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6L y=V1-x2

62.y=-V1-x2

Nonlinear Systems and the Conic Sections

and E so that the graph of this equation is a circle. What
does the graph of X2 + y?> = —9 look like?

(F=)

&2 64. Discussion. Suppose lighthouse A is located at the origin
and lighthouse B is located at coordinates (0, 6). The cap-
tain of a ship has determined that the ship’s distance from
lighthouse A is 2 and its distance from lighthouse B is 5.
What are the possible coordinates for the location of the
ship?

GRAPHING CALCULATOR
EXERCISES

Graph each relation on a graphing calculator by solving for y
and graphing two functions.

65. X2+ y* =4

66. (x — 12+ (y+2?=1

GETTING MORE INVOLVED 67. x = y* 68. x=(y+2>—-1

&~ 63. Cooperative learning. The equation of acircleisaspecia
case of the general equation A + Bx + Cy?> + Dy = E, 69. x =y +2y+1 70. x =4y + 4y +1
where A, B, C, D, and E arereal numbers. Working in small
groups, find restrictions that must be placed on A, B, C, D,

section

» The Ellipse
» The Hyperbola

FIGURE 12.20

124 THE ELLIPSE AND HYPERBOLA

In this section we study the remaining two conic sections: the ellipse and the
hyperbola.

The Ellipse

An ellipse can be obtained by intersecting a plane and a cone, as was shown in
Fig. 12.3. We can also give adefinition of an ellipse in terms of points and distance.

Ellipse

An dlipseis the set of al pointsin a plane such that the sum of their dis-
tances from two fixed pointsis a constant. Each fixed point is called a focus
(plurd: foci).

An easy way to draw an ellipseisillustrated in Fig. 12.20. A string is attached at
two fixed points, and a pencil is used to take up the slack. As the pencil is moved
around the paper, the sum of the distances of the pencil point from the two fixed
points remains constant. Of course, the length of the string isthat constant. You may
wish to try this.
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Like the parabola, the ellipse also has interesting reflecting properties. All light
or sound waves emitted from one focus are reflected off the ellipse to concentrate at
the other focus (see Fig. 12.21). This property is used in light fixtures where a con-
centration of light at a point is desired or in a whispering gallery such as Statuary
Hall in the U.S. Capitol Building.

The orbits of the planets around the sun and satellites around the earth are ellip-

- tical. For the orbit of the earth around the sun, the sun is at one focus. For the
FIGURE 12.21 elliptical path of an earth satellite the earth is at one focus and a point in spaceisthe
other focus.

Figure 12.22 shows an ellipse with foci (c, 0) and (—c, 0). The origin isthe cen-
ter of thisellipse. In general, the center of an ellipse is apoint midway between the

y foci. Theellipsein Fig. 12.22 has x-intercepts a (a, 0) and (—a, 0) and y-intercepts
a (0, b) and (0, —b). The distance formula can be used to write the following
2 ¥, equation for this éllipse. (See Exercise 55.)
owl @ v
/ L Equation of an Ellipse Centered at the Origin
2.0 ) X .0 - An dllipse centered at (0, 0) with foci at (¢, 0) and constant sum 2a has
\ 4 equation
(0,-b) x> y?
? ot F = l,

where a, b, and ¢ are positive real numberswith ¢c? = a? — b2
FIGURE 12.22

To draw a “nice-looking” €llipse, we would locate the foci and use string as
shown in Fig. 12.20. We can get a rough sketch of an ellipse centered at the origin
by using the x- and y-intercepts only.

EXAMPLE 1 Graphing an €ellipse
Find the x- and y-intercepts for the ellipse and sketch its graph.

2 2
calculator LSO A
9 4
y
Solution 2 o
. . . 4 i_+l_: 1
To find the y-intercepts, let x =0 in the 9 4
To graph the ellipse in equation: ©,2)
Example 1,graph :
0 y2 /. 1 ™\
v, = V4 — 4x2/9 —+==1 (-3, 0) (3,0
and 9 4 -4 -2-1 1 1 2 4 X
Y, = =4 — 4x2/9, Y _ 1 ~ §rd
4 (0,-2)
3 -3
[RECRITENE, y2 =4 -4
2 4 y==+2 FIGURE 12.23
m&i;:—z/ To find x-intercepts, let y = 0. We get x = =3. The four intercepts are (0, 2),
3 (0, —2), (3, 0), and (—3, 0). Plot the intercepts and draw an €ellipse through them as

inFig. 12.23. [
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\helpful /

When sketching ellipses or cir-
cles by hand, use your hand
like a compass and rotate your
paper as you draw the curve.

EXAMPLE 2

y
(x=1°, (y+2)°_
f 9 + 7 =1
1
(1,0
-4 -3-2 1 27
/_1 1 2 \4 X
. 42
2-2\ | @w-2
N° /
I [ERe)

FIGURE 12.24

Ellipses, like circles, may be centered at any point in the plane. To get the equa-
tion of an ellipse centered at (h, k), we replace x by x — hand y by y — kin the
equation of the ellipse centered at the origin.

Equation of an Ellipse Centered at (h, k)
An ellipse centered at (h, k) has equation
x—h? (y-K*_
2 @ T

where a and b are positive real numbers.

An €llipse with center (h, k)
Sketch the graph of the elipse:

(-1, (y+ 2P _

1
9 4
Solution
The graph of this ellipse is exactly the same size and shape as the ellipse
2 2
LY
9 4

which was graphed in Example 1. However, the center for

-1, (y+2P_,
9 4

is (1, —2). The denominator 9 is used to determine that the ellipse passes through
pointsthat are three unitsto the right and three unitsto the left of the center: (4, —2)
and (—2, —2). See Fig. 12.24. The denominator 4 is used to determine that the el-
lipse passes through points that are two units above and two units bel ow the center:
(1, 0) and (1, —4). We draw an €ellipse using these four points, just aswe did for an
ellipse centered at the origin. u

The Hyperbola

A hyperbolaisthe curve that occurs at the intersection of acone and a plane, aswas
shown in Fig. 12.3 in Section 12.2. A hyperbola can aso be defined in terms of
points and distance.

Hyperbola

A hyperbola is the set of al pointsin the plane such that the difference of
their distances from two fixed points (foci) is constant.

Like the parabola and the ellipse, the hyperbola also has reflecting properties. If
alight ray is aimed at one focus, it is reflected off the hyperbola and goes to the
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other focus, as shown in Fig. 12.25. Hyperbolic mirrors are used in conjunction
with parabolic mirrorsin tel escopes.

The definitions of a hyperbola and an ellipse are similar, and so are their equa-
tions. However, their graphs are very different. Figure 12.26 shows a hyperbolain
which the distance from a point on the hyperbolato the closer focusisN and the dis-
tance to the farther focusis M. Thevalue M — N isthe same for every point on the
hyperbola.

y
N 7
\\ //
\ M/7<
A \N
- \
Focus Focus X
// \\
/ consent | \
¥ X

FIGURE 12.26

A hyperbola has two parts called branches. These branches |ook like parabolas,
but they are not parabolas. The branches of the hyperbola shown in Fig. 12.27 get
closer and closer to the dashed lines, called asymptotes, but they never intersect
them. The asymptotes are used as guidelines in sketching a hyperbola. The asymp-
totes are found by extending the diagonal s of the fundamental rectangle, shownin
Fig. 12.27. The key to drawing a hyperbolais getting the fundamental rectangle and
extending its diagonals to get the asymptotes. You will learn how to find the funda-
mental rectangle from the equation of a hyperbola. The hyperbola in Fig. 12.27
opensto the left and right.

If we start with foci at (=c¢, 0) and a positive number a, then we can use the de-
finition of a hyperbolato derive the following equation of a hyperbolain which the
constant difference between the distances to the foci is 2a.

Equation of a Hyperbola Centered at (0, 0)

A hyperbola centered at (0, 0) with foci (c, 0) and (—c, 0) and constant
difference 2a has equation
X2 y2

2 b L

where a, b, and ¢ are positive real numbers such that c? = a? + b?.

The graph of a general equation for a hyperbolais shown in Fig. 12.28. Notice
that the fundamental rectangle extends to the x-intercepts along the x-axis and
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calculator

To graph the hyperbola and its
asymptotes from Example 3,
graph

v =Vx /4 =09, y,= -y,
y; =05%, and y, = —y,.

6

RN

W=B 1=

12

extends b units above and below the origin along the y-axis. The facts necessary for
graphing a hyperbola centered at the origin and opening to the left and to the right
arelisted asfollows.

Graphing a Hyperbola Centered at the Origin,
Opening Left and Right
To graph the hyperbola§ - ﬁ—z =1
1. Locatethe x-intercepts at (a, 0) and (—a, 0).
2. Draw the fundamental rectangle through (*a, 0) and (O, =b).
3. Draw the extended diagonals of the rectangle to use as asymptotes.

4. Draw the hyperbolato the left and right approaching the asymptotes.

A hyperbola opening left and right
Sketch the graph of ;‘—; - yg = 1, and find the egquations of its asymptotes.

The x-intercepts are (6, 0) and (—6, 0). Draw the fundamental rectangle through
these x-intercepts and the points (0, 3) and (0, —3). Extend the diagonal s of the fun-
damental rectangle to get the asymptotes. Now draw a hyperbola passing through
the x-intercepts and approaching the asymptotes as shown in Fig. 12.29. From the

graph in Fig. 12.29 we see that the slopes of the asymptotes are% and —%. Because

the y-intercept for both asymptotes is the origin, their equations are y = %x and
1

y = _EX'

y
\\ A /’
W& © 7l
~ - 4 = -
== -:----/
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-12-10-8 f —4_~-"["~_4 \ 8 1012 X
"2 I Sl [ S
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FIGURE 12.29

A hyperbola may open up and down. In this case the graph intersects only the
y-axis. The facts necessary for graphing a hyperbola that opens up and down are
summarized on the next page.
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We could include here general
formulas for the equations of
the asymptotes, but that is not
necessary. It is easier first to
draw the asymptotes as sug-
gested and then to figure out
their equations by looking at
the graph.

EXAMPLE 4

y
N o LA
R /,
N 7,
\ (013) /
\ 74
\\1 //
\Z
-3 —1_,1’\1 3 45
74 \
2
Ve \ X _
O R a !
,',/_4 \\\
gl NS
/, \\

FIGURE 12.30

EXAMPLE 5

124 The Ellipse and Hyperbola (12-35) 655

( Graphing a Hyperbola Centered at the Origin, >
Opening Up and Down
To graph the hyperbolaz—z — § =1
1. Locate the y-interceptsat (O, b) and (O, —b).
2. Draw the fundamental rectangle through (O, =b) and (*+a, 0).
3. Draw the extended diagonals of the rectangle to use as asymptotes.

4. Draw the hyperbola opening up and down approaching the asymptotes.

A hyperbola opening up and down

Graph the hyperbolayg2 - Xzz = 1 and find the equations of its asymptotes.
Solution

Ify = 0, weget

=1

X A%

= -4,

Because this equation has no real solution, the graph has no x-intercepts. Let x = 0
to find the y-intercepts:

yZ
2 =1
9
y>=9
y==*3

They-interceptsare (0, 3) and (0, —3), and the hyperbola opens up and down. From
a? = 4weget a = 2. So the fundamental rectangle extends to the intercepts (0, 3)
and (0, —3) on the y-axis and to the points (2, 0) and (—2, 0) aong the x-axis. We
extend the diagonals of the rectangle and draw the graph of the hyperbola as shown
in Fig. 12.30. From the graph in Fig. 12.30 we see that the asymptotes have slopes

g and —g. Because the y-intercept for both asymptotes is the origin, their equations

areyzgxandyz—gx. |
A hyperbola not in standard form VT
Sketch the graph of the hyperbola4x?® — y? = 4. \\\ 2 yTZ . ,//’
Solution \ 4 /7'/
First write the equation in standard form. Divide L
each side by 4 to get M
y2 (<10} \/ 1(1,0
x? Z_l 432 J/\] 23 4 x
/ \
Thereareno y-intercepts. If y = 0, thenx = *1. VAN A
The hyperbola opens left and right with 2N\
x-intercepts at (1, 0) and (—1, 0). The fundamen- VR \
tal rectangle extends to the intercepts aong the PR N\
x-axis and to the points (0, 2) and (0, —2) along
the y-axis. We extend the diagonal's of the rectan- FIGURE 12.31

glefor the asymptotes and draw the graph as shown in Fig. 12.31. [
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True or false? Explain your answer.

1. The x-intercepts of theellipse;(—:5 + g—; = lare(5,0) and (-5, 0).

2. Thegraph of%2 + 5 = lisandlipse,
3. If thefoci of an ellipse coincide, then the ellipseisacircle.
4. Thegraph of 2x? + y? = 2isan ellipse centered at the origin.
5. They-intercepts of x> + y§2 = 1are (0, V3) and (0, —V/3).
6. Thegraph of%2 + % = lisahyperbola
7. Thegraph of;—; - 31’—; = 1 hasy-intercepts at (0, 4) and (0, —4).
8. The hyperbolayg2 — x% = 1 opens up and down.
9. Thegraph of 4x? — y? = 4isahyperbola
10. The asymptotes of a hyperbola are the extended diagonals of arectangle.

Reading and Writing  After reading this section, write out the Sketch the graph of each ellipse. See Example 1.

answers to these questions. Use compl ete sentences. X2 2
1. What is the definition of an ellipse? .97t °1

2. How can you draw an ellipse with a pencil and string?

3. Whereisthe center of an ellipse?

2
10 2+L -
4. What is the equation of an ellipse centered at the origin? 9 16
5. What isthe equation of an ellipse centered at (h, k)?
6. What is the definition of a hyperbola?
X2 y2
U = +y?= 12.x2+==1
9 4

7. How do you find the asymptotes of a hyperbola?

8. What is the equation of a hyperbola centered at the origin
and opening left and right?



2
BX+Y
6 25
2 2
1.2+ Lo
24" 5

17. 9%% + 16y? = 144

19. 25 + y* = 25

21 42+ 9y =1
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14 x N Y _ 1 Sketch the graph of each ellipse. See Example 2.
" 25 49 —3)2 —1)2 2 — 22
b K- - L, KES (-2
) 9 49 25
2 2
16 2+L -1
H (1 (y— 2P (x— 3 (y+
25, + -1 26 + -1
16 25 36 64
18. 9x? + 25y? = 225
+ 1)2 + 3)2
27. (x—2)2+%:1 28.¥+(y+1)2:1

20. X2 + 16y? = 16

Sketch the graph of each hyperbola and write the equations of
its asymptotes. See Examples 3-5.
2
20 X _Y_ 30. X
4 9 16
22. 25x% + 16y* = 1
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31y_2_X_2=l 32y_2_x_2=1 39. X2 —y? = 40. y? — X2 =
"4 25 ' 16
Graph both equations of each system on the same coordinate
) ) axes. Use elimination of variables to find all points of
33. X_ _ y2 =1 4. X2 _ y_ =1 intersection.
25 9 X2 y?
41 —+>==1
4 9
2
N A
9
2 2
3B - =1 36 -y =1
25 we-Y =1
4
2 2
X_ + y_ = 1
9 14
37. 9x® — 16y? = 144 38. 9x2 — 25y% = 225 2 Y2
43 =+ =1
4 16

XX+y?=1



46. X2 + y? =16
x2—y?=14

47. 2+ 9y =9
X2 +y* =14

48. X2+ y? =25

x? + 25y2 = 25
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49. 2+ 92 =9
y=x2-1

50. 42 +y*=4
y=2x>—2

51. 9x? — 4y* = 36
y=x—2

52. 25y? — 9x% = 225
y=3+3

Solve each problem.

53. Marine navigation. The loran (long-range navigation)
system is used by boaters to determine their location at sea.
The loran unit on a boat measures the difference in time
that it takes for radio signals from pairs of fixed points to
reach the boat. The unit then finds the equations of two hy-
perbolas that pass through the location of the boat. Suppose
aboat is located in the first quadrant at the intersection of
x2— 3y =1land4y’ — x> = 1.

a) Use the graph on the next page to approximate the
location of the boat.
b) Algebraically find the exact location of the boat.
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GETTING MORE INVOLVED

Cooperative learning. Let (X, y) be an arbitrary point on an
elipse with foci (c, 0) and (—c, 0) for ¢ > 0. The following
equation expresses the fact that the distance from (x, y) to
(c, 0) plus the distance from (x, y) to (—c, 0) is the constant
value 2a (for a > 0):

Vix—c2+(y— 02+ V- (-0 +(y-072=2a

(12-40) Chapter 12 Nonlinear Systems and the Conic Sections
3 )
%~ 55.
l /’
0

0 1 2 3 4
FIGURE FOR EXERCISE 53

54. Sonic boom. An aircraft traveling at supersonic speed cre-
ates a cone-shaped wave that intersects the ground along a
hyperbola, as shown in the accompanying figure. A thun-
derlike sound is heard at any point on the hyperbola. This
sonic boom travels along the ground, following the aircraft.
The area where the sonic boom is most noticeable is called
the boom carpet. The width of the boom carpet is roughly
five times the altitude of the aircraft. Suppose the equation
of the hyperbolain the figureis

X2 e

200 100

where the units are miles and the width of the boom carpet
is measured 40 miles behind the aircraft. Find the altitude
of the aircraft.

Width of

40 Most intense sonic
boom is between
these lines

N

FIGURE FOR EXERCISE 54

€4 s

57.

58.

Working in groups, simplify this equation. First get the rad-
icals on opposite sides of the equation, then square both
sides twice to eliminate the sguare roots. Finadly, let
b? = & — ¢?to get the equation

X2y
a? b
Cooperative learning. Let (X, y) be an arbitrary point on a
hyperbolawith foci (c, 0) and (—c, 0) for ¢ > 0. Thefollow-
ing equation expressesthe fact that the distance from (x, y) to
(c, 0) minusthe distance from (x, y) to (—c, 0) isthe constant
value 2a (for a > 0):

Vix—c2+(y—02—Vx—(-0)Y+(y—02=2a

Working in groups, simplify the equation. You will need
to square both sides twice to eliminate the square roots.
Finaly, let b?> = ¢® — a? to get the equation

X2 y2

& b

2
1

GRAPHING CALCULATOR
EXERCISES

Graph vy, =Vx*—-1, y,=-Vx*—1, y,=% and
y, = —X to get the graph of the hyperbola x> — y> = 1
along with its asymptotes. Use the viewing window
—3 = x = 3and -3 = y = 3. Notice how the branches of
the hyperbola approach the asymptotes.

Graph the same four functions in Exercise 57, but use
—30=x=30 and —30 =y = 30 as the viewing win-
dow. What happened to the hyperbola?

125 SECOND-DEGREE INEQUALITIES

section

In this section we graph second-degree inequalities and systems of inequalities
involving second-degree inequalities.

Graphing a Second-Degree Inequality

» Graphing a Second-Degree
Inequality

« Systems of Inequalities

A second-degree inequality is an inequality involving squares of at least one of the
variables. Changing the equal sign to an inequality symbol for any of the equations

of the coni ¢ sections gives us asecond-degreeinequality. Second-degreeinequalities
are graphed in the same manner as linear inequalities.



