IE\‘.- y L

- WIIEIGEICLH 1 tho forco Foon a particle always passes through  fized point O,
the force s callod o contral lorco and O is called the contro of force, /o central forcs is
ropulsivo or altractivo according as it is dirccted away from or towards the centre of

forco,

UG RE  /he ombit of a particlo moving under a cenlral force is necessarily a

plane curvao,
PU, 2011 (B.AJB.Sc )

m If 1+ is the conlral force acting on a particle of mass m and the origin is taken
~althoe contro of force, then since r and - along the same line, so

,:XF...O
'r'x(mg!- =0
dt
. (v
[ X oo s ()
dt
.o dv
VAV | I g w1 () Vv =0
Tl
ar " I
Sxafudl 32“" 5
dt Fig.10.1
”&F(rKV)mo

I xV = constant
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When a partjey
€ moves
constant. under a centray force, the areal velocity is

e Let the particie, moving und.e
Using radial and transverse directions

we have
F=F(-f)+F3
r — -
o F=-FFfirs
or

F=-mar, ma,s

-.(1)

g C€, so its transverse component is zero, i.e
=>ma, =0 >Q
1d, ., | 7
——(r<@)= g A
:rdt( ) 0 xv "Z/)’V ’féwi
d,» : "'P
- 2%y =0 e
= (r?6) = constant = A (say) o™

I[f redius vector OP SWeeps an infinitesima] area POQ, dA. in ti :

1 .
dA=Er(r+dr)smd63 | A/?;j("*ﬂ D7 50d8 -
1 o S N - :
dA =§r29 in the limit <A£;«;t‘ ) = ,?4 /7&4(94—’%7114}9
Defining the area] velocity of the i aA "
particle as — | = 57 4 47 92
g ve have % = 2 jf"'"d?j}
| %= 2 "a( J(,zﬁ/.d,—-)-&zc’
This shows that the areal velocity is constant. L A - ”%’Z’OA &)
Diﬁerenﬁ : . W éé = / 7> C9: { -
E Let al Equation of the Orbit in Polar Coordinates:; T 2 = 2 4 = trsf
et :

e Particle, movin

radig) g under a central force have pofar coordinates (r, o). Using

: and transverse directions, we have

E ;’: F=-FF+F,3

F =-ma,F + ma,§ (1)
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M N 1d (r20) are radial
where a, =7 =10"80 = gt - |
- | force, SO its transverse component is zero, j ¢,
ion. Since F 15 centra ' ‘
acceleration - -0 b —q— (r20) "
ma, =0 dt
- _, (r?0)=constant =/ (say)
—a, =0
- 1_q—-(r20) = 0
r dt % Py
Putting a, =0,2a, = f—r02 in (1), we have F = —m&r -
— m(i —ro°)r =—F
Taking magnitudes on both sides, we have
m(f —r0*)=-F

g w.r.t. t, we have

Let r= 1 ,then differentiatin
u
dr 1 du 1 du d@

e —

T=4_ Zdt  u?dodt
Since r?0=h, so —1,—0 _h . ie. 0=hu?.Putting this value in (4), we have
2
1 du du
f=———(hu?)=-h—
u? d()( ) do

Once again differentiating w.r.t. {, we have
d( du) d (du d (du) 2

_pdu)__pdafau)__ uYdo , d°u, 2

(dﬁ} " ( ) e ™)

o _ do?

utting the values of r,7,0 in (3), we have

' 2
~h22 94U 1
"{ ) doz_z("“2)2)=—F
- 2

Pl N
dt\ do at do\do)dt  d

I =-h%u
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Chapter-10: Orbital Motion . POl For of the 331
Differential Equation of the Orbit in Pedal Form: i

Differential equation of the orbit in polar form is PU, 2008 (B.AJB.SC.)
d?u 7
z TU= ..(1)
: , do hy?2 —=
If p is the perpendicular distance from origin to the tangent to the point of the orbit,
then from calculus, we have
2
izziz’*i(i A(2) -
pc r* r*\do

. 1 .
Since r = U SO using chain rule, we have

ar =i[1)_1 Tdu__1du
d0 do\u) du qua- u? do
Putting these values in (2), we have

1 5 o 1 du)’
—=U"+U"| - ——
2 ( uz dg)

p

1 . _(du)z
— =y +| —
p? do

Differentiating both sides w.r.t. g, we have

d ( 1 )= d (u2)+—d-(ﬂ)2
do\ p? ) do do\ do
__Za_g_p_zzudu+2du d (du)
p?do  do ~dodo\de
1 dpzudu+dud2u
p*do do dfdo*
- dpduzdu[u+d_2uJ
p?dudo do(  do?
_Adp § d'u
p? du do?
1dp_ f
S pddu hAu?
1dpdr _ f
" p?drdu hu?

1 dp(_ 1)= f
p?dar\ u?) h4P

(using (1))
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An apse is a point on an orbit at which the radius vector drawn from the centre

force is @ maximum or minimum. &
The length of the radius vector at such a point IS kn

line joining an apse to the centre of force is an ap
consecutive apse lines is an apsidal angle.

ndition for a point P with radius v

own as the apsidal distance. Thy
se line. The angle between tw

The )'ar]alytical co ector r (referred to the centre ¢

+s oriai apse, is
forf:e as origin) :jor be an ap Apse
= =0
do
du
or —=0
do s

If ¢is the .angle between the radius vector
and the tangent at P, then from calculus, we

*have
do
tang =r—
9 dr
:>cot¢=’1ﬁr—
rdo
::>cot¢=0ifandonlyif-di=0
do
:>¢=%ifandonlyif=—d—-rz—=
Thus @

The radius vector throu |
] gh an apse and
tangent at it to the orbit are perpef:dicular e

10-5 Classification of Orbits in Terms of Energi

The planet will describe an ejjj . ccﬂf‘y"
as total energy per unit mass, E, is negat?v”épiz’r: gf ;E:)b(')t"a or a hyperbol@
' sitive.



Chaptesil: Dronsl Moticts Classification of Orbits in Terms of Ene 333

m If M and m are the masses of the sun and the planet, then by Newton’s iaw
of gravitation, they attract each other with a force G Ll

i
Referred to the sun as the pole, the differential equation of the orbit is

(42
mh?u? u+u] = Gm?-

mh?u?| — + uj = GMmu?

d’u M
dg? h?
d?u Y7
—+tu="-
do? h?
Where 4 =GM. Equation (1) can be written as

(1)

dZ
:W(u—%J+(u—h—”2-)=0 -(2)

u—ﬁ%=CmmW—%) .(3)

Its general solution is

where C and 6, are constants of integration. Equation (3) is the equation of the most

general orbit described under a central force varying as the inverse square of the
distance. Constant #, can be made zeio by rotating the base line =0, so that

equation (3) takes the form

u=ﬁ%+0mm9 o .(4)
1_ 4
—=2+_4Ccost
or r h?
h2
i h*C .

Thus the orbit is a conic with one focus at the centre of force, semi-latus rectum

2 2
®qual to ’L, and eccentricity h"C 1o determine C, we may proceed as follows:
H H

Let V be the potential energy per unit mas;\./The"
BiagdV

— — gy




e= 5:1+ 2 -..(15)

‘ : : ice versa.
These formulze give a, e interms of E, 7 and vice v

. . . &
Iz From the equatlion of energy, for a unit mas

T+V=E

1.2 __E
57 2a
1 2_H#_H
2v T r 2a

This is the velocity at any point of the orbit.
0-6 Kepler’s Laws of Planetary Mot

Em Each planst describes an ellipse with the sun at one focus.

T If M 2nd m are the masses of the sun and the planet, then by Newton’s law

of gravitation, they atir tract each other with a force G@
5>

Referred to the sun as the pole, the differential equation of the orbit is

( 42
mhzuz ‘d—u' +U = GM’_T,..
L do? >
(d?u
mhA*u?| — + u | = GMmu?
B ] -
d’u  GM
de? =~ R?
2
'g_u +Uu= i .--(1)
dg?® h2 ; .
YWhere p=GM. Equation (1) can be written as
d?u
H
doz Tz =0
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is

L

n

generzl solution is

_H NE)
U=~ =Ccos(0-0,) A9)
where C and 6, are constants of integration. Equation (3) is the equation of the most
general orbit described under a central force varying as the inverse square of the

stznce. Constant 6, can be made zero by rotating the base line #::0, so thal

d
eguztion (3) takes the form
U=£2+CCOSO o A8)
h
hZ
1 T 2
or —=L2+Ccoso or _,u_=1+£_C_C°30
r r H
or -;—=1+ec050 .{9)
Thus the orbit is a conic with one focus at the centre of force, semi-latus rectum
h? - .
agual to /=— and eccentricity e = LR . This completes the proof.
U H

g CHEVE The radius vector drawn from the sun to the planet sweeps

out egual areas in equal times.
PU, 2013; 2011 (BS Math)

Eioa® Let the planet, moving under a central force due to sun have polar
coordinztes (r,d). Let P and Q be the neighbouring positions of the planet. Let sun

b= zt origin O. Using radial and transverse directions, we have
F=F.(-f)+F,8=—F, i +F,3
or F =—ma,F + ma,$ ..(1)

whers a, =7 -r6?, aa:%g?(rzé) are radial and fransverse components of

acceieration. Since F isscentral force, so its transverse component is zero, i.e.
F=0
=>ma,=0

d .z
== — =
dt(r g)=0

. = (rzé)z-constant:h(say) - & Fig.16.4 Y
2dius vecior OP sweeps an infinitesimal area POQ, dA, in time dt, then
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338 | Tuprodluction 7 Mochanlos = = /il

A = Lr(r+dr)sind?
2
Ja= 20 inthelm!
2
dA
Defining the areal velocity of the particle @s " we have
_CE\— = "20. — h
dt _
is constant, i.e. the radius vector drawn frop e

This shows that the areal velocity _ Thi |
sun to the planet sweeps out equa al times. This completes the proqf

ares of the periods of the planets are proportiongj (,

| areas in equ

[LERICHENE The squ ;
the cubes of the semi-major axes of their orbits. |
PU, 2013; 2011 (BS yap

bed in a unit time, it follows that if T pg
whole ellipse, then

ngqf Since 1h is equal to the area descri
the time that the particle takes to describe the
%hT = area of the ellipse = 7ab

2
:>T=2;zab=2nab -.-I=h—-
h Jul A
_2zab_2¢ ab b
ot o
a
3
_2r a*b 2x 3
= 2 = :az
b i
:>T2=ﬁas
i
=T?« g’

This shows that the squares
of t ;
cubes of the semi-major axes of ch?r gs)ri'tosds of the

FENERE Show that the law of force towards the

curve r" =a" cosn0 is given by f = (N+1)h%a2"
. \

planets are proportional to

pole, of a particle describind the

r2n+3
S [MJif The given equation r < gn cosno BU. 2013; 2010 (B.A./B.Sc.); PU, 2011’ gs at!
u 1 ¢an be written as
a’ Lm U= .1 -(1)



aptor-10: Orbital Motian

- n-1 du 1
=» nu 90" 57,-(— Mcosl n(})(nn sinn/
n1du _ 1+nsinng
d0 a" cos? no
Multiplying both sides by u, we have
n _dﬂ - _i nsin ng

do a" cos?ng
1 d i
n(————wj—ﬁ = ——1"—u griing (using (1))
a

= nu

nu

a” cosng)do cos? no
d
-C%=utann0
dv  d du d
—~=—/(utannd)=tann0— +u—(tann0
do*? d0( ) do dO( )
=tannod(utanng)+u(nsec? no)
=utan? nd+ nusec? no
du ” 2
— =u(tan“n0+nsec” no)
do
Differential equation of the orbit is
f_d?u
h?u? do?
I _ u(tan? no+nsec? no)+u (using (3))
h?u?
| f
| h?u?
f
h?u?®
f
h?u
f  n+1
h*u

+ U

=tan?n0+nsec?nd+1

=nsec?no+sec’n0

=(n+1)sec’ n0

g

3" cos?no

hzze =(n+1)@"u" )’ (using (1))
f

hu®

f =(n+)2a®u*""?

fln+ Nh%a®”
= _w;_z.;’.;.%._-—

n U2n

=(n+1)a
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_ g™ under force f to the pols, 5oy,

PU, 2000 (BAR 1

f o

= - (n* +1)h? = constant

XN arti , ibe 2
ZONAKE 4 particle describes the curye F nd under force f to the poké 7

mattf;éfsrccz;:i:fcdasfz;:-
3
Z=ng

U
0
2
I
3
QD
-5

U
\
gle
]
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i’
vy A AL prpnbio v Hhies v belt ta
| f T
3 3 "l
hou fit” .

0 u (unlnu'(i))

vy

W'
f
no'
f-h'u'
n

u

‘ o h? - constant

4 _ soshn¢ under force f to the pole,

m A parincde desonbes the curve '
1

O hat the Rvve j¢ stated as o r- =

RONTON . coshn?
| 1
\.I u o -

> Al - coshnd ;

o nsinhnd

=Y e

de “
15.’.2 « n® coshnd? = n*(au) =an‘u

=> € <,"'
{1
("‘l (1)

- S w Y
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1 ,,(”u \ :|)/,"' - constant
' ol 4 ¢ .

Vo = sinn0 undoer force f tq y

'-\
. (N f (l‘" .
TR A particle doscribos (0 {

show that the force I8 statod as [« o

a . sinnd

Solution! r

= au = sinno

2
= n.q._g = --nz Slnnﬂ
do*
d’u 2
= a——, =-n“(au)
do?
2
= —g—%’ =-n%u

Differential equation of the orbit is

foc.l.

¢ POIe'

i
SN |-

- v (1-n?)h? = constant

BTN A particle describes the curve r"

show that the force is stated as f o p2n-3

rf Cosng = g

1 Cos
0
--’-'-n‘-—a..r.lg.
| a

&
p
cosn@ =a" under force fto

J
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Chapter-10: Orbital Motion .
- TN ew———c

a (1)
cosng

=Inu? = |p 223nv

. an
:>nlnu=lncosn0-—|na”
:nlnu:lncosno-nlna

n du 1

- = -n

udo cosnO( sinng)-o

1du
:___z_smno

udo cosng

:ﬂ— utanng
qo - ann

d’u  du

d02_ dota””O nusec? ng = —(—utann@)tannd - nusec® no

= utan? n@-nusec? no = u(sec? n@-1)—nusec? nd
=usec"'n0—u—nusec2né?—(1—n)usec:2 no-u
_ (1=n)u (1- (-nju (-nju
- S NUTY Bl ke = 2
cos“ no (@"u™) a“"u”

1-n

do? U= g2, 21 - -(2)

Differential equation of the orbit is
f d% e
h?u?  do?
f 1-n X
H2u? gy (using (2))
f 1-n

h? . 520, 2n-3

(1-n)h?
T gy
(1-n)h?r?™?
f= a2n
f oc r2n-3 .+ (1-n)h? = constant
m A particle describes the curve r" = Acosn@+Bsinn@ under force f to

1
the Pole, show that the force is stated as f « FETION

2

=

= Acosné@ + Bsinn0 (1)
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then putting these values in (1), we haye
a,

Let A=acosa, B= asin 04_:asinasinn0 = aCOS(n()"- )

:>__1__=aCOS(n0—a) ",
u” '

du ‘ =
-1 __ =.-pasin(nf - )
= —-nu f
do

— g % =asin(n0 - )

adu N+l o
— =au"" sin(nf - a) ,‘
=0 A
= d’u =a(n+1)u" ﬂsin(nO—cz)+ anu™'cos(n¢ - a)
do? do
=a(n+1)u"[au™" sin(n0 - a)]sin(no - a)+anu™ cos(ng — a)(by (3)
=a*(n+ 1w’ sin®(no - q) + anu™! cos(nf—a)
=a*(n+1)u?™1- cos?(n0 - a)]+ any ™" cos(ng —a)
Putting the value of cos(nd -a) from (2), we have
2 i 2
d‘;i . a2(n +1)u2n+1 - 1 i} + anun+1 1
ao au” auy”
=a2(n+1)u2"” F1—- 1
| g%y |7
2 2n+1
=2 2041 _@°(n+1)y
a“(n+1u i +ny
= a2(n + 1)u2n+1 _(n 4 1)U +nu
=a’(n + N2 _ |,
d?u \ |
:%2—1-1.!::3 (n+1)u2n+1 N
Differential €quation of the grpjt is
o d¥y
h2u2 = 352‘ +U
\f ' 2
h2y? = a‘(n+ 1)u2n+1 (Using (2))

[ = az(n +1)h?y2n+

_ @ (n+1)h2
f“h%a)i



Ll Lom Prove that the S

Ve
) e .
where h i the areal speeq and(z)ij'; any point of g central o

. rbit is given by vp = h
oo, Of the tangent at that point the Petpendicular djst AN
A . . 1 ance f
Hence ﬁna‘the expression for v wh fim ke eentrs g
of force, describes (i) an elliptic, (j en a particle,

TSR We know that " @ paraboli, jiy

Subject to the inverse square law
hyperbolic orbj

\do
2 _,2 1
Vv =h p_z u2+(£)2=i
2,2 _ 2 go)x p?
e =h

When the force (per unit mass) is i;. = 1uu?, then h2y? d%u _ 2
r z [=H

2 d2U
= h (u+d—02)=ﬂ

Multiplying both sides by 2:—;, we have

2
hz(2udu+2dud UJ=2/“£

" do “doder )T M0
( 2

= n?|2u 4 (du) =2yﬂ
\ dé do\do do

/ du\2)
= h?| 2udu + d(—) = 2udu
do )

\

do)

-r 2
= hz u2 +(g—‘;—) J: 2/lU+C
\

du )
= h? jzudu+jd( =I2,udu
\
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th rbl

which is () &9 ation of " lipse. pola and hyperbola, referred to a fogg

Now (r.p) equd

pole, are respectively b 284 |
T - o{Y)
p2 =ar (3)

2

bz =g'a—+1 ‘(4)
P r _
with equation (1), we find that

' ), (3) and (4)
c=-t (e Cis _ve) in elliptic orbit

a
c=0in parabolic orbit

C= H (e Cis +ve) in hyperbolic orbit
Now | : ‘
v? = Diz _2,c= p(?— —-1] when the orbit i elliptic,
p2 T r a
vZ= 2—22 = ?;/i when the orbit is parabolic,
and V= %2;‘ = ZF/‘_ +C= ;1(%— + —;—) when the orbit iS hyperbolic:

Note: A circleis a special case of an ellipse i i i
. : : pse in which ris € ual to @
case of circular orbit described under the inverse squa?e law of forc®:

vZ= h* _2u 2 1
P r a a) a
Exam le-9:a! ' - /
P r. S 5?&’1‘:£etﬁ£ Tétr mme;ss describes an ellipse under the action 9 ?:;fr
3 al component of the acceleration @ e
M where v is th - g
il e velocity at that instant and a, b are the semi'axasd

ellipse.
d)mm Differential equation of the orbit is

h?y? d?u
(LHT()Z =Mr




|
3
.
|
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v
7 a‘b
p3
ribing an ellipsé about @ centre of force in the
fits angular velocities about the fociis

d v beits velocity along the

icle at time t an
PT. Then vp =h

Let P be the position of the part .
tangent PT- Let p be the length of the perpend|cular form C or
where h is the areal velocity.

“\
.’Vf‘;lm:v

v *
.
v(, ;L\tﬁ,.“;\\

-

Obviously m£QPS =mZOPS'= ¢—sa

; f

particle at P about the foci S and S'( anycg pi (:ng r;;i fﬁ are the ar)gular
tangent from S and S', then 2 Ihe perpendicular

selocities ¥ t:f
distance® of

@4 =vsnn¢' - _vsing
sp ' Tt sP

—

[N) H ] —
1 VSing @, vsing

Adding these, wWé have
1 1

SP '
-a_)—+—a;_=7§n¢+vs'P =SP+SIP 24
. sing ~ vsing  vsi .-sp+SP=2
1 1 sing
>, 1 __Z2a .,,(1)

0 :
From right triangles APQS, APQ'S", w ezhavvs'” ¢
e
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e 101 Orliltal Mot v _ | —
AN LALIRIL Kepler's Laws of Planstary Motion

i ’;'-‘ - ":; ey dp p
vt W 8SPGZRP 28 a4
palting (his value in ( |) Wis hmm

I 2a' 24"
( L h
(ﬂmm“ A particle of mass m moves under a central force

M et - 2(nt béyu"), (a = b)

“oonstant v h

show thal tho

|

— . M
il 18 pryected froim an apse at distance a « b, with velocity —,
- i

vt iy o=@t booa@,
. PU, 2000 (B.A/B.Sc.
mmm Differential equation of the orbit Is

mh® (u& :()2']-:::1\4[.!::(:“ 20’ ~b* ")
(

~ d‘u « % s Lt
W lua 0 = Mdau® - 2(a® - b* ) aisll)
e
\
i al
.P A ¢« oINTI &
" w1t
. 4 "\\
| e \ ,"".1
| 2T
) :.’;"\” et S |
\ ! 1) 4 R Ao b A
;, | ’,l'm'
’\\ ; ",// “U ’|Iol,

| IM B M .
Nike at the given apse p=a+b, v = —51 h=pv=(a+b)—r = VM . Putting

We valve In (1), we have

M[wg—;;] = M[3au® - 2(a° = b*)r°]

d’u 2_o(a? - b2
= 0t = = 38U - 2(a
Yo

L)

‘_l':g 3au’ - 2(a* - ¥
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du

Multiplying both sides by 235 we have
B d’u = 2[3au 2 _9(a® - b?)u’ —u]
do db*
N d”) = 2[3au 2 _9(a? —-b* W’ —u]
do\df

dé
Integrating both sides, we have

jd(g%) _Zj[3au _2(a? -b?)u’ —uldu

zd(du) —2[Sau ~2(a* —bz)u —uldu

2
= (%%) ~2au® —(a® -b?u* -u*+C -2

Now at the given apse, LI O u= L - . Putting these values in (2), we have
dé r a+b

22 — 1 1
(a+b) & ) by @ebr
1 1 1
° 2a(a+b)3‘ (& b)(a+b)3—(a+b)2+c
o_2a-(a=b)__ 1
(a+b)®  (a+b)?
a+b 1
(é'+b)3—(a+b)2+C
__ 1 1
(«'=7+b)2“(a+b)2+C
=C=0
Putting this value of Cin (2), we have

du’\? A :
"c'i‘b' = 2au —(a _bz)u4_u2
du)? ;
qo) “Yau-(a®-p*u? -q
1drY> 17 1
2|l -——] =— L 1 1
( r:d ) ,.z[zar .(az—bz)r_z_-[\ cu=-

0=2a

A
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/dr)t,—.Zarv(az—bz)—rZ =3
:DLd(?’ \/bz _(r_a)Z =1dg
_2ar—-a®+b*-r? dr
2 2 2 nj. =i[d0
2
dr 2 2 . 4fr—a
a ) —b?-(r-a) o sin(7=2)2
ﬁ(d()) ( b ) 0+B
dr 3 ~ (r_n)2 r-a_ ...
:>—d'(')'—i (r-a) =>—b =sin(x0 + B) .(3)
Now at the apse, I — a+b, 0 =0. Putting these values in (3), we have
{g+0)=4 b)=a. sin(0+ B) L 2
b B=sin"'(1)
b -
b B 2
putting this value of Bin (3), we have
r-a S|r(—+9 — r—a=bcosé
b 2 — r=a+bcosé
' —8 “tos6
m The law of force is Mu® and a particle is pmjected from an apse at

distance a. Find the or

bit when the velocity of projection is

__——

a
PU, 2012:2008: 2005 (B.A/B.Sc.)

Y Tangent
48 _ vy / atP
T Pi.9)
e
N
/
F
{ X
\’ T
B
Sfierential equation of the orbit i

o G )
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d?u ) :
— 2 + = Mu*
d
JM , M_Im
Since at the given apse p =g, R h=v=a—s === g th
in (1), we have ,
M d“u 3
U+ ——|=Muy*
az( dOZJ
2
—us LY =a’u,
do?
2
43*02——5121*3 -u
e g . du |
Multiplying both sides by ZCTO, we have
"2,
dii?-Z(a U — )
do dg dog
2
du du
—l—=| =2(a%4° _
= da(d()] ( a0
du 2 2
= E7 =(2a%y® —2u)dy
Integratlng both sides, we have
2
du
43) -Jewe -2,
du\? 1, . - {
= — =—auy- — + -—-@ |
(do] 2 A
. du 1 1 |
Now at the given apse ~-0.U=F - - Putting these valyes in (2), wehave
121 1
2 g%, 2 c |
1 1 |
0 S -y = |
232 g2 7 |
1 |
_-—~2a2 "
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AU W Ml NS 2LY G i /
iy - e Tk al 47 ¢ W,
[du o a1 /7
du a’v’ iy U 1 /
e a e = o474
290 J2a alf 1 fad
10 a1
“d” & ( — - '” ' ' 4 7
s 8 L, - v 470
= atu? -1 2 TRy Z
adu [I(,()_ Ll L s h ot
P RN ety ”
a‘u’ ~ /, A0 |)
poau=1_, 0 1. Uty _
~In —;:;,--~,~|~;-th v = ( o
79" au+1 42 2 a4 L s
1 1 .
Now at the apse, U = Py 0 = 0. Pulling these values in (2), we have
1-1 (
e 51 C "
141
=C=0
Putling this value of Cin (3), we have
au -1
=0 =21
au +1 r
= au-1=0 =r=a
= au =1 w hichis the required oroi

Aparticle moves under a central repulsive force ﬁ; and is projected from zn zpse 2
r

4distance a with velocity V. Show that the equation fo the path is reespt =z, znd

+aV?
that the angle 0 described in time t is 1tan'1 E—g—‘-. where p* =£‘;§72—'
mm Differential equation of the orbit is
2u pi 3
hzuz(u+ SETTAT —pu
2 -

= hz[u +———Zo‘;] = s 0
Whera . . o = .
tane”,~ & is due to central repulsive force. Now at the apse: p = a, v = V. hence we

= . central orbit, i being the ar=a

e . VP Where v is the speed at any point of 2 h force, of e

gr.éf ' @nd p s the perpendicular distance from the centre of the wha
“Mat that pojnt. Putting h = vp = Vain (1), we have

vz g—zy']=-1”
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= sin™ —‘1' =+p0+8
au . b
=+pd0

" —_— da
1 u2 =1
'5'2'— =sSin "au=xp0+8B (3)

1 :
Atthe given apse, 0=0,u= PR Putting these values in (3), we have
sin"2-0+8 —~B="
= 2
sin'1=B
putling this value of Bin (3), we have
sinau=+po+Z = au =cosp(l
2
- => A =cospl
:>au=sin(—:tp0) £
2 ‘=rcospl=a .(4)

which is the required orbit. In order to find the angle € described in time t, we make
use of the formula:
r?0=nh
2 d0

r—=nh
RalrT

— a’sec? pad0=hdt  (using(4))
= a‘z.[sec2 podo = hjdt

2
:>§—tanp0=ht+A (5)
p

l”ma“Y when t=0, 0 =0, so from (5), we have A =0. Putting this value of A in (5),
We haye .

2
8_tan p0 = ht
p

2
_a__.tanp0=th "+ h
P

il
)
<

_pvt
tanp0 = 5

t
=>o=—1-tan‘1£!—

p a




-

() Since the force is 2n ztiractive force directed fowards the focus S. We haw

’

S

bozq

9 io the fO"U‘ and the Othe
that the acceleration of the firgg

o / do
h=rf= i
r (1—0039)‘ ot
. 1?do
' (14 cosG)Z
zr 2 r
:>n_f ciz‘—l2 o 12_[5 a9 _Fi3s
D (1 00”9)2 D risa g 2 2 -0
(Zcos )
2
gt o3 20 029 lzz 20 22 do
:hft!nzz.[ozsec 25 =3 Edg Z 0(1+tan —2-)880 d
]2 = . 20 29 g
—0)=—/|2|sec” —+tan“—sec? =
= h(t-0) 4}0( 5+ 1an? ~sec z)da
I? 4 39 12( 7z 1 33)
— — n——--.-3tan —l|tan= tan® = | =
= ht= 2 Aeia™D 2 4
- _ "
=17 3h
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an’

~a Push

~

2P .
o time from V1o List= e and time from L' to L is

217\ _4l* _4(2a)* _16a? 1.2
ah|=3n 3h  3p /=4 (2)

1o find the time along the arc L'VL under the constant acceleration g vertically
f

ds. y . .
dow"f”aer trom V 10 L along the arc is the same as the time from V to S under gravity
he tm , downwards. Since VS = a, so

2t =

sertical
a=ut +%gt2 =%gt2 u=0
=>t= L
g
merefore time from L' to Lis
2t =2 %a (3)
Equating (2) and (3), we have
5 (28 _ 16a°
g 3h
_8a |g 8)
~ 3 \2a _ _
; tial
(ii If fis the force per unit mass of the first particle towards the focus then differentia
equation of the orbit is :
q i 2 ®

Since u = 1, so from (1), we have Ju=1+cosf
r

Putting this in (1), wehave
ldu— sin@ 1 —ﬂ=h2—1_
T fe_—hzuz(u+7—u == =
2
:Id__u_=—coso 2 g ) 1 1
4 o [T)] L1
i f= 3 Y2a) a 2a
=>ld_”=1_1u pddls 9
o paa’g” 1~ - —
d’u _1 f=—9 2aa’2a
_ u | |
Q dzz =7—u s focus. Show that its

: sun a \ L
describing @n ellipseh a rg;itu?\?ector s o planet is at rg
A planet is dest | ‘hen the

elocity away fropm the sun is greatest

]
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al I\ tren I'S

t}‘,: D,en"auav \lme %\

e emceniricly, and TiSINE tre at S(sun) a
S T orbd is an eliipse with force o0 > Ongin, s g,
-~ LI i "" _—— s B Q‘Q’

~ {+ecos?t
ar s . ecos8) 2 (—esinb)¥
—_—= =i I T TS
A; LS
- 2 i~ 2
lesng _,_rlesng, \’
~ (1=ecosf)’ I
_ hesné --r<8="nh
- ]
_._'Aght: 7
_ :-;" -h=4,
;
-~
- Cad -
=——snf
~
This shows that o is maximum if snd=1, i.e. ¢ == . Therefore
at
- .

1}

3
2ma?

T =

b

=
2

2ma
= Ju=22

S

For ellipse, 2 2 3
b a“*(1- e)

1-e
- g =a(1-6")

Putting these values from (2) and (3) in (1), we have
3

.5

dtm.u T~/a(1 &” ;
-T\/1—e =

: B S T e W
i - —tmnite nf tha nlanat S e AR Pt
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Four options are Uive
In front of that Choicg

n f t
wWhi Yoy thi::f: if "°ng qUQStiOns fill the Cire|
moro circlos iy not allowagy Orrect, Cutting Or filling twoco‘:
A force acling on g Particle i 8aid tq be
always pagsog through a fi

gh a fixaq Point,
() applied force fricti

(€) centrgy force (d) none of 4, se
The central forge is if it is directeq tq ©
. Ty . Wards jtg Centre,
(@) attractive (b) not altractiy C) repulsive (d) none of these
The centrgl force ig —_ifitis directeq away from the Ntre, N
(8) attractive (b) repulsive ) not repulsijve (d) none of these
)
Orbit of g Particle Moving Under g Central force js Necessarily .
x Yo
(@) a space Curve (p) 5 Plane cyrye (c)a straight line (d) none (()cf) these
The orbit described under a central attractive forceuvar¥|?'? ?irecﬂy as the
Istance g having the centre at the_cen re of the force,
(@) an ellipse\)a circle (C) a straight line (d) none of meg
~ : - if VxF =
A centrg| force F ig said to be conservatl(\ée) 2orce if Vx -
()3 (b) 2 ®@ ® © @
of a particle
In g conservative field, the total energy
throughoyt the motion. (b) does not remain c:ong)a"t ® ©® @
(a) varieg fapidy (d) none of these o
'®Mains constant - ive if and only if it is a fun:: :;ty
Central force ig conservative i (b) distance and velo @ ® © @I)s
a) Velocity ang acceleration (d) none of thes:icle to the centre of force
C) distance alone . tor 7 joining the pa © @
¥2l Speed of the radius vec (b) consta?tthese ® ®
) not constant (d) none 2ctor is
€) variable _ the radius v 0
along ' d( .d
® Component of force maf, &
2 (b) Fo = r dt
d?r ‘_’2) ® © ©
(a) Fr =m F —-r dt

d) none of these

(C) Fr =m %..r( .



] umo
(xi)

(xii)

(xiv)
(xv)

(xvi)

(xix)

(xx)

Pwmnscduction fs MECHANIC Willr..ll.llll.ill.lllltlff/l
. :_o mmm,n,m:m:n of force perpendicular to the radius vector ig M
2
d*r  (do by F,=m9d( 2d0
Evmusmﬂﬁmm& ®).Fo rat\
dr do
=ml — -l ZZ d) none of these
When the force £ is an attractive force directed towards origin, thep |
and \HQ = ) r ﬂ/w .
(a) 3 (b) 2 (c)1 (d)o
The differential equation of the orbit in polar coordinates is Q/m+c .
: . do® "~ |
f f f - |
(a) NU (b) % (c) heu (d) None oZ:mmw
@ ® © g
The length of the radijus vector at an apse is known as the apsida)
(a) acceleration (b) velocity

(c) distance (d) nong of these

@ ®
The line joining an apse to the centre of force js line. ©0
(a) a focal line (b)-an apse (c) an initial (d) none of theg,

@ ©®

The angle between two Consecutive apse lines is an ©e
(a) angle of friction (b) angle of projection

(c) apsidal angle (d) angle of depression @ ® © 0

The analytic condition for a point with radius vector rto be an apse is Mlmu
(a) 1 (b)O (c) -1 (d) =2 i
. @ ® © 06}
If ¢ is the angle between the radius vector and the tangent at some poit §
then tang = ; . M
il L. o fthese |
r— b) —— c) — (d) none of thesé |
(@) r— (b) -~ (e} 6 66

I ¢ is the angle between the radius vector and the tangent at some poit§
then cotg = .

& Za bes

dg 1dr dr (d) rone of thesé |

dr rdo )= E

i jpse " ¢

Kepler's Law states that each planet describes an el W
the sun at one focus. ) e cf e 1
(a) Third (b) mmoo:a (c) First @av @ 0 @M
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Kepler's Laws of Planotary Motion 361

Law states that the radius vector drawn from the sun

i \.n.,\,\\Mm\n\,‘.,\mﬂﬁ equal areas in equal times,
E\%ﬂm .n_m:& (b) Second (c) First (d) none of these
) T @ ® © O
Law states that the squares of the periods of the
) _A%_mwmm_.m anol_O:m_ to the cubes of the semi-major axes of their orbits.
i u_mmﬂ_wu (b) Second (c) First (d) none of these
(@) . S @ ® © @
e | write answers of the following short questions:
02 mma Kepler's First Law.
i
ler's Second Law.
g StEe hes PU, 2013; 2011 (B8 Math
B ler's Third Law.
_E state Kep PU, 2013; 2011 (BS Math
0 What is an apsidal angle?
_ 0 Define a central force.
* When the central force is attractive; when it is repulsive?

What is an apse?

SUMMARY

> Ifthe force £ on a particle always passes through a fixed point O, the

force is called a central force and O is called the centre of force.

A central force is repulsive or attractive according as it is directed away

from or towards the centre of force.

The orbit of a particle moving under a central force is necessarily a
Curve,

a.:m orbit described under a central attractive force varying directly as the
distance, is an ellipse having the centre at the centre of the force.

When a particle moves under a central force, the areal velocity is

plane

Constant,
_ L d%y f_
Differential equation of the orbit is Mmm+: TN
2
S P.Q\%Iu. = ~« .

Differentia) equation of the orbit in pedal form i p? dr

AN apse is a point on an orbit at which the radius vector drawn from the

Centre of force is a maximum of minimum.
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-‘[/r
ius vector at such a point g K

~

Now

n m;w
The line joining an apse to the centre of ﬁoq.om is an - " i)
The angle between two consecutive apse lines is gp apsig :

The radius vector through an apse and the tangen; i

perpendicular.

al msgm.
to the "

The planet will describe an ellipse, a parabola or g 3330 M

as total energy per unit mass, E, is negative, zero or POSitivg . )
Kepler's First Law: Each planet describes an ellipse With t, "
| "

focus. .*

_ ; jus vector drawn fr .,
Kepler's Second Law: j.dm rad s vec! om the sy,
msmmnmocﬁmncm_mamm_: equa : ,

s Third Law: The squares of the periods of th, u_ms.”

eple _or 1
Wﬂoﬂoao:m_ to the cubes of the semi-major axes of their orpjtg |

|
‘<
1

)
[
i
i
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