f—(2y:v—-za: +4a:)(2y+:v+1)+(4:1: 5% 49:).

Note that these are the same steps we used in Example 1.5.2.
EXAMPLE 1.5.8. Let F = {f1, f2}, where fi = yz ~ y, fo = y* — z € Q[z, ¥].
The order is deglex with y > z. Let f = y?z.
INITIALIZATION: u, := 0,u3 := 0,7 := 0, h := y°z
First pass through the WHILE loop:
yz = Ip(f1) divides Ip(h) = y?=
Uy = Uy +11tt;: =Y
hi=h- 5 f =2z — L2(yz —y) =4?
Second pass through the WHILE loop:
yz = Ip(f1) does not divide Ip(h) = y?
y? = Ip(f,) divides Ip(h) = y?
Ug = Uz + lttfz =1
h:=h—%j%f2 =y2—§;(y2—x) =z
Third pass through the WHILE loop:
yz = Ip(f1) does not divide Ip(h) =z
y? = Ip(f2) does not divide Ip(h) = =
ri=r+lt(h) ==z
h:=h—lt(k) =0
The WHILE loop stops, and we get

f —F"+ r
and
f=yh+fat+z.

THEOREM 1.5.9. Given a set of non-zero polynomials F = {f,... , fs} and f
in k[z1, ... ,zy), the Division Algorithm (Algorithm 1.5.1) produces polynomials
Ul ... ,Us, T € k[Z1,... ,Tn] such that

f=wfi+---+usfs+rm,
with r reduced with respect to F and

Ip(f) = m(;gggg(lp(m) Ip(f:)), 1p(r)).
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PROOF. We first observe that the algorithm terminates. At each stage of
the algorithm, the leading term of A is subtracted off until this can no longer be
done. That is, we get a sequence hy, hs, . . . of the h’s in the algorithm, where h; )
is obta.ined from h; by subtracting off 1t(h;) and possibly some smaller terms:
hiy1 = hi — (1t(h;) + lower terms). This is because we compute h;,; from h;
by subtractmg off liﬁ% f; = It(h;) + lower terms (in case some Ip(f;) divides
Ip(h:)) or by subtracting off 1t(h;) (in case no Ip(f;) divides Ip(h;)). So we have
that for all i, Ip(h,4+1) < lp(h;). Thus, since the term order is a well-ordering
(Theorem 1.4.6), the list of the h;’s must stop.

To prove the second part, we note that from what we did above, and since
h = f at the beginning of the algorithm, we have at any stage in the algorithm
Ip(k) < 1p(f). Now, for each i, we obtain u; by adding terms %%, where E((ﬁ)jf,
cancels the leading term of h. It is then immediate that lp(u.) Ip(£:) < Ip(f)-
Moreover, r is obtained by adding in terms lt(h) and so Ip(r) < Ip(f), as well. 0O

With f written as in Theorem 1.5.9, we have f —7 € (fi,..., fs). Therefore,
if r =0, then f is in (f},... , fs). However, the converse is'not necessarily true;
that is, f may be in the ideal (fi,... , fs), but the remainder of the division of
f by fi,..., fs may not be zero as the following example shows.

EXAMPLE 1.5.10. Consider the polynomial f = ¥’z — z € Qz,], and the
ideal I = (f1, f2) C Qla, ], where f; = yz —y, fo = ¥* — z. Set F = {1, fa}.
Using the deglex term order with y > z and the Division Algorithm, we see that
F I g2z L0 that is, f <5, 0 and indeed, f = yfy + f2, and hence
f € I. However if we reverse the order of f; and f» (that is, we use f; first in
the Division Algorithm) then f ELRpS J z, and z? — z is reduced with respect
to F. So the remainder of the division of f by F is non-zero, but f is in the ideal
(f1, f2)-

This difficulty already occurred in the one variable case. For example, if
f =z, fi = 2% and f, = z2—=z, then f is reduced with respect to { f}, fo}, whereas
f = H— f2 € {f1, f2)- The difficulty was resolved by finding a better generating
set for (f1, f2), namely z = ged(z?,z? — ). To do this in the multivariable case
is the subject of the next section.

Exercises

151 Let f =233 + 292, fi = 222 + 3z + 4%, fo = ¥2 — 2y — 2 € Q[z,y].
Using lex with =z > y, divide f by fi, f2 to obtain a remainder r and an
expression as in Theorem 1.5.9. Repeat this exercise reversing the role of
f1 and f,.

152 Let f=2%2 —w? fi=z—v*w, o=y—2w,fa=z—-wd, fy=w?P—-we
Qlz,y, z,w]. Using lex with £ > y > 2z > w, divide f by f,, fo, f3, fa to
obtain a remainder r and an expression as in Theorem 1.5.9. Repeat this
exercise reversing the role of fi, f2, fs, fa, i-e. using f4, fs, fo, f1.

1.5.3. Prove that given a set of non-zero polynomials F' C k[z,,... ,z,], there
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can be no infinite chain g; ng —F—+g3 R [Hint: The new point
here that did not occur in Theorem 1.5.9 is that we may not be subtracting
off leading terms in g; —F‘* Gi+1 ]

1.5.4. Show that for any polynomials f,g € k[zi,...,z,], for any finite set
of non-zero polynomials F C k[z1,... ,z,], and for any power product
X € T, we have
a. If f € F, then fg ——, 0.
b. If f —F->+ g, then X f L.,. Xg.

1.5.5. Let f,g,h,7,8 € k[z1,... ,2,] and let F be a collection of non-zero poly-
nomials in k[z1,. .. ,Z,]. Disprove the following:
a. Iff——F—>+ra.ndgi»+s,thenf+gi»+'r+s.
b. If f —f—»+ rand g L.,. s, then fg —F++ 8.
c. If f+g —F->+ h, f —F->+ r,and g —F~>+ s, where h,r, s are reduced with

respect to F, then r + s = h.

1.5.6. Let F = {fi,... , fo} Cklz1,... ,Zn], with f; 0 (1 < i < s),and let f €
klzy,... ,zp] such that f = Y7 wf; with Ip(f) = maxi<i<s Ip(u.fi).
Give an example that shows this does not imply that f _f_,+ 0. [Compare
with Theorem 1.6.2 part (iii).]

1.6. Grobner Bases. In this section we finally define the fundamental object
of this book, namely, a Grébner basis.

DEFINITION 1.6.1. A set of non-zero polynomials G = {g,,... ,g:t} contained
in an ideal I, is called a Grobner basis® for I if and only if for all f € I such
that f # 0, there exists i € {1,... ,t} such that Ip(g;) divides Ip(f)-

In other words, if G is a Grobner basis for I, then there are no non-zero
polynomials in I reduced with respect to G. We note that it is not clear from
this definition that Groébner bases exist. We will prove this in Corollary 1.6.5.

We first present three other characterizations of a Grobner basis. In order to
do this we need to make the following definition. For a subset S of k[z, . .. , Za],
we define the leading term ideal of S to be the ideal

Lt(S) = (it(s) | s € S).

THEOREM 1.6.2. Let I be a non-zero ideal of k[z1,... ,z,])- The following
statements are equivalent for a set of non-zero polynomials G = {g1,... ,g:} C I.
(i) G is a Grobner basis for 1.
(i) f €1 if and only if f 5., 0.
(iii) f €I if and only if f = T, higi with Ip(f) = max, <i<e(Ip(h:) Ip(g:))-
(iv) Lt(G) = Lt(1).

6 Another term which is commonly used in the literature is standard basis.
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PROOF. (i) = (ii). Let f € k[z1,...,z,]. Then, by Theorem 1.5.9, there
exists r € k[zy,... ,Ty,], reduced with respect to G, such that f —g».,_ r. Thus
f—relandso f€lifandonlyif r € I. Cleatly, if r = 0 (that is, f — 0),
then f € I. Conversely, if f € I and r # 0 then r € I and by (i), there exists
i € {1,...,1} such that Ip(g;) divides Ip(r). This is a contradiction to the fact
that r is reduced with respect to G. Thus » = 0 and f ﬁ».,. 0.

(ii) => (iii). For f € I, we know by hypothesis that f -+, 0, and since the
process of reduction is exactly the same as the Division Algorithm, we see that
(iii) follows from Theorem 1.5.9.

(iii) => (iv).Clearly, Lt(G) C Lt(). For the reverse inclusion it suffices to
show that for all f € I, It(f) € Lt(G), since the 1t(f)’s generate Lt(). Writing
f as in the hypothesis, it immediately follows that

It(£) = 3 216(hs) 16(g3),

where the sum is over all i such that Ip(f) = Ip(h;)1p(g;). The result follows
immediately.
(iv) => (i). Let f € I. Then lt(f) is in Lt(G), and hence

t
(1.6.1) 6(f) =) hilt(g:),

i=1

for some h; € k[zy, ... , ). If we expand the right-hand side of Equation (1.6.1),
we see that each term is divisible by some 1p{g;). Thus 1t(f), the only term in
the left-hand side, is also divisible by some Ip(g;), as desired. O

COROLLARY 1.6.3. IfG ={g1,-.. ,9:} is a Grobner basis for the ideal I, then
I= (gly" . )gt>'

Proor. Clearly (g1,... ,9:) C I, since each g; is in I. For the reverse inclu-
sion, let f € I. By Theorem 1.6.2, f i.,. 0, and hence f € (g1,...,g). O

For the next corollary we first need some information about the special nature
of ideals generated by terms.

LEMMA 1.6.4. Let I be an ideal generated by a set S of non-zero terms, and
let f € k[z1,... ,z,). Then f is in I if and only if for every term X appearing
in f there exists Y € S such that Y divides X. Moreover, there exists a finite
subset So of S such that I = (Sp).

PrOOF. If f € I, then

£
(1.6.2) f=3 hXs,
=1

where h; € k[z1,... ,z,] and X; € S, for ¢ = 1,... ,£. If we expand the right-
hand side of Equation (1.6.2), we see that every term is divisible by some term
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X; in S, and hence every term of the left-hand side must also be divisible by
some term X; € S.

Conversely, if for every term X appearing in f there exists a term Y € S such
that Y divides X, then each such X is in I = (S), and hence f is in I.

In order to prove the last statement we note that, by the Hilbert Basis Theo-
rem (Theorem 1.1.1), I has a finite generating set. By the first part of the lemma
each term in each member of this generating set is divisible by an element of S.
The finite set, Sp, of such divisors is clearly a generating set for I. [

COROLLARY 1.6.5. Every non-zero ideal I of k[z,, ... ,z,] has a Grébner ba-
sts.

PRrOOF. By Lemma 1.6.4 the leading term ideal Lt(I) has a finite generating
set which can be assumed to be of the form {1t(g,),...,1t(g:)} with g1,... ,9¢ €

I. If we let G = {g1,...,8:}, then we have Lt(G) = Lt(I) and hence G is a
Grobner basis for I by Theorem 1.6.2. [

We now give a fifth characterization of a Grébner basis. We will expand our
terininology a little.

DEFINITION 1.6.6. We say that a subset G = {g1,... ,9:} of klz1,... ,Zn] is
a Grobner basis if and only if it is a Grébner basis for the ideal (G) it generates.

THEOREM 1.6.7. Let G = {g1,--. ,9:} be a set of non-zero polynomials in
k[z1,...,z,)- Then G is a Gréobner basis if and only if for all f € k[zy,... ,zn],
the remainder of the division of f by G is unique.

PrOOF. We first assume that G is a Grobner basis. Let f i».,. 71 and
f ﬁ».,_ T2, with 7; and 72 reduced with respect to G. Since f —r; and f — 7
are both in (G) = (g1,..- ,9t), 80 is 1 — ro. Moreover r; — r2 is reduced with
respect to G. But then r; — ro = 0, by Theorem 1.6.2 (ii).

Conversely, assume that remainders upon division by G are unique. We will
prove condition (ii) in Theorem 1.6.2. So let f € (G). Suppose that f —€++ r
such that r is reduced. We must show that r = 0. (Of course, we know, by
bypothesis, that r is unique.)

CLAIM: If ¢ € k is non-zero, X € T™ is a power product, and g € k[z1,... ,Zn]
is such that g i».,. r, where r is reduced, then, for each i € {1,...,t}, g —
cXg, £,+ r. (Note that we have not assumed that cX 1t(g;) actually cancels a
term in g.)

We note that if the claim is true we are done. To see this, since f € I, we
can write f = Zﬁ=l ¢, X, 9i,, where ¢, is in k and is non-zero and X,, € T™ and
each 4, € {1,...,t} (this can be done by writing f = >¢_, hig: and writing
each h; as a sum of terms). Then, applying the claim to g = f, we see that
f—aXig, —G—»+ 7. So now we can apply the claim to ¢ = f — 1 X1g;, to
obtain f — ¢; X19i, — c2X29:, _E_,+ r. Thus, using induction, we see that 0 =
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f- Eﬁ=1 X 8i, -i_,. r. That is, 0 —Ga.,. r which immediately implies that
r = 0, as desired.

ProoF OF THE CLAIM: Define d by letting dlc(g;) be the coefficient of
X 1p(g;) in g. We will consider three cases.

e Case 1. d = 0. Then the coefficient of X Ip(g;) in g — cXg; is —cle(g;)
which is non-zero and so g — cXg; — g ﬁ,_'_ r which is the desired
result.

e Case 2. d = c. Let r, be reduced and assume that g — cXg; £,+ ).
Then, since d = ¢ # 0 we see that g 25 g — cXg; —G—».,_ 1. Thus, since
we know g —>+ r also, we see r = 71, as desired (by the assumption
that the remainder is unique).

e Case 3. d#A0andd #c. Set h =g — ng, Then the coefficient of
le(g.,)mhst Smced7£0wehaveg h. Also, since d # c we

have g- cX gi — h.Soifh ——>+ T2, such that 7y is reduced, we get
g Sk —>+ ro and so T = T, since the remainder. is unique. And so
—cXg; 2 h -G—>+ 7, as desired.
The theorem is now proved. [J

Although we have in Theorem 1.6.7 that remainders are unique for division by
a Grobner basis, we saw in Exercise 1.5.2 that the quotients are not necessarily
unique (we will see in Exercise 1.6.2 that the polynomials in Exercise 1.5.2 do
form a Grobner basis).

EXAMPLE 1.6.8. We continue Example 1.5.10. So let f = y?z—=z, f =yz—=2
and f, = y? — z. Let F = {f}, f}. We use deglex with y > z. We showed in
Example 1.5.10 that f ——, 0 and f ——, 72 — z, the latter being reduced with
respect to F. Thus by Theorem 1.6.7, F' is not a Grobner basis. We can see this
in another way. Namely, since f = yf1 + f2 € {f1, f2) and f ir... z? — T we
have z2 — x € {f}, f2). But 22 = Ip(z? — z) is not divisible by either Ip(f) = zy
or Ip(f2) = y2. Thus by the definition of a Grébner basis (Definition 1.6.1), F is
not a Grébner basis.

ExAMPLE 1.6.9. Consider the polynomials g) = 2+ 1z, g, = y—z € Q[z, ¥, 2|
Let G = {g1,92}, I = (91,92). We use the lex term order on Q[z,y,z] with
T < y < z. We will prove that G is a Grobner basis for I. Suppose to the
contrary that there exists f € I such that 1t(f) ¢ (1t(g1),1t(g2)) = (z,%). Then,
z does not divide 1t(f), and y does not divide 1t(f). Thus, because of the lex
term order, z and y do not appear in any term of f, and so f € Q[z]. Let

= (z + z)hy + (y — z)h2, where h,, ho € Q[z,¥, z]. Since y does not appear in
f, we may set y = z, and we have f = (z+z)hi(z, z, z), and hence z + z divides
f, a contradiction to the fact that the only variable occurring in f is z.

We will give a more systematic way of proving that a set of polynomials is a
Grébner basis in the next section.

We observe that if we have a Grobner basis G = {g1,...,g:} for an ideal I,
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then we can solve some of the problems posed in Section 1.1 in a fashion similar
to what we did in the one variable case. To decide whether a polynomial f is
in I, we use the Division Algorithm and divide f by G. The remainder of the
division is zero if and only if f is in I. Also, by Theorem 1.6.7, the representative
of the element f + I in the quotient ring k[z1,... ,z,]/I is 7 + I, where r is
the remainder of the division of f by G. Also, a basis for the k-vector space
k[z1,... ,z,)/I is the set of all cosets of power products that are not divisible
by some 1t(g;} (Exercise 1.6.10). All of these applications will be discussed fully
in Chapter 2.

We note that a Grobner basis with respect to one term order may not be a
Grobner basis with respect to a different term order. For example, if we use the
lex term order with z > y > z in Example 1.6.9, then {g;, g2} is not a Grobner
basis for I (Exercise 1.6.3).

Clearly, the question now is how do we compute a Grobner basis for an ideal
I? The results in this section only prove existence, and the proofs of these results
do not indicate any method for finding Grobner bases. We will give Buchberger’s
Algorithm for their computation in the next section.

However, we have already computed (without knowing it!) Grébner bases for
two special cases. In the linear case, the polynomials obtained from row reducing
the matrix of the original linear polynomials to row echelon form constitute a
Grobner basis for the ideal generated by these original polynomials, the variables
being ordered according to the position of their column in the matrix of the sys-
tem of equations (Exercise 1.6.5). In the one variable case, G = {ged(f1,-.., fs)}
is a Grobner basis for the ideal I = (fi, ..., fs), by Theorem 1.6.2(ii) (Exercise
1.6.6). In both cases we do have an algorithm for computing the Grobner basis.

Exercises

1.6.1. Show that the polynomials f; = 2zy?+3z+4y?, f2 = ¥*> —2y—2 € Q|z, 3],
with lex with > y do not form a Grébner basis for the ideal they generate.
(See Exercise 1.5.1.)

1.6.2. Show that the polynomials fy =z — y?w, o=y — 2w, fzs =z —uwd, fy =
w® —w € Q|z, y, 2, w] in Exercise 1.5.2 form a Grobner basis for the ideal
they generate, with respect to lex with z > y > 2z > w. [Hint: Follow
Example 1.6.9.] Show that they do not form a Grébner basis with respect
tolex withw >z >y> 2.

1.6.3. Show that the polynomials g;, g2 in Example 1.6.9 do not form a Grébner
basis with respect to lex with z > y > 2.

1.6.4. Let < be any term order in k{z,y, 2] with z > y > 2. Show that the
polynomials fi, f2, f3 in Example 1.2.2 do not form a Grébner basis for I,
whereas f}, f2, —17z do.

1.6.5. Let f1,..., fm be non-zero linear polynomials in k[zy,... ,z,] which are
in row echelon form. Show that they form a Grobner basis for the ideal






