39 — Numerical Integration VU

L ecture No. 39
Numerical Integration

To evaluate the definite integral of certain functions whose anti derivatives cannot
be found easily or in more practical situations the integrand is expressed in tabular form,
numerical techniques provide efficient way to approximate the definite integral .

A definite integral J': f (X)dx can be interpreted as area under the curve y = f (x)

bounded by the x-axis and the line x=a and x=b . In numerica integration to
approximate the definite integral, we estimate the area under the curve by evauating the

integrand f(x) at aset of distinct points(x,, x,...,X,) , where x €[a,b] for 0<i<n. Of
course, we assume that the function to be integrated is continuous on [a,b].

| ntegration M ethods

The commonly used integration methods can be classified into two groups: the
Newton-Cotes formulae that employ functional values at equally spaced points, and the
Gaussian quadrature formul ae that employ unequally spaced points.

Closed Newton-Cotes Quadrature Formula

The method of integration will be based on interpolation polynomial P,(X) of
degree n appropriate for a given function. When this polynomial P,(x) is used to
approximate f(x) over[a,b], and then the integral of f(x) is approximated by the
integral of P (X), the resulting formula is called a Newton-Cotes quadrature formula
When the sample points x,=a and X =b areused, itis called aclosed Newton-Cotes

formula. Thus the idea of Newton-Cotes formulas is to replace a complicated function or
tabulated data with an approximating function that is easy to integrate.

=[] t(dx~ [ P, (x)dx
whereP,(x) =a, + ax+a,X’ +...+a X"

The next result gives the formulae when approximating polynomials of degree n=1, 2 are
used.

Theorem

Assumethat x =x,+kh, areequaly spaced nodesand f, = f(x). Thefirst
two closed Newton-Cotes quadrature formul ae:

(1) Trapezoida Rule J::f(x)dXz 2(f(><0)+f(><1))
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39 — Numerical Integration VU

(2) Simpson’s Rule j: f (X)dx ~ 2( FO6) +41(x)+ T (X))
The Trapezoidal Rule

One of the simplest ways to estimate an integral | = I: f (X)dx isto employ linear

interpolation, i.e., to approximate the curve y= f(x) by a straight line y=PB(x)aso
called secant line passing through the points (a, f (a)) and (b, f (b)) and then to compute

the area under the linei.e. areais approximated by the trapezium formed by replacing the
curve with its secant line drawn between the end points (a, f (a)) and (b, f (b)) .

Leta=X,, b=x, and h=x —X,. To approximate
b X %

[ FO9dx=]"f(x)dx~ [ " R(x)dx

a X X

4 f)
S
A
Jx)
@ =7 b=x >
-+ -

Now the area of trapezoid is the product of its altitude and the average length of its
parallel sides. The area of trapezoid with atitude x, — X, is

(xl—xo)( f(xo); f(xl)j

- g(f(xo>+f<x1))

X h
Thus LO f (X)dx ~ E(f(xo)+ f(x))
Note: the error term involved in trapezoidal ruleis

h3 "
:_Ef (&), &elxx]

Thus the trapezoidal rule with error term s

% h h® .,
LO f (X)dx = E(f(x°)+ f(xl))—Ef 3]
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The Trapezoidal Rule (Composite Form)

In order to evaluate the definite integral | = Lb f (X)dx we divide the interval

[a,b] into n sub-intervals, each of size h= b-a and denote the sub-intervals by
n

[X0, X% 1,[%, %], [ X, 4, X,], suchthat x,=a, x,=b, and X, =x,+kh, k=12,...,n and
then use the trapezoidal rule on each subinterval

_y=f¥

(X1, y1) (X2, y2)

(X0, Yo)

Yo Y1 Y2 VS Yn-1 Yn

A A

Xo=a X X2 X3 Xn-1 Xn=b

Thus, we can write the above definite integral as a sum. Therefore,
L= [ £ 09dx= [ ()dx+ [ F (x)dx++ [ f(x)dx
X X X Xn-1
The area under the curve in each sub-interval is approximated by a trapezium. The
integral |, which represents an area between the curve y= f(x), the x-axis and the

ordinates at x=X,, X=X,iS obtained by adding all the trapezoidal areas in each sub-
interval. Now, using the trapezoidal rule into equation:
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X h h3 "
LO f(x)dx=§(yo+ yl)—?y (&)

We get

Xq h h3 " h h3 "
= FO0X= 20+ ) =Y (G + 5 (4 ¥o) ~ 5 V(%)
h h®
G4+ — —+ —_—
5> natYa) =5 Y'(&)
Where x_, <& <%, for k=12,..,n-1.
Thus, we arrive at the result

1000k = 2+ 29 2, 0+ 29, 1Y) +E,

Where the error term En is given by

h3 " " "
E, =—E[y (E)+Y'(&)+--+Y'(&)]

Equation represents the trapezoidal rule over [x,, x,], which is aso caled the composite
form of the trapezoidal rule. The error term given by Equation:

he. , ,
E, =—E[y (&) +Y'(&) +-+Y'(E)]

n

3

= _]}11_22 Y'(&)s S e(ReuX)

k=1
iscaled the global error.
However, if we assume that y"(x) is continuous over [x,, x,] then there exists some ¢ in
[X,,X,] suchthat and x, = X,+ nh and the maximum error incurred in the approximate
value obtained by trapezoidal ruleis

3
E, =_:2'r\1ﬂ2 where M =max|f"(&), &e[X,X,]

Example (The Trapezoidal Rule):

Evaluatetheintegra | = jl dx s, by using Trapezoidal rule, takeh = L .
01+x 4
Solution
At first, we shall tabulate the function as
X 0 1/4 1/2 3/4 1
1 1 0.9412 0.8000 0.6400 0.5000
y= 2
1+ X
1

Using trapezoidal rule, and taking h= 2
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S doagye
h
=E[Yo+2(y1+y2+y3)+y4]

:$[1+2(0.9412+0.811)+0.64CD)+0.5(ID]

:%[1+ 2(2.3812) +0.5000]

:% [1+2(2:3812) +0.5000]

— 6224

=0.7828

But the closed form solution to the given integral is

Simpson’s 1/3 Rule

The trapezoidal rule tries to simplify integration by approximating the function to
be integrated by a straight line or a series of straight line segments. In Simpson’s rule we
try to approximate by a series of parabolic segments, hoping that the parabola will more
closely match a given curvey = f (x) , than would the straight line in the trapezoidal rule.
To estimatel = J.: f (X)dx, the curvey = f (X) , isapproximated by aparabola y = P, (X)
passing through three points (x,, f (%)), (%, f (X)), (X, f(X,)) and then the area under the
parabolic segment is computed. We assume that X, coincides with the origin so that

X, = —X,and parabolais P,(x) = ax* + bx+c
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[Cfoodx="f (k= [ P,(x)clx
a X0 Xo
a=X, X =%+hand x,=x,+2h=Db
[ R (dx= [ By(x)dx
X0 )
=j_xi (ax® + bx + c)dx

+ +CX

-X -X

X
—X,

3
X
+ +cX
%

-% -X

2 2
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h=x-%=0-(=%)=%

f(x,) = f(-x,)=ax,”—bx,+c=ah’-bh+c
f(x)="f(0)=c

f(x,) =ax,’ +bx, +c=ah’+bh+c

f(x,)+ f(x,)=2ah*+2c

and so

f(x,)+4f(x)+ f(x,)=2ah?+6c

Substituting thisin the areaformula (1), we have

X2 h
LO Pz(x)dx=§(2ah2 +60)

= 2(Fx)+41 (%) (1)

Thus [ £ (9= 2(F04)+41 (x)+ 1 (x,)

Note: the error term involved in Simpson’s 1/3 rule is

__h_5 (iv)
90f (&), & elx,x]

Thus the Simpson’s 1/3 rule with error term is

J f Ok (f(xo)+4f(x1)+f(x2)) f<'v>(§)

or

If(x)dx——(y0+4yl+y2>— G

Simpson’s 1/3 Rule (Composite Form)

In deriving equation

I f(x)dx——(yo+4y1+y2)— %

Geometrlcally, this equation represents the area between the curve y= f(x), the x-axis
and the ordinates at x = x, and x, after replacing the arc of the curve between (Xx,, Y,) and
(%,,,) by an arc of aquadratic polynomial asin the figure.
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Y
A
y =1(x)
(X2, Y2)
(X0, Yo) P /
Yo Y1 Y2
Xo = a X1 Xz X3 Xn-1 Xn=b

In Simpson’s 1/3 rule, we have used two sub-intervals of equal width. In order to get a
composite formula, we shall divide the interval of integration [a, b] into an even number
of sub intervals say 2N, each of width (b — a)/2N, thereby we have

X =a,X,..., % =b and x =x,+kh, k=1,2,...,(2N-1)
Thus, the definite integral | can be written as

=[]t (k= LO FOdx+ [ f (et + [ f (x)dx

XoN-2

Applying Simpson’s 1/3 rule as in equation

) h h5 iv
[, FOdex=Z (¥ + s+ ¥,)— =¥ ()

to each of the integrals on the right-hand side of the above equation, we obtain

h
I =§[(yo+4y1+ Vo) + (Y, +4y; +Y,)+

N iv
+ (yZN—Z +4y2N—l + y2N )] _%hsy( )(5)

That is
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XoN h
[ 1000 =2y + A0+ Yoo Yo 1) + 2o+ Ya+ooe+ Yo 2) + Yo ] + ErrOr term

This formula is caled composite Simpson’s 1/3 rule. The error term E, which is also
called global error, is given by

N iv XZN_XO 4. (iv
E=——h5 (iv) - _ h (iv)
oY (&) w0 Y (&)

for some & in [X,, %, ] -

Example (Simpson’s 1/3 Rule):

Estimate the value of fln xdx using Simpson’s 1/3 rule. Also, obtain the
value of h, so that the value of the integral will be accurate up to five decimal places.

Solution  Let for number of sub-intervals 2N =8, and X, =5, X, =1
XN —%

2N

_51 o5

k X, =%, +kh y=f(X¥)=Inx

1 x =1+1*0.5=15 y, = f(x)=Inx =In1.5=0.4055
2 X =1+2*05=2 Y, = f(X)=Inx,=In2.0=0.6931
3 % =1+3*05=25 f(x;)=0.9163

4 X, =3.0 y, =1.0986

5 X =35 f(x)=1.2528

6 X, =4.0 1.3863

7 X, =4.5 1.5041

8 X =5 1.604

Craated v
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Now using Simpson’s 1/3 rule,

5 h
L |nXdX=§[y0 HA(Y, + Yo+ Yo+ Vo) + 2(Y, + Yo+ Vo) + el

= % [0+4(0.4055+0.9163+1.2528+1.5041)
+2(0.6931+1.0986+1.3863) +1.6094]

= 0;:[0+ 4(4.0786) + 2(3.178) +1.6094]

= 0—35 (24.2798) = 4.0466

The error in Simpson’s rule is given by
E=— XN ~ %o h4y(iV) (é:)

180
(ignoring the sign)
, 1, 1 ., 2 4 6
i y=Inxy=-y'=-=y' =75y " =-—=
Since X X X X
Max y*(x)=6

1<x<5

Min y®™ (x) = 0.0096

1<x<5

Therefore, the error bounds are given by

(00099)(Ah* __ _ (6)Ah’

180 180
If the result is to be accurate up to five decimal places, then
4
24n <10
180

That is, h* < 0.000075 or h < 0.09. It may be noted that the actual value of integralsis
fln xdx =[xInx—X]; =5In5-4=4.0472

Example (Simpson’s 1/3 Rule):

Evaluate theintegral | =I by using Simpson’s 1/3 rule, takeh =%.

1
01+ x>’

Solution

At first, we shall tabulate the function as
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X 0 Ya 17 Ya

2 |1 0.9412 0.8000 0.6400

y =1/ 1+x

0.5000

Using Simpson’s 1/3 rule, and taking h = % , We have

_rodx
01+ x? '

h
=§[yo+4(y1+ ¥a) +2Y,+ Y, ]
1

= é[n 4(1.5812) +1.6+0.5000]

- L 10.4248]
12

=0.7854

Exercise
Evaluate the following integrals by using

() Trapezoidal rule
(if) Simpson’s 1/3 rule

4
1. 'fxzdx, h=1/2
0

3
2, jldx, h=1/5
1x

= [1+ 4(0.9412+ 0.6400) + 2(0.8000) +0.5000]
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