Lecture 5
Exact Differential Equations

Firstly we express any given first order differential equation say d = f(z,y) in the form as below;
M(z,y)dz + N(z,y)dy =0 — — — — — (1) .
Now this equation would be exact if its LHS is an exact differential of any function say F(z,y) i.e

M(z,y)dz + N(z,y)dy = d (F(z,y)) = 2Ldz + %—idy. So the given differential equation becomes;
d(F(z,y)) =0

On integrating, [d (F(z,y)) = [0dz :>, which is the solution of given differential equation.
Working Rule of solution:

i) Integrate M with respect to z treating y as a constant.

ii) In N, choose those terms which do not involve  and integrate these with respect to y.

iii) Sum the above two cases and equate this to a constant.

Symbolically the final solution has the formulation;

/M(m, y)dz + [ (terms of N not containing z) dy = C|
e———

y—constant

Example 1
Solve (3x2y + 2) dr + (333 + y) dy = 0.
Solution:
Here M (x,y) = 32%y + 2 and N(x,y) —x +uy
:%A; 3y(33:y+2) gy(&vy) 2—3x2d()+0=3x2and
%—I;[ aw(ac +y) awx +3 y—3x +0—3m
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=—the given differential equation is exact and its solution is given by;
/M(ac7 y)dz + [ (terms of N not containing z) dy = C
S

y—constant
:>/(3:c2y+2)dx+fydy:C

| S ——
y—constant

=>/3$2yda:+/2dax+fydyzc

y—constant
=>yf3x2dx+2fdx+% =C
3 2
(396—) + 2z + L =C

’x y+2z+ % C‘ is the required solution.

Example 2
Solve the initial value problem (2y sin z cos x + y? sin x) dx + (Sin2 T — 2y cos x) dy = 0,y(0) = 3.

Solution:

Here M(z,y) = 2ysinz cosz + y?sinz and N(z,y) = sin® z — 2y cos =

= %—J‘y/[ = 8% (2ysina:cosx+y281nx) = 8%stinzcostr 8% (y?sinz)
—sma?coszzc6 (2y)—|—s1nﬂc£§9 (y?) =sinz cosz (2) + sinz (2y)
—2s1nxcosa:+2ysmx

d aN = aax (banx—chosx) = a%sinzx - % (2y cos )

=2coswsinz — 2y (cos )
=2coszsinz — 2y (—sinz) = 2sinz cosz + 2y sinx

: %—M =2sinzcosx + 2ysinx = %N

= the given differential equation is exact and its solution is given by;



/M(ac7 y)dz + [ (terms of N not containing z) dy = C
—_—

y—constant

:>/(2ysinxcosx+y28inx) de+ [(0)dy=C

y—constant
= [2ysinzcoszdr + [y?sinzdr +k=C
= 2y [coszsinzdr +y* [sinzdz =C — k
) (@) f(z)de = %1)2 and here f(z) =sinz and f'(x) = cosz
' and [sinazdr = —cosz
= Qy% +y?(—cosz) = C — k = K ,where C — k = K say!
— ysin’z — y?cosz = K — — — —(1)
To find the value of K, we use the initial value condition in (1) i.e. put x =0 and y = 3.
o (1) = 3sin?(0) — 3% cos(0) = K

= 0-9(1)? = K =K = =9 put this in (1)

o (1) = ysin®z —y?cosz = —9 =ly°cos T —y sin” z = 9 is the required solution of given initial value
problem.

Example 3

Solve the DE (623’ — 1y cos xy) dx + (23:629 —zcosxy + 2y) dy = 0.

Solution:
Here M (x,y) = e* —ycosay and N = 2xe?¥ — xcoszy + 2y
= %—,A; = % (e* — ycosay) = %62?/ - %y coszy = 2e* — (ya% cosxy + coszy%y)

=2e% — (y (—zsinzy) + cosxy (1))
= 2e%¥ — coszy + zysinzy
and %—{X = % (2$€2y —xcoszy + 2y) = 8%296629 — %x coszy + 8%23/
= 262y3%x — (:Ea% coszy + cosxya%m) + %Qy
=2e%.1 — (z (—ysinzy) +coszy.1) + 0
= 2e%¥ — —gysinzy + coszy
= 2e% — coszy + zysinzy

. %—]‘y/[ = 2e% — cosxy + xysinzy = %—]X = the given differential equation is exact and its solution is
given by;

/M(:lc7 y)dz + [ (terms of N not containing z) dy = C

~—_——

y—constant

:>/(62y—ycosxy) de+ [2ydy =C

y—constant
- fezyd:v — fycosxydeerydy =C
= e [da — [(ycoszy)dx + 2 (3y*) =C
= ez —sinzy +y? =C A [ f(z)cos (f(z)) dz = sin(f(z))
—we?Y —sinzy +y®> = C | is the required solution of given differential equation.

Example 4
Solve 2zydzx + (w2 - 1) dy = 0.

Solution

Here M (z,y) = 22y and N(z,y) = 2% — 1

ﬁ%z%(?zy)szand%:%(ﬁfl):2:c
oM

. 57 =2r = % — the given differential equation is exact and its solution is given by;



/M(ac7 y)dz + [ (terms of N not containing z) dy = C
—_—
y—constant
= /Qxydx + [(-1)dy=C
—_—

y—constant
= 2y [wdz + (—1) [dy =
= 2y (32 )+(* Jy=C=y(2*-1)=C Y = @2=1)] is the required solution of given differential

equation.

Example 5
Solve the initial value problem (coszsinz — zy?) dz +y (1 — z?) dy = 0, y(0) = 2.

Solution:
Here M (z,y) = coszsinz — zy® and N(z,y) =y (1 — 2?) =y — 2%y
:%y (%(cos:csmm—my )

= gy (coszsinz) — 8—yxy

=0- xd@yQ = —2zy
ON _ 0 _ ., 0
and Oz Bma(l_m)_y%(l_‘rz)
=y (el = 5:7%) =y (0 —22) = —2ay
" %—,J\j = —2zy = %—,]Z — the given differential equation is exact and its solution is now given by;
/M(ac7 y)dx + [ (terms of N not containing z) dy = C
| S

y—constant

z/(cosmsinx—mgﬁ) de + [ydy =C

y—constant

— fcosxsinmdac - fwyzda: +3y2=C

{ff dx—f(x) and here f(z) =sinz and f/(z) = cosx
:>51nx nyCd{E+ C
s 2 (4 2)+§y =C-———-(1)

Now put the initial condition y(0) =2 (put z =0 and y =2 in (1))
- (1) [ sin; 0 _ 22 (%02) 4 %22 =C
= 0-0+2=C = C =2, put this in (1)
sin?
(1) = 2 2 (4a2) 4 3y =2
— Sin w—§y+y :2:>sin2zfx2y2+y2:4
= 1—-cos’z —2%y? +y> =4
= 2%y’ +y* —cos’x=4—-1
—W?(1 — 2?) — cos®

z = 3is the required solution of the given differential equation.




