Ll

d b T )
B
y Y ity

8-1 Equation of Motion of a Pcle

If a force F acts at time ¢ on a particle of mass m moving with a velocity 7, then the
wton's second law) is given by

equation of motion (according to Ne
d. .. =
—(mv)=F (8.1
dt( ) 1
* which can be written as
mi=m2 = ma=F ..(82)
dt .

where \7=—C-jK _ 5 is the acceleration at time t. (We shall use one dot and two dots

d d? : S
for the operators — and —- respectively). If 7 is the position vector of the particle

at time ¢ with respect to a fixed origin O, then, since r= v , equation (8.2) becomes
| .(83)

.
-— =

mr =F

If the path of the particle is known, then the field of forc i i
: ' e acting on the particle
can be determined by anyone of these three equivalent equations, a%d convel?sely. If

the force under the influence of which the particle is in motion, is given, then we can

obtain the necessary information about the moti i iti
speed, acceleration). otion of the particle (e.g. position

260
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(WL If the force £
5 force IS calied a central forcg icle always Passes through a fixed point O,

ive or attracti - s
opulSive ive according called the centre of force. A central force is

as it is gj
S, - récted away from or towards the centre of

TW‘,.pim_ensional Cartesian Form of Eq
Suppose that the particle is moving in t

vector and F = Xl?+Yf', the force on the
(8.3) becomes

he xy-plane. If 7 = x +yj is the position
Particle at time t, then equation of motion

—

mr =F

m(iéf+j/'])=x,’+yj

mXi +myj = Xi +Y]

mX=X, my =‘7\ .(8.4)
which are equations of motion in a plane or in two-dimension Cartesian form

m f\ part.icle moves in such a way that its position vector at time t is-
f=(acosnt)i +(bsinnt)j, where a, b, n are constants and a> b > 0. Show that the

path of the pa{ﬁcle is an el{ipsc? of semi-major and semi-minor axes a, b respectively,
and that the field of force is directed towards the centre of the ellipse. Find also the

maximum speed.

r =(acosnt)i +(bsinnt)j (1)
In Cartesian form, we have
F=xi+y (2)

Equating (1) and (2), we have “
Xi + yj = (acosnt)i +(bsin nt)j

— X =acosnt, y = bsinnt
= X —cos nt, Y _sinnt
a b

Squaring and adding, W ehave

2 2
A [ ‘-Z) _ cos? nt +sin” nt
a b
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= E X2 + _}_/_2- =1 (3

a” i-major and semi-m;
This shows that the path of the particle is an ellipse of semi-mal mi-Mming
axes a, b respedtively.

Differentiating (1) w.r.t. t, we get the velocity v , i-e-

G _F = (—nasinnt)i +(nb cosnt)] oo

iven by
The magnitude v of velocity v ISE__/— m+n b? cos? nt

v=||= J(=nasinnt)* + (bncosnt)®
= |njVa® sin 2 ot + b —b? sin® nt

Inlrsm nt +b2(1-sin® nt) =

=|n|\/—é? _b?)sin? nt +b? o -
imum value of sin nt, i.e. for sin“nt =1, s

This shows that v is maximum for maxi
= |nl(a? —b?)()+b” =|nlm —|a? =|nd|

S, Now dlfferentlatlng (4) w. r.t. t, we have
; F=(-n 2gc0snt)i +(-n 2psinnt)j

F=-n (acosntt+bsmntj)=—n r

= =-n°F
— mF = —mn?F, w herem s the mass of the particle

E = F =-mn*r
. The —ive sign shows that F is directed towards origin.

*-xample-z A particle moves in the xy-plane under the influence of a field o
.‘_‘“’ ich is parallel to the axis of y and varies as the distance from x-axis. Show
B v’_’force is repulsive, the path of the particle, supposed not straight, is of tl
T,~Acoshx+bsmhx where A, B, n are constants.

ulutlon. If m is the mass of the particle and k is a constant, then the force

F = ink2 yj, wheremk? is proportionality constant
= m(Xi + Jj) = mk?yj -.ﬁ=m(5ff+ji}')
= Xi +§j = k2yj
: =X =0, y =k?
Integratmg these equations, we get ’

X = a+bt — ~pkt —kt
where a, b, c, d are constants. Since b= y=ce“ +de

0
X=a,s0 b0, Ehmmatmg t between these lgzﬂft;:;atv\}h?” p: " fthe o
e fin
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Aa L
(a ‘\ E - :\
2od 0o ?

—X
La b
€ . . Aa .
» e ® )coqh}‘ X+(ce ® ’Af k
N D ‘ w4 Y- >
y= (6 b de )smhg X
Acoshnx + Bsinhnx
‘ K A M
b b S —
W hi‘r“'" = e +de , B=ce ® _ de b .n

pimensional Polar Form of Equation of Motion:

Sup

form is given as

a ={I'—r(0)*}¥ +{2r0 + rj)s
ma = m{i' - r(0)*}f + m{276 + rj)s

—

F=Fr+F,s

ation of Motion of a Particle 263

8 X o K Aa
» ce ' Lca:-h}; X+ sinh E.\')*% de ® (COShi,\'-sinh k ) v» 6° = coshiresinhie
b e =coshx-sinhx

p0Se that the motion of a particle is restricted to xy-plane, and (r,0) are the polar
cordinates of the particle, then acceleration in radial and transverse components

where F. =m{r —r(0)*}, F,=m{2r0+ré) are radial and transverse components of

force. Thus, equations of motion in polar coordinates are

m{F —r(0)*}=F., m{2r+ré}=F,

..(8.5)

For a particle moving along a circle of radius a with centre at O, r =0,/ =0 so
that if a force F having radial and transverse components F, and F, acts on it, the

equations of motion are

ma(8)? =-F,, maf=F,

m A particle of mass m moves on xy-plane under the force F =

..(8.6)

—

-,
r4

Where r s its distance from the origin O. If it starts on the positive x-axis at a distance
#irom O with speed v, in a direction making an angle a with the positive x-direction,

ma®visin®a—k

"ove that at time t, F = 3
mr
% ﬁ=———-?=—_l£-(n‘:)=—-53-f ('.'I'=IT)
F rt r
. | fa k -
m{F —r(9)2}F + m{2r6 +r0}S = —'—’-_g'f

P ing coefficients of 7 and s, we have
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b: ViGt fD ‘
ch ' '
i od axis in this plane and (. .
X

, the p°|;‘;;§\~>.
i e . e g e
s perPen’E iy €ctor OP, ang in the irec?ig,:i:; g?:;‘::] : nt;y the tube
= m{F"(‘})z}F+m{2r'0'+r0'}§=F $ ;
=Fy= m{?r’? +rd) (1) o ; -
and m{r —r(0)*} = g b .
:>F—.ra)2.=0 oF J 04
whose solut;og ,I: Coshat 4. g Sinh gt Fig. 9.1
r = @Asinh gf @B cogh
at=0, the particle is op X-axis, ang r<q p

- h = 0, SO A=
in (1)« 2C0Shey, F = was;
puting these values in (1), ye have B

Fy = M2A@asinh o)
Fo =

a,B=0(. Hence

(@) + r(0)}

2ma’asin ot

.°.0.=C€J.'.é=0

dW =F.gf

]

Hence the amount of work done by F i

particle from Py to P, alon

| Were 7.7, are position vectors of p;,

T The rate of worki
| Faticle. Thus, the quantit

P, respectively.

Differentiating (9.7) w.rt, f, we have

Whe

Ly ——
. o
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of the particle, then the guantity

T If mis the mass OF &

:lm'/z
2

is called the kinetic energy of the particle, whose speed is vat time £,
incij g | work done on a particle j
eorem-1 (Principle of Energy)-RLEL tota : ‘ e in mow
along 2 curve C from P; o Pz is equal to the increase T, — T, in the Kineti, e’r;xg;_,’
are respectively the kinetic energies of the particle at times E!g,

where T:, T2 -

comesponding to the positions Ps, P i
) T C A%

=PI | et F be the force acting on a particle of mass m. The work done by £ .

the particle moves from P; {o P, is gf‘/?ﬂ by

o= &= (" g‘i (2 s @ _ ) Ty
W= F-dr =], F-dF-_[zmdt of =m| dv-—-=m[ d7.7
oo = JI o - 1 I~ 1 . 214 1 2 =
=mJ_’v-dv=§m_|; d(v v)=§m‘/ v’ §m/ . =§m[y (rz)_vz(a)]

=—1::m*./22 ——;-mvf =T, -T,
This completes the proof.

8-3 Principle of Conservation of Energy

a

S E A ATELE Let 7 = X/ + yj + zk be the position vecior of a particle at fir
and F, the force at this instant. The field of force F is called conservative, i th

exists, a scalar function V of x, ¥, Z such that

F ﬂf+ﬂj+ﬂ§)=_vv

-

- o~

cX oy cz

F=-vv. Th 4 E
potential ener;yfs? ;Uon V.= V(x,y,z) 's called the potential of the force F o
Sinco our- e ve particle at time t or at the position of the particle at time £
I8¢V =0, so F is conservative if ang only if curlF =0.
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oSl N & Sulaie W3 ue b kf \\\ut N SN \L\\\\‘:;\‘?{\\‘“ e added o Vowllhioat
WA @ potential of a told of tojoe

VRS 2oy o RQtential

3 \\\_‘@ hON
. <~ N :*"‘ > E ”\ \ { \ ) .
s = s s Fe “‘1 = ;w Sference (\:\\:xlfzr;}{t' @ position ' to 1y unde
e T Wk dome o e e potential energlon of the
7 %4 L. CORS k\\’.-“\}:“) I:\‘ n s .
WY nf,o Y09 Rt a position 1o 1, 1
; L
Spes T S OrSEnvaElve fielg of free, so i
E__1S6V: av. -
- \\‘:\"‘L\*j\&--‘\f;:
NST F=X+yszk
- :\‘C:‘Q\';‘rd\i*dkr"\:
e oDese ales in (1) we ha\.e
W=7 Vs ey
‘2 & &y J “‘*1\) (i + dyj + dzk)
__afev av
—é.}:. O+ d)"*‘cldz
X cy 8
': SdV = —dx+ —ay + gz
- X oy z
=77z ="V;-V))=V,-V,
e f = = T
wrerz V- 2nd V; are potential energies of the particle at P, and P, respectively
===y If T is the kinetic energy of the particle moving under the influence of

ficld of force whose potential is V, then
E=T+V
s zzlec the fofz/ energy of the particie at the point under consideration.

' Principle of Conservation of Energy):
“e 522/ ene rgy of a particle remains constant throughout the motion.

3&-.: L=t £ be the conservative field of force acting on a particle of mass m. The
NCre A~

Tedone by F, as the particle moves from P; to P, is given by
- d‘—ij’dV--qr——m] dv v
~[PF g =[RF o= d =

—Em[vz(é) -v4(R)]

5. 07 =1 [ (7 -7)= o]
=m V'dV=—mJ' *d(V - V)= —-m]v Vl,, .
the positions F,,
1 v., are velocities in
:7m’[v._v1]_1mv ——mv w herevy,Va
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W=T,-T
where T;, T, are respectively the kinetic energies of the particle at "
corresponding to the positions P, Ps. 'Meg Y
. Since F is conservative field of force, so the work done on the Partile | ‘& |
it from a position Py to P is b Ovip
dr = _ aV ———j+av J-(dxi+dyj+d“ 1
W=IP =l Tyl ez zk)

"4
= J‘ L Vd}’+£’dzj
A | ox ay 0z

aoVv ov oV
- P e dV =—dadx+—dy + L

S dVv ax oy Yy . az

=‘,V’: =—(Vz-Vi) |

W = Vl - Vz %

where V; and V; are potential energies of the particle at P and P, respectively, ...(2)‘5

Equating (1) and (2), we have |
Vy-V, =T, T,
Vi+T =T, +V,;

which proves that the total energies at any two points Ps, P, are equal.

This shows that in a conservative field of force, the total energy of a par d
remains constant throughout the motion. ¢|

‘r
{

‘r

EENTEER A particle of mass m moves along x-axis under the lnﬂuence ofal
conservative field of force having potential V(x). If the particle is located at Dositiong

X1 and x; at respective times t; and t,, prove that if E is the total energy,

\/7 E V(x .

XTI Applying principle of conservation of energy, we have
E=T+V(x)= %mv" +V(x)

w:\/ﬁ_wf_
2 \/E—V(x

1
::»Emv2 =E-V(x)
=

N
:ﬁ=%w>wm1 L EV“

:°”=%Zf>vun :ﬂq J—}*JE Wx

3“‘[W 2 s \/7I E- V(x
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N
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— A YY" Dy e _ar z

o, = T )=y 2y -{1)
=3+ 28y - 52 )=-3-2xy + X7 -42)

Foi ~ -
.;_z‘iz.;af 3P y2?) = 52" + 3ty -3
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B P | Rd ) s At
oyt Gy~ 2stf ~(67y2 32 )+ (OF2

/0 ) ‘
This shows st F 510 g
PRI () Chow thidt F = ~#rf 18 consen/alive.
(h) lm'/ Ihr petential energy of 3 particls moving in Jlffﬁ field of force in ().
() I 5 partichs of mass m movss with velocly ¥ = = in this field, show that, TEE
1 2 3y ) :
constant sl snsrgy, then —mv? +=kr* =E. What important physicd

principls dogs this Wustrats?

L itanr (3) Consider
N =Y 2 F = 2 (~hr"F )= -7 % (r*F)
’:Vzgﬁ = WZA+V¢XA

=KV 17} “(7r% ) 7]
= Hr? (9)+(%r7 Yrysr] vVxr =0,9r® =3r%vr
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|nclplo of Conservation of Energy &/ 1}

curlF = —k F
[0+(3r2‘ <7

r ] wVr= i
= -—k(srr“ % F) " r
= - ==3Kr(F x ) — = =
fhis ShOWS that F =—kr37 is conservativ;(r =0 =9
) if V is the potential energy of 5 pa ﬂicie
ko ] moving in the field of force F =—kr’r,
F = -.VV
=>VV=_fF
=>VV=vy E S r
(SFJ vré =5r¢ L o537
K r
=>V-= _rs
5
(©) Kinetic energy 7.1 my?
2
Potential energy V- k ;5
" 5
Kinetic energy + Potential ener =
Hence gy Total energy
1

1
—mv2 + — krS =
2"tk =k
FhorRaclac O EBFELE Earth pulls all materials with a force known as the
gravitational force. The vertical acceleration g produced by this force in freely falling
bodies is known &s the gravitational acceleration.
If m is the mass of the particle, then the gravitational force W is given by

mg =W
Taking y-axis in the vertical direction, we have

G=-g
so0 that W = —mgf

Id of force. For particles whose heights from the

compared to the radius of the earth, g varies very
the following we shall treat it

W is called the gravitational fie

surface of the earth are small as
slowly with height and can be considered constant. In

as a constant. . .
IV = mgy , where y is the height of the particle at time t, then

oy
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a B s -
= (sinwti +cosatf)-[(1- coswt)i + sin wtj]dt

2
a® . .
= —r—n—a—) [sin wt(1—cos wt + cos wt sin wt]dt
a2
_ 8 einet— . .
— [sin @t — cos wt sin wt + cos wt sin wt]dt
2
=2 _sinotdt

mo

. . ta* . a? ¢t
E.dr = 0———sma>tdt=—j sin widt
meo ma=0°

az ¢ a2 az
cos t|, = ——— (cosat - cos0) = —— (coswt =1)
mae

maw? ma

az
- 2 (1-coswf)
mao
The instantan€ous power applied is
= _g dr
— F V= F sl
i at

_ a(sinati +co0S wlf)- Eaa_J[“ _cosat)i +sinatf]

2 o ] ) . -
= E—-(sin wti +cosaff)-[(1-c0S wt)i +sinatj]

mao

2
_ 2" _[sinat(1-cosat)+cosatsinall

mao

2

2 (sinwt —COS ot sinat + cos ot sinwt)

 e—

mo

a’ .
=~ —sinot

mw

w A particle is moved by a force E =20i —30j +1 5K alon
fom the point A to the point B with position vectors 2i +7] -3k an

It "
@E&?Iy . Find the work done.
Here o ‘ i
F=(5i —3]—6k)— (2 +7] _3k) =3 -10j - 3K

Reaqus:
*Wired work done is

g a straight line
d 51 3] -6k

B = il
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Exercise g

Short Questions
Solve / write answers of {p followin
A tractor pulls a felled {req along the
(ractor exerts a force of 50 N,

9 shon questi

oUNd for 2 Gigtanee ALV . ¥ v
how much Wore will

o€ Qone?

O

’:7' TRt
- e a

Find the kinetic ener
Find the kinetic ene
almosphere at 8 km

gy of a bullet of mass 20 grams mo

ving 2t 400 m 7.
rg_}' of @ meteorite of mass 20 kg

2s it enters the 2 rif's

work done by the gardener is 120 J, and the barrow

rest. Calculate the average force resisting the motion,

Aball of mass 1.2 kg moving with initial speed 20 m s comes o rest =fer
travelling 30 metres across a horizontal surface. Find the work done aozinst
resisting forces, and hence calculate the mean resisting force.

fsmall block is pulled along a rough horizontal surface at a constant speed
0

2ms” by a constant force. This force has magnitude 25 N and acits 2t 2n
angle of 30° tg horizontal. Calculate work done by the force in 10 seconds.

A particle of mass 2 kg falls freely from rest. Calculate the kinetic energy of
'€ Darticle after it has descended 20 metres.

C]SO“E‘ of mass 0.8 kg is thrown vertically upwards with speed 10 mys.
aicy]

ate initial kinetic energy of the stone, and the height to which it will rise.

N T T o o s e
— e a2,
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Q.3

. Q4!
Q.5

>

282 Putroduction o Mechanics
'R, B,
ong Questions ay

An aircraft of m
per hour is brought
.of the work is doné by the 1
Whet 2j 4 X’z
Show that the force field
Show that the force E =3x2y%i +

¥

L
ass 1.8 tonnes Janding on an aircraft carrier at 144 kjo
arachute brake-and an arrester cablg| "‘Zfeg

torestbyap
he parachute,' calculate the work done by the Cab) L
e,

her the force field F=Y 3f+zal? is conservative?
E = X7 +2yzj +y?k is conservative. .
(2x3y +cosz)] —ysinzk is conservaty,
e,

SUMMARY
ways passes through a fixed point o f
e

d O is called the centre of force. A ¢
ding as it is directed away fr:,?\tr
O

on a particle al
force is called a central force an
force is repulsive or attractive accor
towards the centre of force.
The momentum of a particle moving under the influence of no f
constant throughout the motion. o Orce g |
The work done by F in moving the particle from P; to P; along the path
the particle is W= *F-dF ' 4
Rate of working on the particle is known as the power applied to partig
, aw €.
T = — i 1 . !
hus, the quantity P pr is called the power applied to the particle, |
If mis th «parti : _ ) 1
is the mass of theparticle, then the quantity T —%mvz is called thg

%(_i:etic energy of the particle, whose speed is v at time t.

e total work done on a particle in moving it along a curv

: ' e Cfr

P;is equal to the increase T, — T in the kinetic energy, where TomTP;tr:
respectively the kinetic energies of the particle at timesh t2
corresporldlng to the positions P, P. G-
Let 7 = xi +yj + zk be the position vector of a particle at time t and F, the

for.ce at this instant. The field of force F is called conservafive, if there
exists, a scalar function V cf x, y, z such that F=-VV |

If the force F

a

|

|

i
l
t
f

I

If the field of force F is conservative, then F=-VV. The functo

V =V(x,y,z) is called the potential of the force F or the potential enér

% 21:, c;))ra;(rt(ijcle at time tor qt the position of the particle at time &
The work onfga on the particle in moving it from a position Py to Pz under?
ive field of force is the difference between the potential

lc::’tge particle a.t P, gnd P, respectively.
conservative field of force, the total energy of a particle rema”

constant throughout the motion.
*ekkkk
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