Lecture-4 Polar Coordinates

You know that position of any point in the plane ¢e obtained by the two
perpendicular lines known as x and y axis and tagete call it as Cartesian coordinates
for plane. Beside this coordinate system we hawth@n coordinate system which can
also use for obtaining the position of any pointhia plane. In that coordinate system we
represent position of each particle in the plan&bgnd “6 "where “r” is the distance
from a fixed point known as pole afdis the measure of the angle.
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“O” is known as pole.

Conversion formula from polar to Cartesian coordinates and vice versa

[

A

mpm e)
r
;// V

y

A

L1

From above diagram and remembering the trigonomedtios we can write X = r c@s
y = r sinf. Now squaring these two equations and adding we ge

X2 +y2 = 2

Dividing these equations we get
y/x = tard

These two equations gives the relation betweeRlliee polar and Plane Cartesian
coordinates.

Rectangular co-ordinatesfor 3d
Since you know that the position of any point ia 8d can be obtained by the three

mutually perpendicular lines known as x ,y andaxis and also shown in figure below,
these coordinate axis are known as Rectangulado@ie system.



Rectangular coordinates
(x, v, =)

Cylindrical co-ordinates

Beside the Rectangular coordinate system we hasth@ncoordinate system which is
used for getting the position of the any partisléni space known as the cylindrical
coordinate system as shown in the figure below.

Cylindrical coordinates
(r,0,2)
(rz00=0<2rx)

Spherical co-ordinates

Beside the Rectangular and Cylindrical coordingitesns we have another coordinate
system which is used for getting the position ef &imy particle is in space known as the
spherical coordinate system as shown in the figetew.

Spherical coordinates
(p, 6, ¢)
(pz20,0s0<2n0<s¢p=m



Conversion formulas between rectangular and cylindrical co-ordinates

Now we will find out the relation between the Rexjalar coordinate system and
Cylindrical coordinates. For this consider any painthe space and consider the position
of this point in both the axis as shown in the fegbelow.
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In the figure we have the projection of the poinhRBhe xy-Plane and write its position in
plane polar coordinates and also represent the 8nglw from that projection we draw
perpendicular to both of the axis and using thrgotrometric ratios find out the following
relations.

(r’ 91 Z) _’(X1 Y, Z)

X =rcosf, y=rsing, z=2z

r=\+y?, tanf= i z
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Conversion formulas between cylindrical and spherical co-ordinates

Now we will find out the relation between sphericabrdinate system and Cylindrical
coordinate system. For this consider any poinhéngpace and consider the position of
this point in both the axis as shown in the figoetow.
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First we will find the relation between Planes pataspherical, from the above figure
you can easily see that from the two right angtechgles we have the following
relations.

(0.69) -(r, 62
r=psng, 6= 6, z= pcosg¢

Now from these equations we will solve the firstl @econd equation f@randg. Thus
we have

(r, 62 - (p69)
p=Nr*+z2 6= 9 tan¢1=£

Conversion formulas between rectangular and spherical co-ordinates

(p; 6, ) — (x, y, 2)
Since we know that the relation between Cartestandinates and Polar coordinates are

x=rcosh, y=rsing and z =z .We also know the relation between Gpdleand
cylindrical coordinates are,

r=psng, =6, z= pcosg¢

Now putting this value of “r" and “z” in the abovermulas we get the relation between
spherical coordinate system and Cartesian cooelsyatem. Now we will find

(%, y,2)— (p, 0, D)

x2 + y2 +z2 = (sin® 0050)2 +  (psin® sin 6)2 +(p cosd))2

= p2{Sin2(D(COSZO + sin20) +CO52(D)}



= p2(sin 2(1) + cogtb)z = p2

0 =/x2 +y2 +22

T

Tar® =y/x and Co® = X +y+7

Constant surfacesin rectangular co-ordinates

The surfaces represented by equations of the form
X=X, Y=Y Z=2

where %, ¥, Zo are constants, are planes parallel to the xyeplaz-plane and xy-
plane, respectively. Also shown in the figure
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Constant surfacesin cylindrical co-ordinates

The surface =rgisaright cylinder of radius g centered on the z-axis. At each point

(r, 6, z) this surface on this cylinder, r has the eay z is unrestricted and
0<6<2n.

The surfacd = 0yis a half plane attached along the z-axis and making afgheith the
positive x-axis. At each point (@, z) on the surfac® has the valu@y, z is unrestricted
and r>0. The surfaces = zg isahorizontal plane. At each point (r, z) this surface z

has the valuegz but r and are unrestricted as shown in the figure below.



Constant surfacesin spherical co-ordinates

The surface = Po consists of all pointswhose distance p from origin is Po Assuming
thatpo to be nonnegative, this is a sphere of rad'wsentered at the origin. The surface

0 = 0y isa half plane attached along the z-axis and making afgh&ith the positive x-
axis. The surfac® = @ consists of all points from which a line segmenttte origin

makes an angle dbg with the positive z-axis. Depending on whetherd@x< n/2 or
n/2 <Pp< =, this will be a cone opening up or opening dowd = /2, then the cone
is flat and the surface is the xy-plane.

Spherical Co-ordinatesin Navigation

Spherical co-ordinates are related to longitudelatiiide coordinates used in
navigation. Let us consider a right handed rectiEngordinate system with origin at
earth’s center, positive z-axis passing througmitr¢h pole,and x-axis passing through
the prime meridian.Considering earth to be a perfect sphere of rgglieig000 miles,
then each point has spherical coordinates of tima {d0009,®) where® andf

determine the latitude and longitude of the pdiongitude is specified in degree east or



west of the prime meridian and latitudes is spedifn degree north or south of the
equator.

Domain of the Function
* Inthe above definitions the set D is the domaitheffunction.
* The Set of all values which the function assignsefery element of the domain
is called the Range of the function.
* When the range consist of real numbers the funstawa called the real valued
function.
NATURAL DOMAIN

Natural domain consists of all points at which fimenula has no divisions by zero and
produces only real numbers.

Examples

Consider the Functiomr =/y - x* . Then the domain of the function is
y = x*Which can be shown in the plane as
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The domain of f(x, ¥) = /¥ — x2
consists of the shaded region and its
bounding parabola y = x?.

and Range of the function |§,).

Domain of function w = 1/xy is the whole xy- plaB&cluding x-axis and y-axis, because
at x and y axis all the points has x and y coottéimias 0 and thus the defining formula
for the function gives us 1/0. So we exclude them.



