Lecture No -6 Geometry of Continuous Functions

Geometry of continuous functions in one variable or Informal definition of
continuity of function of one variable.

A function is continuous if we draw its graph by a pen then the pen is not raised so that
there is no gap in the graph of the function

Geometry of continuous functions in two variables or Informal definition of
continuity of function of two variables.

The graph of a continuous function of two variables to be constructed from a thin sheet of
clay that has been hollowed and pinched into peaks and valleys without creating tears or
pinholes.

Continuity of functions of two variables
A function f of two variables is called continuous at the point (Xg,y) if

1. f(xo,yo) if defined.

. lim  f(x,y) exists.
(x,¥)>(X0.Yo)

3. lim )f(x, y) = f (Xg:Yp)-

T ()% Yo
The requirement that f (x,y;) must be defined at the point (x;,y) eliminates the

possibility of a hole in the surface z = f (xo,yo) above the point (xo,yo).

Justification of three points involving in the definition of continuity.

(1) Consider the function of two variables x* + y* In(x* + y*) now as we know that the
Log function is not defined at O, it means that when x = 0 and y = 0 our function

x* +y? In(x® + y?) is not defined. Consequently the surface z = x> + y* In(x* + y*) will
have a hole just above the point (0,0)as shown in the graph of x* + y* In(x* + y?)

z=(x2+ ¥2) In(x2 + y2)
has a hole at
the origin.



(2) The requirement that ( )Iir(n ) f (X, y) exists ensures us that the surface z = f(x,y) of
X,¥)=>(%0, Yo

the function f(x,y) doesn’t become infinite at (Xo,yo) or doesn’t oscillate widely.
Consider the function of two variables% now as we know that the Natural

X“+y
domain of the function is whole the plane except origin. Because at origin we have x =0
and y =0 in the defining formula of the function we will have at that point 1/0 which is

1
D+ Y

the surface z = #Wi” approaches towards infinity when we approaches towards

A

infinity. Thus the limit of the function does not exists at origin. Consequently

origin as shown in the figure above.

5 A

\[\'3+ 32
becomes infinite
at the origin.

(3) The requirement that

) f(x,y) = f(XOvyo)

Im
(%,¥)—>(%, Yo

ensures us that the surface z = f(x,y) of the function f(x,y) doesn’t have a vertical jump or
step above the point (Xq,y()-

Consider the function of two variables

0 if x>0andy=>0
1 otherwise

f(X,Y)Z{

now as we know that the Natural domain of the function is whole the plane. But you
should note that the function has one value “0” for all the points in the plane for which



both x and y have nonnegative values. And value “1” for all other points in the plane.
Consequently the surface

0 if x>0andy=>0

) has a jump as shown in the figure
1 otherwise

Z= f(X,Y)={

30 ifx=0,y=0

z 1 otherwise
has a vertical jump
at the origin.
Example
Check whether the limit exists or not for the function
2
: X
lim f(x,y)=
(x,)-(0,0) (x.y) X2 +y°
Solution:
First we will calculate the Limit of the function along x-axis and we get
2
: X .
lim f(x,y)= =1(Along x-axis
om0 Y) =~z =1(Along )
Now we will find out the limit of the function along y-axis and we note that the limit
2
is lim f(x,y)= Zy =1(Along y-axis). Now we will find out the limit of the
(x,y)—(0,0) y“+0
2
. . . X 1
function along the line y = x and we note that lim  f(x,y) =——— == (Alongy = X)
(xy)>(0,0) X“+Xx° 2

It means that limit of the function at (0,0) doesn’t exists because it has different values
along different paths. Thus the function cannot be continuous at (0,0). And also note that
the function id not defined at (0,0) and hence it doesn’t satisfy two conditions of the
continuity.



Example
Check the continuity of the function at (0,0)

sin(xX* +y?) .
f(x.y)=j Cx2ry? if (x, y) #(0,0)
1 if (x, y)=(0,0)

Solution:
First we will note that the function is defined on the point where we have
to check the Continuity that is the function has value at (0,0). Next we will find out the

. : : . e . sinx
Limit of the function at (0,0) and in evaluating this limit we use the result Img— =1
X—> X

and note that
Sin(x2 + y?)
lim f(xy) = lim W
(xy)— (0,0) (xy)— (0,0)

=1=1(0, 0)
This shows that f is continuous at (0,0)

CONTINUITY OF FUNCTION OF THREE VARIABLES
A function f of three variables is called continuous at a point (xq,yq,2g) if

1. f(xpYo:2p) if defined.
2. lim f(x,y,2) exists;
(%,Y,2)>(%0.,Yo0:20)

3 lim f(x,y,2) = f(x0.Y0:20)-

(%,¥,2)>(X0,Y0,20)

EXAMPLE
Check the continuity of the function
y+1
f(x,y,2)=—"——
(x.y.2) x*+y’ -1
Solution:

First of all note that the given function is not defined on the cylinder
x* +y? —1= 0 .Thus the function is not continuous on the cylinder x*>+y*-1=0
And continuous at all other points of its domain.

RULES FOR CONTINOUS FUNCTIONS

@ If g and h are continuous functions of one variable, then f(x, y) = g(x)h(y) is a

continuous function of x and y

(b) If g is a continuous function of one variable and h is a continuous function of two
variables, then their composition f(x, y) = g(h(x,y)) is a continuous function of x and y.

A composition of continuous functions is continuous.

A sum, difference, or product of continuous functions is continuous.

A quotient of continuous function is continuous, expect where the denominator is zero.



EXAMPLE OF PRODUCT OF FUNCTIONS TO BE CONTINUED
In general, any function of the form
f(x, y) = AX"Y" (mand n non negative integers)
is continuous because it is the product of the
continuous functions Ax™ and y".

The function f(x, y) = 3x%y° is continuous
because it is the product of the continuous
functions g(x) = 3> and h(y) = y°.

CONTINUOUS EVERYWHERE

A function f that is continuous at each point of a region R in 2-dimensional space or
3-dimensional space is said to be continuous on R. A function that is continuous at
every point in 2-dimensional space or 3-dimensional space is called continuous
everywhere or simply continuous.

Example:
(Df (xy) =In2x -y +1)

The function f is continuous in the whole region where 2x > y-1, y < 2x+1.And its region
is shown in figure below.

@ f(x,y)= e

The function f is continuous in the whole region of xy-plane.

3 f(x,y)=tan™(y-x)
The function f is continuous in the whole region of xy- plane.

@ f(x, y):\/y_x

The function is continuous where x >y



Partial derivative
Let f be a function of x and y. If we hold y constant, say y = Y, and view x as a variable,

then f(x, yo) is a function of x-alone. If this function is differentiable at
X=Xy then the value of this derivative is denoted by fx(x0 , yo) and is called the Partial
derivative of f with respect of x at the point (x o yo) .

Similarly, if we hold x constant, say X =X, and view y as a variable, then f (xO ,y)isa

0
function of y alone. If this function is differentiable at y = Yor then the value of this

derivative is denoted by fy (xo , yO) and is called the Partial derivative of f with respect

of y at the point (x, , )

Example
f(x,y)=2x>y? +2y +4x
Treating y as a constant and differentiating
with respect to x, we obtain
fy (X, y) = 6x%y% + 4
Treating x as a constant and differentiating
with respect to y, we obtain
fy (<, y)= 4%y +2
Substituting x = 1 and y = 2 in these partial-derivative formulas yields.
fy(1,2) =6(1)°(2)° +4 =28
f,(1,2) =4(1)%@2)+2 =10

Example

Z =4 -2y + TxXY°
a =8x+28x°%y°

OX

%z _ —2+35x*y*

oy



Example
z=f(x,y)=x’sin’y
Then to find the derivative of f with respect to x we treat y as a constant therefore

a_ f =2xsin’y
OX

Then to find the derivative of f with respect to y we treat x as a constant therefore

0z 2 -
—=f,=x"2sinycosy

=x’sin2y
Example

zZ= In(x2 hl yzj
X+Yy
By using the properties of the In we can write it as
z=In(¢+y) —In (x+Y)
a 1 1
§:X2+yz.2X—X+y
R e
(< +y)(x +y)
XXy -y

T+ +Y)

Similarly, (or by symmetry)
a Y+ 2ay-x

&~ (¢ +y)(x+y)

Example
P z = x"sin(xy?)

oz 0 .

—= &[x“ S|n(xy3)]

= 1 2 [sin(ay") ]+ sin(y®) 2 (x*)

ox OX

= x* cos(xy®)y* +sin(xy*)4x®

oz = x"y* cos(xy?) +sin(xy?)

OX
0z O 4 . 3
— =—| x*sin(xy”)
oy 5)’[ ]
=x* ﬁ[sin(xys)]ﬂin(xy?’)E(X“)

oy oy

X cos(xy").315° +5in(xy?)
=3x°y? cos(xy®)



Example
z = cos(x’y")
o =—sin(x5y4)ﬁ(xsy4)
X ox
=_5X4y4 Sin(x5y4)
0z A 5 4 o 5 .
oy sin(x’y )ay(x v

= _4X5y3 sin( X5y4)

Example ' | |
W =X +3y*+4z°-xyz
& =2X —yz
dy =6y - xz
w

; =82-xy

o



