Practice Questions of Lecture 10 to 12_Solution

Q #1: Prove that cosec™z :1Iog(
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Solution:

Let w=cosec™'z
— COSeCW = Z

,50€0.(1) can be written as:

eiW _e—iw 1
2z
iw —iw __ 2'

Tz

L1 2
e -——=—
Z

iwy2 H
ey

e z
=z(e")* -—z=2ie"
=z(e")*-2ie"-z=0 ... (2)

Which isquadraticin e, soapply quadratic formula toeq.(2), we get:
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If we consider only positive value and ignore negativesign, then
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e" = w, taking log on both sides, we get:
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Q #2: Separate into real and imaginary parts of tan™'(x +iy) .

Solution:



Lettan " (x+iy) =a+ib ..., ()]

soreal partis a andimaginary partis b.We want tofindaandb.
First we willshow that tan™* (x —iy) = a—ib.

From (1), we have

X+iy=tan(a+ib) .. (2)
tan(a + f) = w
As we know that l1-tanatan g

tan(if) =itanh g
So,from (2), we have
tana+tan(ib)  tana-+itanhb
1-tanatan(ib) 1l-itanatanhb
Taking conjugates of both thesides, we get

X+1y =

. tana+itanhb  tana-itanhb

X—iy = =
i“itanatanhb l+itanatanhb

tana—tan(ib)
- 1-tanatan(ib)
whcih can be written as :
tan(x—iy)=a—-ib .. (2)
Adding (1) and (2), we get
tan~'(x+iy) +tan " (x—iy) =a+ib+a—ib=2a
tan™t (x+ iy).+ (x= i.y) =2a becausetan™ o + tan™ g =tan™ (Mj
1- (X+iy)(x—1iy) 1-ap
After simplification, we get
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=tan(a—ib)

tan =2a



Hence,

azltan’l% ............. (3)
2 1-x"-y

Tofind b, wesubtract (1) and (2), we have
tan ' (x +iy) tan*(x—iy) =a+ib—(a—ib) = 2ib
o (X |y).— (x= '_y) =2ib because tanta —tan™ B =tan™
1+ (X+iy)(x—iy)
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or — 2N _tan(2ib)=itanh 2b
1+x°+y
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Hence, 2b=tanh™ 2
1+x°+y

or b= ltanh‘l% ......... (4)
2 1+X°+y

Q #3: For any complex number z, prove that sinh™ z = log(z++/z> +1) .

Solution:



Letw=sinh™ zThenz =sinhw. So
_e'+e”
2
e? -1
2e"

Hence 2e"z=¢""-1
=™ -2e"7-1=0
whichisaquadraticequationine”.Therefore

o = 27 £47° +4

2
=z+Vz*+1

Now,taking logarithm of both thesides,

w=log(z +vz*+1)

Whichis the required result.

Q#4: Find Logzif

(i) z=2i

@iii)  z=x,x>0
Solution:
(i)

here z=2i =0+ 2i,

Thus [z| =+/0° + 2% =2

and Arg(z) =tan™ (1) = tan‘l(%) =tan " (x0) = 72T
X

therefore Log(2i) = In|z|+iArg(z) =In2 +%i.

(i)

(i)
(iv)

Z=-i

z:1+\/§i



(iii)

(iv)

here z=—i =0+ (-Di,
Thus |z =/0° +(-1)* =1

and Arg(z) = tanl(%) = tanl(%l) =tan"'(0) =

b4
- =——.
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Since z =—i lies below the x — axis,so Arg(z) =

Therefore Log(—i) = In|z|+iArg(z) = Inl—%i = —%i_

here z = x = x +0i,

Thus |z| =x>+0% =x

and Arg(z)=tan™ (l) = tan’l(g) =tan"(0) = 0.
X X

Therefore Log(x) = In|z|+iArg(z) =Inx.

here z=1+ \/§i,
Thus |z| = y1? + (+/3)? = 2

and Arg(z) = tan‘l(%) = tan‘l(?) = tan*(+/3) = %

Therefore Log(l++/3i) = In|z|+iArg(z) =In2 +%i.



