MAIN

Absolute Value
Geometrically, Algebraically and Technologically

ABSOLUTE VALUE IS A DISTANCE AND A DISTANCE IS ALWAYS POSITIVE!

Using the number line below, find the distances for problems 1 - 4.

Show work or tell in words how you solved those distance questions.

Reminder: In geometry, a distance is indicated by 2 capital letters written side-by-side
with no line, segment or ray symbol above them.

A B C D E F G H
< » X
-15-14-13-12-11-10-9 8 -7 6 5 4 3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1.) Find AH 2.) Find GB.

3.) Find BC + EF. 4.) Find DF - CD.

GEOMETRIC INTERPRETATION OF ABSOLUTE VALUE

)] Write out the "distance sentence."
i) Graph each of the following on a separate x-axis.

I11) Write answer under graph. The answers are boxed.

Example 1: |X] = 3 What numbers are 3 away from zero? Answer: 3

< O @ » X
54-3-2-1012 3 405

Look at 5 on the
line: 3 is 2 units
to the left of 5 ;
7 is 2 units to the
rinht of 5.

X=-3 or X=3

Example 2: |X-5] = 2

[Note: You use the opposite sign of the number inside the
absolute value symbols.]

What numbers are 2 away from +5?  Answer: 3,7

<H } } } } } } } O } ! }
-5 -4 -3 -2 -1 0 1 2 3 4 5 6

t + H X
8 9 10

~o

X=3 or x=7
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Inequality Examples

)] Write out the "distance sentence.
i) Graph each of the following on a separate x-axis.
1)  Write answer under graph. The answers are boxed.

Example 3: | X + 4] > 3. What numbers are MORE than 3 away from 4?

Look at -4:
The numbers greater than -1 are more than 3 away from -4.
The numbers less than -7 are more than 3 away from -4.

A —

1 1 1 1 } ya\
T T T T T \ W

X< -7orX>-1

All numbers to the right of 1 are 3 or more away from "4 and all numbers to the left of 7
are 3 or more to the left of 4.

Both "1 and ~ 7 are open circles on the number line because there are no = signs below the
greater than (>) symbol.

Example 4: | X -6] £ 4 What numbers are 4 or less away from 6?

The numbers on either side
of 6 that are (2 or [0 are
less than 4 away from 6.

2 is exactly 4
units from 6.

10 is exactly 4
units from 6.

-

! ! ! ! ! ! ! ! t t B> X
5 4 3 2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2 00X 010

Exercises 5 - 11 follow on the next 2 pages. Do them geometrically using the following
steps:

)] Write out the "distance sentence" in the blank provided.

i) Graph on the x-axis provided.

1)  Write answer in the space under the graph.
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5)|X] =5

<& »

< > X
-10 9 8 -7 6 5 4 -3 -2 -1 01 2 3 4 5 6 7 8 9 10

6) | X—-2] =6

<& n

< > X
-10 9 8 -7 6 5 4 -3 -2 -1 01 2 3 4 5 6 7 8 9 10

7)|X+5] =2

» X
-0 9 8 7 6 5 4 -3 -2-101 2 3 45 6 7 8 9 10

A

8) |X-2]>6

<&

< » X
-10 9 8 -7 6 5 4 3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

9)|X—=4] 3

<&

< » X
-0 9 8 7 6 5 4 3 -2 -1 01 2 3 4 5 6 7 8 9 10

10) [ X+ 5] 2

<&

< » X
-0 9 8 -7 6 5 4 -3 -2 -101 2 3 45 6 7 8 9 10
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11.) |X+4|:-31

< > X
-0 9 8 -7 6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10

1 Hint: Distance is always positive.

The Algebra of Absolute Value

If the x term of the absolute value quantity has a numerical coefficient (number in front of
a variable) other than 1, it is probably better and certainly easier to use algebra to find the
distances. All 3 cases of absolute value equations break down into algebraic equations.
The absolute value symbols are dropped and each case gives two answers except when the
distance is zero or is negative. If the distance is zero, there is only one answer. If the
distance is negative, there is no solution.

Case 1: |Q|:a Case 2: |Q|3_a Case 3: |Q|ﬁa
Q=-aorQ=a Qf-aor Q%a -aEQ£fa

Disjunction: OR Disjunction: OR Conjunction: AND
@ > H G O——)—»-
-a g X -a g * -a a X

Graph consists of
two distinct points
and are solid circles.

It's an OR graph. ) circles

with the area between
them shaded. It's a
BETWEEN graph.

circles are solid; if > or <, circles
are open. It's an OR graph.

Examples follow. We will solve the equations on this paper. Then we will verify our
geometric and algebraic results with the graphing calculator and graph the calculator
screens on the graphs provided.
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Using your T1-83+ Calculator, enter the equation into the equation editor, the

y = button, as follows:

1) Yi= Math, NUM, 1: abs (Q).

The abs means absolute value and Q is the

absolute value quantity that is put into the parentheses.

2) Y, =a. The a is the constant term or distance; Y, = a is a horizontal line.

3) Set a suitable window.

4) Graph
A suitable calculator window
(Friendly Window):

I I HOOL
amin=-9.4
amax=2, 4
Ascl=1
Ymin=-18
Ymax=1H
Y= l=1
ares=]

Calculator Screens for
graphing

The y=key __|

The Math
key has |
abs as 1:
under
NUM

|y

Flatl Flakz Floks
—»'1Bab="N1
M=

W=

“My=

~HMe=

“NE=

“Mr=

MATH

ahs

s ound
iPart(
fPart.(
int.t
mire
Jma

CFx FPEE

-
4
]
=
v

Examples using "Q" Talk with Algebra and Technology.

Case 1: an "or" case

Case 1.
|Q|:f

|X-5] =

Q=-aor Q=a

or X

¥{=gbsH-E)
= w_;“;;
:37
2 _ E
P L Y=z
=

The absolute value graph intersects the line, y =2, atx=3 oratx =7.
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Case 2: an "or" inequality case

Y{=abs(i+4])

X+\§<-3 or X+Z‘> 3 f
“4=-4 p =4 =y =3

X <-7 or X >.1 =

The absolute value graph, |x + 4] is above (greater than) the line y
= 3 when x < -7 (to the left of -7) or when x > -1(to the right of -1).

Case 3: an "and" inequality case

Case 3: [Q£a ¥1=absii-6)
| X - 6] 4
-a £ Q £ a
J l l : 2 6 10
_4 X - 4 X =2 E Y=4
= = 06 n=10 [ Y=Yy
2 X' 10

The absolute value graph, |X - 6], is equal to 4 (intersects the line,
y = 4) at the points x = 2 and x = 10 and is less than (under) the
line y = 4 between 2 and 10.
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Exercises - These are the same problems that were graphed earlier.
Now we will solve them algebraically, graph on the calculator,
sketch the calculator screens and compare the work here with the
results on pages 3 and 4.

Case 1: an "or" case
6.) |x-2/=6 9

AV

Ke)

)
SO0PUDIRDNVLE A= VWRIDND

]
-

109-8-7-8-5-4-3-2-1 Y.

6.a) [3x+2/>5 2

V1?34567891()

-

=
So0PUDNADVLE R, VRPN OD
Y
x

-

" 109-8-7-A-5-4-3-2-1 ‘(; ;‘/ 2345678910
A

-

7.) |x+5=2

>
S0P UDNADVLEAmVBRIDNDOD
Y
x

]
-

-10-9-8-7-6-5-4-3-?-1;; 12345678910
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Case 2: The -OR- case
8.) |x-2/>6 10

ARPNWRAOOIOONOO

o

oYe SENTCYS F Y RPER

-10
-10-9-8—7-6-5-4—3-2—1‘0' 123456738910

9.a) |x- 433

AY

=

ARPNWRAUOIONOOOO

o

Y ENATRYEN

-7
-8
-9

-109-8-7-6-5-4-3-2-17 12345678910
9.b) |4x+33 2 pv
Algebra will be easier here as well since

there is a coefficient of 4 in front of the x.

—_

ARPVWRUIDDNXXOD

=]
v
X

[ R U
NO AR WN =

-8
9
-10 v

-109-8-7-6-5-4-3-2-1 123456780910
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Case 3: The -AND- case

—_

10.a) |X+5| <2

ARPVWAUIHINOWOD

=]

R O
NONBROUN =

-8

-Q

-10 |
109-8-7-6-5-4-3-2-1

(;12345678910

10.b) [2x- 4 £6
Since there is a coefficient of 2 on the x term,'s
it will be much easier to do this algebraically
rather than geometrically.

AV

A= VW AU

>
< 7 X

1
-109-8-7-6-5-4-2-?-1‘(; 123456780910

AY

11.) |x+ 4| =-3

ARPNVWROIDINX0OD

o
v
X

-1
-2
-3
-4
-5
-6
7
-8
-9
-10 v
—109—8—7—6—5—4—3—2-10 12345678910
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Making Connections

X1,¥Y1 X2, Y2

12.) Using graph at below at the right, plot A(-3,1) and B(5,4).

=

13.) Find AB geometrically.

3

o
CONVNONAONERARNWAUIO~N®O©O

]
=

-109-8-7-6-5-4-3-2-1"

14.) Find AB using distance formula.

15.) Find the slope of AB.
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3) The inspiration to clarify this troublesome topic was encouraged by many
confused tutees | have worked with in my many years of tutoring. All who have
studied absolute value under my tutelage have complimented my explanations
and told me their notes were worth keeping. | intend to continue using this
method with many future tutees.

4) | have intentionally left out cases involving inequalities that lie completely above or below the
horizonal line like |X - 8| >-5or- |X + 7| < 6. The solution in both cases would be

all reals. However, the length of this paper had to be controlled and these types can be
discussed with the students after the concepts presented here are understood.
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