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Lecture No. 7

Geometric Meaning of Partial Derivative

Geometric meaning of partial derivative

z=fxy)

o

o
Partial derivative of f with respect of x is denoted by 8_2 or f_ or o
X X

o

0
Partial derivative of f with respect of y is denoted by 8_2 or f , or 6_
y 4

Partial Derivatives

Let z = f{x, y) be a function of two variables defined on a certain domain D.

For a given change Ax in x, keeping y as constant, the change Az in z, is given by
Az = f(x+Ax,y)— f(x,)

Az f(x+Ax )~ f(x.)
Ax
called Partial derivative of f'with respect of x.

If the ratio

approaches to a finite limit as Ax —0, then this limit is

Similarly for a given change Ay in y, keeping x as constant, the change Az in z, is given by
Az = f(x,y+Ay) = f(x,)

If the ratio E =f(x, y+Ay) - f(x,)

Ay Ay
called Partial derivative of f'with respect of y.

approaches to a finite limit as Ay —0, then this limit is

Geometric Meaning of Partial Derivatives

Suppose z = f(x, y) is a function of two variables. The graph of f'is a surface. Let P be a point on
the graph with the coordinates (x,, y,, f (x,,V,)) . If a point starting from P, changes its position

on the surface such that y is constant, then the locus of this point is the curve of intersection of

z = f(x, y) and y = constant. On this curve, Z—Z is a derivative of z = f(x, y) with respect to x with
x

y constant.
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Thus, LA slope of the tangent to this curve at P.

ox
+ N al axis in
tl ane y = ¥,
Pxg. ¥ f(X5. ¥ 1) ,r-’”"df
G ol - — f(x. 3)

The curve = = flx. v,) 2 i ]

in the plane ¥ =‘~_\-" ; ™
i
Tangent line :
\ i

-‘.(I‘
.‘.

Horizontal axis in the plane v ¥o

Similarly, Z—Z is the gradient of the tangent at P to this curve of intersection of z = f{x, y) and
y

X = constant.

As shown in the figure below (left). Also together these tangent lines are shown in figure below
(right).
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Partial Derivatives of Higher Orders

The partial derivatives f, and f, of a function f of two variables x and y, being functions of x and
y, may possess derivatives. In such cases, the second order partial derivatives are defined as

below:
(NS0 o (r) - -
Ox \ Ox ox*  ox (fX) (fX)X fxx fxz
O(F)_ T _ 0y
ay ax ayax ay( ) (fx )y fxy
(VO _0 (1 () =
ox\dy) oxdy ox (r)=0r,) = 7.
(IS \(f ) = f
8y ay ayz ay (fy) (fy)y fyy fyz

Thus there are four second order partial derivatives for a function z = f{x, y). The partial
derivatives f, and f;, are called Mixed Second partials and are not equal in general. Partial

derivatives of order more than two can be defined in a similar manner.

. 0’z 0’z [ x
Example 1: Find and for z=arcsin| —
Ox0y Oyox y

Solution: z=arcsin [ij
y

a0
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ofe)_of -x
ax\0y) oOx| y/y?—x?

0’z -1 X X
OxQy y\/yz—x y (yz—x2)5
—y +xt—x
y(yz xz)%
_ -y
(2 —x):
8(82) 3 i 1
oy \ Ox - Wy —x
2 — 3
aayazx _71<2 x2)2%(y2_x2)
= -1 3 X2y
2(y2—x )5
_ -y
(2 —x"):
o’z _ 0’z

Here, you can see that
Oyox OxOy

Example 2

Flndaf,af afnd ¥l

, for f(x,y)=xcosy+ye".
o o ayen M oy (0 rrr

Solution:
2 i(xcosy+ye )—cosy+ye)r
ox Ox
of 0 . ) R
4 =—|xcosy+ye')=—xsiny+e
oy 8( yry ) Yy
o> f 8fj 0
cosy+ye |J=0+ye =ye”
ox’ ax(a ax( yyel)0sye =y

2
of _ (afj 0 (cosy+ye ) —siny+ e*
ayax oy \ Ox oy
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2

afzi % :i(_xsiny—{-ex):—siny‘l‘ex
oxoy ox\0dy) oOx

2
0 {zi @ :i(—xsiny+ex)=—x005y
oy- oy\oy) oy

Laplace’s Equation

For a function w= f(x, y, z), the equation

2 2 2
8]2’+6]2”+8{:0
ox~ Oy 0z

is called Laplace’s equation.

Example 3: Show that the function f(x,y) = e" sin y+e” cos x satisfies the Laplace’s equation.

Solution: f(x,y) = e"siny+e” cosx

g :i( xsiny+eycosx): e’ sin y—e’ sinx

ox Ox

g =i( “siny+e’ cosx)= e’ cosy+e’ cosx

d Oy

o> f 68fj8x. v v y
—=—| = | =—|e"siny—e’sinx)=e"sin y—e’ cosx
ox’ Gx(éx 8x( 4 ) g

2

a{:i g :—(excosy+eycosx):—exsiny+eycosx
" y\dy)

Adding both partial second order derivatives, we have

2 2
2{ +g J; = (e)c sin y—e” cosx)+(—e" sin y+e” cosx)
X y

=0
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Euler’s Theorem

The Mixed Derivative Theorem

If f(x, y) and its partial derivatives /', /', f and f are defined throughout an open region
Xy xy >

containing a point (a, b) and are all continuous at (a, b), then

fopla. )=, (@.b)

Advantage of Euler’s theorem

y

w=xy +—;

y +1

2
The symbol ow
Ox0y

However, if we postpone the differentiation with respect to y and differentiate first with respect

tells us to differentiate first with respect to y and then with respect to x.

to x, we get the answer more quickly.

@—ix + ¢ |- +0 =
ox Ox 4 v +1 4 4

2
and 8w=£[6_wj=i(y):1
Oyox Oy\ox ) Oy

Overview of lecture# 7

Chapter # 16 Partial derivatives
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