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WebAssign problems

Problem # 11, Solve y” + y = —tcos t:
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WebAssign problems

Problem # 11, Solve y” + y = —tcos t:

Answer: y = Ttcost — S8t 4 12sint.
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WebAssign problems

Problem # 11, Solve y” + y = —tcos t:
Answer: y = Ttcost — S8t 4 12sint.

If you run into problems with this problem, send me a note via
webassign and | will give you your point.
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WebAssign problems

Problem # 11, Solve y” + y = —tcos t:
Answer: y = Ttcost — S8t 4 12sint.

If you run into problems with this problem, send me a note via
webassign and | will give you your point.
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Method of Undertermined Coefficients (rule p. 200)

To find a particular solution for
ay” + by’ + cy = Py(t)e""
where Pp,(t) is a polynomial of degree m, use the form
vo=1t" (Ao+Art+...+A,tT) e’

where s = 0 if r is not a root of the characteristic equation; s =1
if r is a simple root of the characteristic equation; and s =2 if r is
a double a root of the characteristic equation.
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Method of Undertermined Coefficients (rule p. 200)

To find a particular solution for
ay” + by’ + cy = Py(t)e""
where Pp,(t) is a polynomial of degree m, use the form
vo=1t" (Ao+Art+...+A,tT) e’

where s = 0 if r is not a root of the characteristic equation; s =1
if r is a simple root of the characteristic equation; and s =2 if r is
a double a root of the characteristic equation.
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Rule p. 200 cont'd

To find a particular solution for
ay” + by +cy = Pp(t)e*fcosBt+ Qu(t)e“ sinBt

where Pp,(t) and Q,(t) are polynomials of degrees m and n, use
the form

Yp = t° <A0+A1t—|—...+Aktk> e*teosft

+t (BO—I—Blt+...+Bktk> e*tsinft.

Here k = max(m, n), s =0 if o+ i3 is not a root of the
characteristic equation; and s = 1 if a + i3 is a root of the
characteristic equation.
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Rule p. 200 cont'd

To find a particular solution for
ay” + by +cy = Pp(t)e*fcosBt+ Qu(t)e“ sinBt

where Pp,(t) and Q,(t) are polynomials of degrees m and n, use
the form

Yp = t° <A0+A1t—|—...+Aktk> e*teosft

+t (BO—I—Blt+...+Bktk> e*tsinft.

Here k = max(m, n), s =0 if o+ i3 is not a root of the
characteristic equation; and s = 1 if a + i3 is a root of the
characteristic equation.
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Example 4

Write down the general form of a particular solution to the
equation
y' 42y +2y =e tsint+ t3e fcost
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Write down the general form of a particular solution to the
equation
y' 42y +2y =e tsint+ t3e fcost

Answer:
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Example 4

Write down the general form of a particular solution to the

equation
y' 42y +2y =e tsint+ t3e fcost
Answer:
The roots of the characteristic equation are: r = —1 + /. Note

that r = 1 4/ is what one gets out of the forcing function, so
s = 1. The highest polynomial is of degree k = 3. We try

yp=1 (A0+A1t+...+A3t3) e fcost
+t (By+Bit+...+Bst?) e tsint.
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Example 1

Q. Find the differential equation satisfied by the function y = xe*

that has no reference to x.
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Example 1

Q. Find the differential equation satisfied by the function y = xe*

that has no reference to x.
Answer We have y = xe®*, so y/ = 2xe® + e** = 2y + e*.
Therefore:
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Example 1

Q. Find the differential equation satisfied by the function y = xe*

that has no reference to x.

Answer We have y = xe®*, so y/ = 2xe® + e** = 2y + e*.
Therefore:

y" =2y +2e* =2y’ +2(y' — 2y). Cleaning up leads to:
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Example 1

Q. Find the differential equation satisfied by the function y = xe*

that has no reference to x.

Answer We have y = xe®*, so y/ = 2xe® + e** = 2y + e*.
Therefore:

y" =2y +2e* =2y’ +2(y' — 2y). Cleaning up leads to:

y'—4y' +4y=0.

: 2 : .
We adopt the notation D = d%. So D? = %. We can write this
equation symbolically as:

(D? — 4D + 4)y = 0.

Annihilator Method



Example 1
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that has no reference to x.

Answer We have y = xe®*, so y/ = 2xe® + e** = 2y + e*.
Therefore:

y" =2y +2e* =2y’ +2(y' — 2y). Cleaning up leads to:

y'—4y' +4y=0.

: 2 : .
We adopt the notation D = d%. So D? = %. We can write this
equation symbolically as:

(D? — 4D + 4)y = 0.
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Example 1

Q. Find the differential equation satisfied by the function y = xe*

that has no reference to x.

Answer We have y = xe®*, so y/ = 2xe® + e** = 2y + e*.
Therefore:

y" =2y +2e* =2y’ +2(y' — 2y). Cleaning up leads to:

y'—4y' +4y=0.

: 2 : .
We adopt the notation D = d%. So D? = %. We can write this
equation symbolically as:

(D? — 4D + 4)y = 0.
Or
(D —2)%y =0.

The expression A= D? — 4D + 4 = (D — 2)? is called a linear
differential operator.
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.

Example 2: Find the annihilator of f(t) = cos 5t. Remember to

write the annihilator in terms of D = %.
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.

Example 2: Find the annihilator of f(t) = cos 5t. Remember to

write the annihilator in terms of D = %.

Answer: We calculate f/ = —(3sin 8t and f” = — /3% cos [3t.
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.

Example 2: Find the annihilator of f(t) = cos 5t. Remember to
write the annihilator in terms of D = %.
Answer: We calculate f/ = —fsin 3t and f” = — 3% cos 3t. So

f// — _ﬂ2f
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.

Example 2: Find the annihilator of f(t) = cos 5t. Remember to
write the annihilator in terms of D d

pr— m_
Answer: We calculate f/ = —fsin 3t and f” = — 3% cos 3t. So
f// — _ﬂ2f

or
" + B2f = 0.
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.

Example 2: Find the annihilator of f(t) = cos 5t. Remember to
write the annihilator in terms of D d

pr— m_
Answer: We calculate f/ = —fsin 3t and f” = — 3% cos 3t. So
f// — _ﬂ2f

or
" + B2f = 0.

That is (D% + 3?)f = 0.
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Annihilator of a function

We say that a function f is annihilated by a linear differential
operator A if
Af =0.

Example 2: Find the annihilator of f(t) = cos 5t. Remember to

write the annihilator in terms of D = %.

Answer: We calculate f/ = —fsin 3t and f” = — 3% cos 3t. So
f// — _ﬂ2f

or
f' + 3°f = 0.
That is (D% + 3?)f = 0.
The annihilator of f = cos 3t and g = sin Bt is A = (D? + 3?).
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Annihilator of e cos 5t

Example 3: What is the differential equation satisfied by
f = €2t cos 3t. Calculate:
f = 2e?t cos 3t — 3e%t sin 3t = 2f — 3e2t sin 3t.
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Annihilator of e cos 5t

Example 3: What is the differential equation satisfied by
f = e®t cos 3t. Calculate:
f = 2e°t cos 3t — 3e®! sin 3t = 2f — 3e?t sin 3t.
Therefore
f' —2f = —3e* sin 3t
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Annihilator of e cos 5t

Example 3: What is the differential equation satisfied by
f = e®t cos 3t. Calculate:
f = 2e°t cos 3t — 3e®! sin 3t = 2f — 3e?t sin 3t.
Therefore
f' —2f = —3e* sin 3t

and
" — 2f' = —9et cos 3t — 6e®! sin 3t = —9f + 2(f' — 2f)
We conclude, after simplification, that
f"—4af' +13f =0

or
(D? — 4D +13)f = 0.

Complete the square

(D-22+9) f=0
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by

(D - a)? + 52) )
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by
(D — ) +5°).

Example 4: What is the annihilator of f = e"?
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by
(D — ) +5°).

Example 4: What is the annihilator of f = e"?
Answer: It is given by (D — r), since (D — r)f = 0.
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by
(D — ) +5°).

Example 4: What is the annihilator of f = e"?
Answer: It is given by (D — r), since (D — r)f = 0.

Example 5: What is the annihilator of f = t2e%7?
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by
(D — ) +5°).

Example 4: What is the annihilator of f = e"?
Answer: It is given by (D — r), since (D — r)f = 0.

Example 5: What is the annihilator of f = t2e%7?
Answer: It is given by (D — 5)3, since (D — 5)?f = 0.
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by
(D — ) +5°).
Example 4: What is the annihilator of f = e"?

Answer: |t is given by (D — r), since (D — r)f =0.

Example 5: What is the annihilator of f = t2e%7?

Answer: It is given by (D — 5)3, since (D — 5)?f = 0.

How to justify this, without going through a long calculation, as
above? We note that the solutions to the differential equation

(D -5’y =0
are given by (since 5 is a triple root)

y = et + oote’t 4+ c3t62e°t.
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Annihilator of e** cos 3t, cont'd

In general, e®* cos 3t and e“!sin Bt are annihilated by
(D — ) +5°).
Example 4: What is the annihilator of f = e"?

Answer: |t is given by (D — r), since (D — r)f =0.

Example 5: What is the annihilator of f = t2e%7?

Answer: It is given by (D — 5)3, since (D — 5)?f = 0.

How to justify this, without going through a long calculation, as
above? We note that the solutions to the differential equation

(D—-5)y =0
are given by (since 5 is a triple root)
y = et + oote’t 4+ c3t62e°t.

So: €%, te®, and t2 €5 are all annihilated by (D — 5)3.
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Annihilator of the sum of two functions

Example 6: Find the annihilator for the sum of f(t) = 6te™** and
g(t) = 5e%?
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Annihilator of the sum of two functions

Example 6: Find the annihilator for the sum of f(t) = 6te™** and
g(t) =57

Answer: We first note that (D + 4)?>f = 0 (why?) and
(D —2)g =0 (why?). Therefore

(D +4)*(D —2)(f +g) =0.
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Annihilator of the sum of two functions

Example 6: Find the annihilator for the sum of f(t) = 6te™** and
g(t) =57

Answer: We first note that (D + 4)?>f = 0 (why?) and
(D —2)g =0 (why?). Therefore

(D +4)*(D—2)(f+g)=0.
This follows from a general principle:

If Af =0and Bg =0
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Annihilator of the sum of two functions

Example 6: Find the annihilator for the sum of f(t) = 6te™** and
g(t) =57

Answer: We first note that (D + 4)?>f = 0 (why?) and
(D —2)g =0 (why?). Therefore

(D +4)*(D —2)(f +g) =0.
This follows from a general principle:
If Af =0and Bg =0

Then
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Annihilator of the sum of two functions

Example 6: Find the annihilator for the sum of f(t) = 6te™** and
g(t) =57

Answer: We first note that (D + 4)?>f = 0 (why?) and
(D —2)g =0 (why?). Therefore

(D +4)*(D —2)(f +g) =0.
This follows from a general principle:
If Af =0and Bg =0

Then
(AB)(f +g) =0 and BA(f + g) = 0.
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Annihilator of the sum of two functions

Example 6: Find the annihilator for the sum of f(t) = 6te™** and
g(t) =57

Answer: We first note that (D + 4)?>f = 0 (why?) and
(D —2)g =0 (why?). Therefore

(D +4)*(D —2)(f +g) =0.
This follows from a general principle:
If Af =0and Bg =0

Then

(AB)(f +g) =0 and BA(f + g) = 0.
Example 7: Show that (D + 1)?(D? — 2D + 5) is an annihilator
for te™* 4 e’ sin 2t.
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Example 7, cont'd

We first note that te~¢ is one of the solution of (D + 1)2y = 0, so
it is annihilated by D + 1)2.
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Example 7, cont'd

We first note that te~¢ is one of the solution of (D + 1)2y = 0, so
it is annihilated by D + 1)2.

Also (D — «)? 4 (3% annihilates e® sin 3t. In our case, a = 1 and
beta = 2. Moreover,
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Example 7, cont'd

We first note that te~¢ is one of the solution of (D + 1)2y = 0, so
it is annihilated by D + 1)2.

Also (D — «)? 4 (3% annihilates e® sin 3t. In our case, a = 1 and
beta = 2. Moreover,(D —1)? +22 = D2 — 2D + 5. So

(D? — 2D + 5) annihilates efsin2t. Multiplying these annihilators
answers our question.
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Example 7, cont'd

We first note that te~¢ is one of the solution of (D + 1)2y = 0, so
it is annihilated by D + 1)2.

Also (D — «)? 4 (3% annihilates e® sin 3t. In our case, a = 1 and

beta = 2. Moreover,(D —1)? +22 = D2 — 2D + 5. So

(D? — 2D + 5) annihilates efsin2t. Multiplying these annihilators
answers our question.

Example 8: Solve the differential equation:
(D +1)?(D?—2D +5)y =0.
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Example 7, cont'd

We first note that te~¢ is one of the solution of (D + 1)2y = 0, so
it is annihilated by D + 1)2.

Also (D — «)? 4 (3% annihilates e® sin 3t. In our case, a = 1 and

beta = 2. Moreover,(D —1)? +22 = D2 — 2D + 5. So

(D? — 2D + 5) annihilates efsin2t. Multiplying these annihilators
answers our question.

Example 8: Solve the differential equation:
(D +1)?(D?—2D +5)y =0.

Note that this dfq is the same as: (D* +2D? + 8D + 5)y = 0.
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Example 7, cont'd

We first note that te~¢ is one of the solution of (D + 1)2y = 0, so
it is annihilated by D + 1)2.

Also (D — «)? 4 (3% annihilates e® sin 3t. In our case, a = 1 and

beta = 2. Moreover,(D —1)? +22 = D2 — 2D + 5. So

(D? — 2D + 5) annihilates efsin2t. Multiplying these annihilators
answers our question.

Example 8: Solve the differential equation:
(D +1)?(D?—2D +5)y =0.

Note that this dfq is the same as: (D* +2D? + 8D + 5)y = 0.

Answer: y = cie” t + cpte” ! + czet cos 2t + el sin 2t.
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Using Annihilator Method to Solve a DFQ

We want to solve Ay = f. We find an annihilator B for f, so
Bf =0, and solve BAy = 0. Important Note: This will give the
correct form of the particular solution all the time.
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Using Annihilator Method to Solve a DFQ

We want to solve Ay = f. We find an annihilator B for f, so
Bf =0, and solve BAy = 0. Important Note: This will give the
correct form of the particular solution all the time.

Example 9: Find an annihilator for the forcing function
f(t) = tet +sin2t
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Using Annihilator Method to Solve a DFQ

We want to solve Ay = f. We find an annihilator B for f, so
Bf =0, and solve BAy = 0. Important Note: This will give the
correct form of the particular solution all the time.

Example 9: Find an annihilator for the forcing function
f(t) = tet +sin2t

(b) Use the annihilator method to find the form of the particular

solution for
y" —y = te! +sin2t.
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Using Annihilator Method to Solve a DFQ

We want to solve Ay = f. We find an annihilator B for f, so
Bf =0, and solve BAy = 0. Important Note: This will give the
correct form of the particular solution all the time.

Example 9: Find an annihilator for the forcing function
f(t) = tet +sin2t

(b) Use the annihilator method to find the form of the particular
solution for

y" —y = te! +sin2t.

Answer: (a) The annihilator of the forcing function is (why?):

B = (D —1)*(D? + 4).
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Using Annihilator Method to Solve a DFQ

We want to solve Ay = f. We find an annihilator B for f, so
Bf =0, and solve BAy = 0. Important Note: This will give the
correct form of the particular solution all the time.

Example 9: Find an annihilator for the forcing function
f(t) = tet +sin2t

(b) Use the annihilator method to find the form of the particular

solution for
y" —y = te! +sin2t.

Answer: (a) The annihilator of the forcing function is (why?):

B = (D —1)*(D? + 4).

(b) We note that A= (D> — 1) = (D — 1)(D + 1).
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Using Annihilator Method to Solve a DFQ

We want to solve Ay = f. We find an annihilator B for f, so
Bf =0, and solve BAy = 0. Important Note: This will give the
correct form of the particular solution all the time.

Example 9: Find an annihilator for the forcing function
f(t) = tet +sin2t

(b) Use the annihilator method to find the form of the particular

solution for
y" —y = te! +sin2t.

Answer: (a) The annihilator of the forcing function is (why?):

B = (D —1)*(D? + 4).

(b) We note that A= (D> — 1) = (D — 1)(D + 1).
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Example 9, cont'd

According to the general principle, we must solve BAy = 0. So:

(D+1)(D—1)3(D?>+4)y =0
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Example 9, cont'd

According to the general principle, we must solve BAy = 0. So:

(D+1)(D—1)3(D?>+4)y =0

The form of the general solution should be:
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Example 9, cont'd

According to the general principle, we must solve BAy = 0. So:

(D+1)(D—1)3(D?>+4)y =0

The form of the general solution should be:

y =cre t+ oet + cstel + cut?el + c5cos 2t + cg sin 2t
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Example 9, cont'd

According to the general principle, we must solve BAy = 0. So:

(D+1)(D—1)3(D?>+4)y =0

The form of the general solution should be:

y =cre t+ oet + cstel + cut?el + c5cos 2t + cg sin 2t

Annihilator Method



Example 10

Use the annihilator method to find the form of the particular
solution for
y" — 8y’ + 15y =1 + sin 3t?
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Example 10

Use the annihilator method to find the form of the particular
solution for

y" — 8y’ + 15y = 1 +sin3t?

Answer: The annihilator of 1 is D, while the annihilator of sin 3t
is D2 + 9. So the annihilator of the forcing function is D(D? + 9).
The dfqg can be put in the form

(D?> —8D 4 15)y = 1 +sin3t.

That is
(D—3)(D—5)y =1+sin3t.
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Example 10

Use the annihilator method to find the form of the particular
solution for
y" — 8y’ + 15y =1 + sin 3t?

Answer: The annihilator of 1 is D, while the annihilator of sin 3t
is D2 + 9. So the annihilator of the forcing function is D(D? + 9).
The dfqg can be put in the form

(D?> —8D 4 15)y = 1 +sin3t.

That is
(D—3)(D—5)y =1+sin3t.
In order to find the form of the particular solution, we must solve:

D(D? +9)(D —3)(D —5)y = 0.

Annihilator Method



Example 10

Use the annihilator method to find the form of the particular
solution for

y" — 8y’ + 15y = 1 +sin3t?

Answer: The annihilator of 1 is D, while the annihilator of sin 3t
is D2 + 9. So the annihilator of the forcing function is D(D? + 9).
The dfqg can be put in the form

(D?> —8D 4 15)y = 1 +sin3t.

That is
(D—3)(D—5)y =1+sin3t.
In order to find the form of the particular solution, we must solve:
D(D? +9)(D —3)(D —5)y = 0.
So the general solution is given by:
Yy = ¢y + ¢ cos3t 4 c3sin 3t + C4e3t + C5€5t.
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Example 10, cont'd

Sine €3 and €' are solutions of the homogeneous equation, the

general form of the particular solution is:

Yp = €1 + ¢pcos 3t + c3sin 3t
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Example 10, cont'd

Sine €3 and €' are solutions of the homogeneous equation, the

general form of the particular solution is:
Yp = €1 + ¢pcos 3t + c3sin 3t

while
t
Yh = C4e3 + C5€5t-

Annihilator Method



Example 1 (problem 24, section 6.3)

Q. Use the annihilator method to write the general form of the
solution to the each of the following differential equations:
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Example 1 (problem 24, section 6.3)

Q. Use the annihilator method to write the general form of the
solution to the each of the following differential equations:

(a) 0" — 0 = e~
(b) 6" — 6 = xe*
(c) 0" — 0 = x?e

Answer:
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Example 1 (problem 24, section 6.3)

Q. Use the annihilator method to write the general form of the
solution to the each of the following differential equations:

(a) 0" — 0 = e~

(b) 6" — 6 = xe*

(c) 0" — 0 = x?e

Answer:

(a) We can write the equation in the form (D? — 1) = e*.
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Example 1 (problem 24, section 6.3)

Q. Use the annihilator method to write the general form of the
solution to the each of the following differential equations:

(a) 0" — 0 = e~
(b) 6" — 6 = xe*
(c) 0" — 0 = x?e
Answer:

(a) We can write the equation in the form (D? — 1) = e*.
We note that (D — 1)e* = 0. This leads to the equation:

(D —1)*(D+1)y =0.
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Example 1 (problem 24, section 6.3)

Q. Use the annihilator method to write the general form of the
solution to the each of the following differential equations:

(a) 0" — 0 = e~
(b) 6" — 6 = xe*
(c) 0" — 0 = x?e
Answer:

(a) We can write the equation in the form (D? — 1) = e*.
We note that (D — 1)e* = 0. This leads to the equation:

(D —1)*(D+1)y =0.

Therefore y = c1€* + cpxe* 4+ cze™*.
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Example 1 (b)

(b) 6" — 0 = xe*.
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Example 1 (b)

(b) 6" — 0 = xe*.

Write this as (D — 1)(D + 1)y = xe*, and note that
(D — 1)?(xe*) = 0. This leads to
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Example 2 (problem 15 in section 6.2)

Q. Use the annihilator method to solve: y”/ —2y” — 5y’ + 6y =0
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Example 2 (problem 15 in section 6.2)

Q. Use the annihilator method to solve: y”/ —2y” — 5y’ + 6y =0

A. We write this in the form
(D® —2D? —5D 4 6)y = 0.

We need to factor the operator. Graph the function
y = x3 — 2x?> — 5x + 6. What do you observe? Indeed x = 1 is one
of the roots. We divide to obtain:

(D*—-2D?-5D+6) = (D—1)(D*>~D—6) = (D—1)(D+2)(D—3)

Therefore:
(D® —2D? —5D +6)y =0

means:
y = e+ ge X + e,

Annihilator Method



Example 3

Q. (a) Find the annihilator of e=3*sin 2x + x
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A. (a) The annihilator is given by: D? ((D + 3)? + 4).
b) multiplying the equation by the annihilator, we are led to
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Example 3

Q. (a) Find the annihilator of e=3¥sin 2x + x
(b) Solve (D —2)(D? + 6D + 13)y = e~3*sin2x + x

A. (a) The annihilator is given by: D? ((D + 3)? + 4).
b) multiplying the equation by the annihilator, we are led to

D? (D +3)*+4) (D—2)(D*+6D+13)y =0

We note that D? + 6D + 13 = ((D + 3)? + 4). So the equation is
given by:
D? (D +3)Y+4)* (D-2)y =0.

The solution is of the form:

3

y =c1 + ox+ cze X cos2x + cae” ¥ sin2x+

Csx €73 cos 2x + cgx € X sin 2x + ¢cre>¥.

Annihilator Method



