34-Examples vuU

Lecture -34......... Examples

Example
Evaluate the line integral | = (f{xy dx + (2x —y) dy} round the region bounded by
C

the curves y = x? and x = y? by the use of Green’s theorem.
Points of intersection are O(0, 0) and A(Z, 1).

I = ‘ff{xde (2x —y) dy}
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In this special case when P=y and Q=—-Xx S0 oy =1 and X =-1

Green’s theorem then states J J {1-(-1)}dxdy :—Cf (P dx+Q dy)
R C

i.e. ZJ.J.dxdy:—c_f(ydx—xdy) :Cf(xdy—ydx)
R C C

Therefore, the area of the closed region A = ”dx dy = % C_f (x dy — y dx)
R C

Example
Determine the area of the figure enclosed by y = 3x? and y = 6x.
Points of intersection : 3x* = 6x S x=0o0r2

AreaA=% Cf (x dy — y dx)
C

We evaluate the integral in two parts, i.e.
OAalongc; and AO along c;

=i+,

A= (xdy—ydx) j (xdy—ydx)
C1 (along OA) C5 (along OA)
liicrisy=3x% .. dy=6xdx
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2 2
Iy :J;(zedx—szdx):J; 3x2dx:[x3]2:8.'. l,=8
0

Similarly, foor Coisy=6x .. dy=6dx

I, = I(Gxdx—Gxdx):O
2

|2:0
=1, +1,=8+0=8
. A =4 square units

Example
Determine the area bounded by the curves y

x=0forx>0.
Hereitisy=2x% y=x*+1; x=0
Point of intersection 2 =x3+1 .. xX*=1 ... x=1

AreaAz%q(xdy—ydx) 2A=C§ (x dy — y dx)
C C
(a) OA: ¢y isy=2x3l -, dy = 6x% dx

2x%, y = x> + 1 and the axis

1
e 6[ (xdy —ydx):J; (6dx-2x3dx) = J; 4x3 dx = [ x* ]: =1
1

|1:1
(b) AB(:)cgisy:x3+1 dy:3>ézdx

g IZ:J;{3x3dx—(x3+1)dx}:_[l(2x3—1)dx :[X;—x]::—@— ]:%
1
" |2:§

(© BCO): cgisx=0 .. dx=0
y:

I3 =I . (xdy —ydx)=0 .. 13=0
y:

1 1 3 .
’, 2A:I:I1+I2+I3:1+§+0:1§ :quuareunlts

Revision Summary
Properties of line integrals
e Sign of line integral is reversed when the direction of integration along the path
is reversed.

e Path of integration parallel to y-axis, dx =0 .. I, = ,[Q dy.
c

e Path of integration parallel to x-axis, dy =0 .. I.= I P dx.
C

e Path of integration must be continuous and single-valued.
e Dependence of line integral on path of integration.
e In general, the value of the line integral depends on the particular path of
integration.
e Exact differential
If P dx + Q dy is an exact differential
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(b) 1= j (P dx + Q dy) is independent of the path of integration
c

(© I= C_f (Pdx+Qdy)is  zero.
C

e Exact differential in three variables.
If Pdx +Qdy+ R dw is an exact differential

@ _@ P _R R _Q

( ) ' aw OX' oy ~ow

(b) _[ (P dx + Q dy + R dw) is independent of the path of integration.
c

(© C_f (P dx + Qdy+ R dw) iszero.
c

e Green’s theorem

Cf (P dx+Q dy)=— '”{ay aX}dx dy and, for asimple closed curve,

<§f (xdy—ydx):Zdedy:ZA
C R

where A is the area of the enclosed figure.

Gradient of a scalar function

0,.90.,0
Del operator is given by V = (I <t y+ k zj

0 0 0
Vé=grad ¢ = ( a_y k&jd) -|J‘2 ?3 kéa
grad¢ =V¢ = J‘2|+£J+§Z‘zk

Div (Divergence of a vector function)
If A=aji+ agj + a3k

. .0 .0 |0 . .
then dIVA:V.A:(I_+ja_y+k§j.(a1I+a2j+a3k)

divA=y.A=2l 08 08

OX oy Yoz
Note that
(@) the grad operator V acts on a scalar and gives a vector
(b) the div operator V. acts on a vector and gives a scalar.

Example
If A = x%i — xyzj + yz°k then

DivA=V.A :g(x2 y) —i(xyz) +£(yz4) = 2Xy — XZ + 2yz
OX oy oz

Example
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If A = 2x%yi — 2(xy*+y°)j+3y?z’k determine V.A i.e. div A.
A= 2x%yi — 2(xy* + y*2)j + 3y*z°k

v.A- B, By 8 4xy-2(2xy+3y°z)+6y’z= 4xy — 4xy — 6y’z+6y’z = 0

oXx oy oz -
Such a vector A for which V.A = 0 at all points, i.e. for all values of x, y, z, is called a
solenoid vector. It is rather a special case.

Curl (curl of a vector function)
The curl operator denoted by Vx, acts on a vector and gives another vector as a result.
If A= aii + ay) + aszk then curl A=VxA.

. .0 .0 0 . .
i.e. curl A=VxA= (| PV J@+ kajx (a1| +ag) + a3k)

i j k
_|< 0 xel
OX oy 0z
a1 do as
. _ (03 @j -(@ @) (@ %j
"VXA_'(ay_az oz ~ax)TK ox oy
Curl A is thus a vector function.
Example
If A=(y*—x?22)i+(x*+y?)j—x?yzk,determine curl A at the point (1,3, —2).
i j K
U I B
CulA=VxA= ox oy 57

yA-x*72 X4y —XPyz
Now we expand the determinant

vn=itS (ot - £ o) -1 L v - S ot x)

0 0
+k {& O +y)) - oy (v - XZZZ)}
VxA=i{—x2}-j{-2xyz+2x°z}+k(2x-4y’}. .. At (1, 3, - 2),
VxA=i(2)-j (12—4) +k (2—108) = 2i —8j — 106k

Example

Determine curl F at the point (2,0,3) given that F=Zezxyi+2xycosyj HO2y)K.
i j K
0 0 0

In determine form, curl F=V x F = X a_y po

ze™  2xzcosy x+2y
Now expand the determinant and substitute the values for x, y and z, finally obtaining
curl
V x F = i{2 — 2x cos y}— j{1 — e®¥}+ k ({2z cos y — 2xze*"}
SANR03)  VxF=i(2-4)-j(1-1)+k(6-12) = —2i—6k = -2 (i + 3K)

Summary of grad, div and curl




34-Examples vuU

(a) Grad operator V acts on a scalar field to give a vector field.
(b) Div operator V. Acts o0 a vector field to give a scalar field.
(c) Curl operator V x acts on a vector field to give a vector field.
(d) With a scalar function ¢ (X,y,z)

Gradd):Vq)—@' %, @k

a 8x'+8yj+82
(e) Witha vector function A=ayi+ayj+ak

S oA Oa 08y 0a

(i) divA=V.A= X + oy + pe
i j k
. _ _|l2 o 2@
(i) Curl A=V xA= ox oy oz
ax ay &

Multiple Operations
We can combine the operators grad, div and curl in multiple operations, as in the
examples that follow.

EXAMPLE
If A =x%i +yz%j — 2%k
Then div A=V.A = [i 2, j@+ k@j (x%yi + yz%j — 2x°K)
' oxX -“oy o0z)
= 2xy+z° + X% = ¢ (say)
Then grad (div A) = V(V.A) = 23; i+ % j+ %fk = (2y+3x9)i+(2x)j+(3z9)k

i.e., grad div A = V(V.A)= (2y+3x%)i+2xj+3z°k

Example

If ¢ = xyz — 2y?z + x?z° determine div grad ¢ at the point (2, 4, 1).
First find grad ¢ and then the div of the result.

divgrad ¢ =V.(V¢d)

We have b = Xyz — 2y°z + x*Z2°
o9, 00. 00, _ 2 : 24002
grad ¢ =V = x| + 2y j+ o7 K =(yz+2xz")i+(xz—4yz)j+(xy—-2y+2x°z) k

~. div grad ¢=V.(V¢) = 22° — 4z+2x?
oAt (2,4,1), divgrad 9 =V.(Vd)=2-4+8=6

_oh. ., 0d . 0%
grad¢_6x'+ayj+azk

. 0 .0 0\(dh. db. D oo %y
Thendivgrad ¢ = V.(V)= (‘&*W k&)(ﬁ‘%l*ﬁfk} .98,
& %o %

~.divgrad ¢=V.(V¢) = ax2+6y2+622
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Example

If F = x°yzi + xyz®j + y’zk determine curl F at the point (2, 1, 1).Determine an expression
for curl F in the usual way, which will be a vector, and then the curl of the result. Finally
substitute values.

Curl curl F=Vx(VxF) = i+2j+6k

i j k
FrorarlF=| 2 2 2 = oy axyr)indyj+yZC)k
orcurl F=1 = oy p = (2yz—2xyz)i+Xx°yj+(yz°—Xx“z)

Xyz  xyz? vz
i k

0

0
Then Curl Curl F= | =2 2 | = Z2i—(~2xz— 2y+2xy)j+(2xy—2z+2xz)K

oX
2yz-2xyz Xy yz*—x’z
SAE(2,1,1), curleul F=Vx(V x F) =i+ 2) + 6k

N%|© N s

Two interesting general results
(@) Curl grad ¢ where ¢ is a scalar

grad ¢ = §Q|+$$J+§3k
i j k
o 9 9
~curlgrad¢= [ox oy oz
2 9  0b
OX oy 0z
8yaz ~2zox| ~V\azox " axez) TK oXoy oyox) ~
socurlgrad d=V x (Vd) =0
(b) Div curl A where A is a vector.
A =ai +ayj +ak
i j k
0 0 0 da; Oay 0a; 0Oax day Oax
curl A=V x A= | y o (8y azj J(a_x—aj +k(5<¥_8_yj
ax ay &
Thendivcurl A=V.(VxA) = ( ;( ja_y ka) (VxA)

_Fa, Pay a .\ Fax  ay  Oay
OX0y 0z0X OXoy 0yoz 0zox 0oyoz

sdiveurl A=V . (VxA) =0

(c) Div grad ¢ where ¢ is a scalar.

grad ¢ = ?‘2|+£J+ﬁk

g@@@q@q@q)@aﬁaﬁ
Then div grad ¢ = V.(Vd)= (a Jay kaz)'(ax I+ayj+azk 5+ +
J.z &9, %%
~.divgrad ¢=V.(V¢) = ay +572
This result is sometimes denoted by V2.
So these general results are

=0
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(@) curl grad ¢ = Vx(V¢) =0
(b) divcurl A=V.(VxA) =0

2 2 2
(c) div grad ¢:V.(V¢):g—}+g—;§+g—}



