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Lecture No - 26 EXAMPLES
EXAMPLE
4 \ayy?
Evalaute I=J; _[ . (x*+y*)dx dy by changing into polar coordinates.
The region of integration is bounded by nggx/4y —y* and0<y<4

Now x=4+/4y—y* isthe circle xX*+y?~4y=0 = x* + y* = 4y.In polar coordinates this
takes the form r?=4rsin 0, r=4sin0
On changing the integral into polar coordinates, we have

n/2 4sind /2
. 3.1
| = J. J. r? . rdrdo= _[ 64sin*0do= 645> . T=121 (using Walli’s formula)
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EXAMPLE

Evalaute ” eX2+y2 dy dx.,where R is the semicircular region bounded by the x-axis and

R
the curve y =/1 — x*
In Cartesian coordinates, the integral in question is a nonelementary integral and there is

no direct way to integrate eV with respect to either x ory.

Substituting x =r cos 0, y = r sin6, and replacing dy dx by r dr do enables us to evaluate
the integral as

nl b 1 b

x2+y2 _ r2 _ ‘:1 rz} _r1 - T
IF{e dydx-IOIOe rdrde—fO > e de—IO 5 (e-1)do =5 (e—1).
0
EXAMPLE
Let R, be the region bounded by the circle x> + y* = . Define

[celNee)

[T e dxdy = lim [[e®®dx dy
* R

—0 = a—>

To evaluate this improper integral.

=] [ exp{- (¢ +y)}dxdy = lim [ Jexp {- (*+ y*)} dx dy
&2% py

21 a 2n 2n

1 1
= limJ [exp{-r’}rdrdo= lim | 5 (1—exp{—a®}do = lim5 (1 - exp{-a’} 0|
aswo 00 a—w 0 2 a—00 2 0
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TU
=n-lim ——F =23 =
T exp{-a} "

EXAMPLE

e ]

2 1
Prove that IO e’ dt=; .

=] ] exp{~(<"+y")} dx dy=[ exp{-y’}] exp{—xax] dy=[ ep{-/I] e}
0 0 a 2 a 2

= op{-LYAlL] ep-F3d] =lim(] exp {~ %} dt] = 4lim [[ exp {- £} c
a aa o) 2
Hecevietave — 4lim ([ ep{-}ati=lim{ [op{-6¢+Ajocalim [ op{£1d] =

° ’ \n
lim [ ep{yd] =4 = [ exp{-}dt= 2

THEOREM

Let G be the rectangular box defined by the inequalities
a<x<b, c<y<d, k<z<t?

b d ¢
If f is continuous on the region G, then I_U f(x,y, 2) dV:I I JL f (X, Y, z) dz dy dx
G a ¢

Moreover, the iterated integral on the right can be replaced with any of the five other
iterated integrals that result by altering the order of integration.
b d ¢

d ¢ b d by
:_[C_[kLf(x,y,z)dydzdx;[_[\_[(f(x,y,z)dydxdz:_[_[_[kf(x,y,z)dxdydz

a

b ¢ d ¢/ b d
:j J- J- f(x,y,z)dxdzdy:j j j f(x,y,z)dzdxdy
a k ¢ k a ¢

EXAMPLE

Evalaute the triple integral [J[ 12xy?z® dV over the rectangular box G defined by the
G

inequalities—1<x<2,0<y<3,0<z<2

We first integrate with respect to z, holding x and y fixed, then with respect to y holding x
fixed, and finally with respect to x.

232

2
[If12xy?z® dv=] | [ 12xy*Z%dzdydx = [ [ [3xy?z*]
G -100 10 _

3 2 2 3

dydx = | IO 48xy* dy dx
1

z=0
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2 3 2 )
=[[16xy*] dx=] 432xdx = 216x2] =648
1 y=0 1 1
EXAMPLE

Evalaute”_'.(x 2y+z)dxdydz RegionR 0<x,1, 0<y<x’ 0<z<x+y

1 x2 X+y

Hf (x - 2y+z)dzdydx—“ oy t2)
1 x2
f f [(X_Zy;w'y) (= Zy) }dy dx—% IO I (3x2 — 3y2) dy dx= % IO

3 (4 x_ﬁjd 3% ”_3[1 1]-8
2\X 7)W= ~215721]735

X X
Example:
Evalaute _U_[ xyzd x dy dz Where S = {(x,y,z):x*+y*+z°<1,x >0,y >0, z > 0}
S

5 21
S is the sphere x* + y* + z2 = 1 .Since X, y, z are al +ve so we have to consider only the
+ve octant of the sphere.

Now x*+y*+z*=1 .So that z—\/l X2 -y

The Projection of the sphere on xy plan is the C|rcle X2 +y*=1.

This circle is covered as y-varies from 0 to \/1 x* and x varies from 0 to 1.
1 V1x2 V1-x2-y? 1 1-x? 61 V12

I_“xyzdxdydzz_[j j xyzdzdydxzj_[ Xy
R 0" 0 0 0" 0

1 V1-x2 1 V1-x2

:H (257 ayax=2] T x-xy -y ayox

Xty
dy dx

0

dx

2

dy dx

0

V1-x2 22
l_
2 (L Xy’ y—) dx= 4 x{l x2—x% (1 xz)—ﬁ—LzX }d
0 0 0
1 113 x* ' 101 1 1) 1
SI(X 24X dx=g |5 -5+ _8(2_2+6)_48




