36-Scalar field VU

Lecture No -36 Scalar Field
Scalar Field
If a scalar field V(r) exists for all points on the curve ,
n Z Y
the ZV(r)drp with dr - 0, defines the line integral
p=1
of V i.e line integral = _[V(r)dr. : _

X

We can illustrate this integral by erecting a continuous g
Ordinate to V(r) at each point of the curve '[V(r)dr is then represented by the area of the
C

curved surface between the ends A and B the curve c. To evaluate a line integral , the
integrand is expressed in terms of X, y ,z with dr =dx +dyj+dzk

In practice , x , y and are often expressed in terms of parametric equation of a fourth
variable (say u), i.e. x =x(u) ; y =y(u) ; z=z(u) . From these, dx, dy and dz can be

written in terms of u and the integral evaluate in terms of this parameter u.

Example
If V=xy’z, evaluate jV(r)dr along the curve c having parametric equations

x = 3u; y=2u? ;z=u® between A(0,0,0) and B(3,2,1)
V= xy’z = (3u)(4u*)(u®)=12u°
dr=dxi+ dy j+ dzk = dr=3du i +4udu j +3u?du k
forx=3u; .. dx=3du;y=2u® .. dy=4udu ;z=u® .. dz=3u’dz
Limiting : A(0,0,0) corresponds to B(3,2,1) corresponds to u
A0,00) = u=0; B(32,1)= u=1
h : . u’. Tl w24 . 36
[V(rydr = [ 12u°@3i +4u j +3u° K)du=[36—i+48-—— j+36-—| =4i+—j+—k
) ) 9 10 11, 5° 11
Example
If V = xy + y?z Evaluate IV(r)dr along the curve c defined by x=t% y = 2t ; z= t+5

between A(0,0,5) and B(4,4,7) . As before , expressing V and dr in term of the
parameter t .
since V=xy+y?z
= (t)(2)+(4t°)(t+5)
= 6t° + 20t
x = t? dx =2tdt
y=2t dy=2dt }
z=t+5 dz=dt
dr = dxi + dyj + dzk
=2tdti+2dtj+dtk
o T vdr = [ (663+20t9)( 2t i +2j+k) dt
C Cc
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Limits: A (0, 0, 5)
B (4é 4,7)

0;
2

s Ivdr=[ (683+2089)( 2ti +2 j +k) dt
C 0

2
I Vvdr =2 I {6t*+20t%)i+(6t°+20t%)j
C 0
+(3t3+10t%)k}dt.
= % (444i + 290j + 145Kk)

Vector Field
If a vector field F(r) exist for all points of the curve c, then for each element of arc we can
form the scalar product F.dr. Summing these products for all elements of arc, we have

Zn: F.drp
p=1

The line integral of F(r) fr om AtoB
along the stated curve = [ F.dr.

C
In this case, since F.dr is a scalar
product, then the line integral is a scalar.
To evaluate the line integral, Fandd r
are expressed in terms of X,y,z, and the
curve in parametric form. We have

F=Fii+F,j+F3k
And dr=dxi+dyj+dz k
Then F.dr = (Fp i+ F, j +F3 K).(dx i +dy j +dz k) :j(ﬁdx + F,dy +F,dz)

Now for an example to show it in operation.

Example
If F(r) = x?y i + xz j + 2yz k , Evaluate jF.dr between A(0,0,0) and B(4,2,1) along the

curve ¢ having parametric equations x=4t ; y-2t*; z = t*
Expressing everthing in terms of the parameter t, we have
dx = 4 dt ; dy =4tdt ; dz = 3t* dt
X%y = (168%)(2t) =32t
X =4t sodx=4dt
xz = (4) () = 4 t*
y=2t? dy = 4t dt
2yz=(4t?)( t3=4t°
z=t? - dz =3t dt
F=32t%i+4t'j—4 Pk
dr=4dti +4tdtj+3t%k
Then f F.dr= I (32t*i+4t%j-4tk).
(4dti+4tdtj+3t° dtk)

= f (128t*+16t°+12t") dt
Limits: A(0,0,0) =t =0;
B(4,21)=t=1
128 . 16 4 12 128 8 3
— 4 5 Nt — 5,29 6,4 .8 <9 9O 9 _
(J:F.dr—(128t +16°+ 12t dt ="~ O+ g =5 3 +5 =20.76
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Example

If F(r) = xCyi + 2yzj + 32°xk
Evaluate | F.dr between A(0,0,0) and B(1,2,3)

Cc
B(1,2,3)
(a) along the straight line
c; from (0, 0, 0) to (1, O, 0)
then ¢, from (1,0, 0) to (1, 2, 0)

and c3from(1,20)to(1,2,3) . . .
(b) along the straight line C 4 joining

(0,0,0) to (1, 2, 3).
We first obtain an expression for ~ F.dr
which is
F.dr = (X%yi + 2yzj + 3z%xk).
(dx i+ dyj + dz k)
F.dr = x%y dx + 2yz dy + 3z%x dz

J. F.dr= _[ X2ydx + J 2yzdy+,[ 3z°xdz

Here the integration is made in three
sections, along ¢4, ¢, and Cs.

(i) ci: y=0,z=0,dy=0,dz=0
- | F.dr=0+0+0=0
C1
(if) c2: The conditions along c; are
C:x=1,2=0,dx=0,dz=0
] Fdr=0+0+0=0
C2
(i) c3:x =1, y:32, dx=0, dy=0

[ Fdr=0+0+] 3z%dz=27
C3 0

Summing the three partial results
1,2,3)

[ Fdr=0+0+27=27
(0,0,0)
] F.dr =27
C1+C€2+C3
If t taken as the parameter, the parametric equation of care x=t;y=2t; z =3t
0,0,0)=>1t=0,(1,2,3)=t=1 andthelimitsoftare t=0andt=1
F = 2t3 + 12t2j + 2713k
dr = dxi+dyj +kdz =dti + 2dt j +3dt k
| Fdr =] (20i+126]+276%).(i+2)+3K) dt = [ (2t+24t+816)dt
t
= Jo (83'[3 + 24t dt = {83 77t Stﬂ0 - % =28.75
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So the value of the line integral depends on the path taken between the two end
points A and B

@ _[F.dr via ¢y, ¢, and c3 = 27
(b) _[F.dr via ¢4 = 28.75

Example
Evaluate IF dv where V is the region bounded by the planesx =0,y =0,z =0 and

2x +y=2,and F =2z i+y k. To sketch the surface 2x + y + z = 2, note that

when z=0, 2x+y=2 i.e.y=2 —2X
when y=0, 2x+z=2 i.e.z=2 —2X
when x=0, y+z=2 ie.z=2 -y
Inserting these in the planes
x=0,y=0,z=0will help.
The diagram is therefore.
So 2x +y + z = 2 cuts the axes at
A(1,0,0); B (0, 2,0); C (0, 0, 2).
Also F = 2zi + yk;

z2=2-2x-y=2(1-x)-y

1 2(1-x) 2(1-x)-y

LRVl T (@xi+yk)dzdydsx

1 2(1x) z=2(1-x)-y

— 2;

—fofo [z |+yzk] L dydx
1 2(1-x)

=11, {14%-4(1-X)y+yTi +[2(1-X)y-y’TK}dydx

[, Fav =2 (2i+K)



