30- Fundamental Theorem of Calculus VU

Lecture # 30
First Fundamental Theorem of Calculus

e 1st fundamental theorem of calculus.
* Relationship between definite and indefinite integrals.
*  Mean Values theorem for Integrals.

*  Average Values of a function.

This is the 1st fundamental theotem of calculus.

Theorem 5.7.1 (The first fundamental theorem of calculus)

If f is continuous on [a, b] and if F is an ant-derivative of f on [a, b] , then

T f (x)dx = F(b) - F(a)

This theorem tells us how to evaluate EASILY the definite integral.
It says that find the anti-derivative of f (X) first, callit F (X) , and then evaluate this function on

the limits of the integration. Let's prove this.

Proof
We will use the Mean Value Theorem involving derivatives to prove the first fundamental theorem
of calculus.

T f (x)dx = F(b) — F(a)

Let us subdivide the given interval of integration namely [a, b] into n subintervals using the points
Xy Xy yeeey X,y 10 the interval [a, b] such that

a<X <X, <..<X, ,<b.

So now we have n subinterval of [a, b] . We can denote the widths of these intervals as

AX, AX,,...,AX, . Where for example AX, =X, —X.

Since F'(X) = f(X) forall X in [a, b] , it is obvious that F (X) satisfies the requirements of the

Mean Value Theorem involving derivatives on each of the subintervals. So by MVT, we can find
points X:, X;, ey X:

In each of the respective subintervals [a, Xl], [Xl, X, ] yeeny [Xn_l, b].

So we now make the following equations
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F(x)-F(@)=F'(x)(x—a)=f(x)Ax
F(%) = F(x) =F'(G)(% =) = f (X)AX,
F(Xs) - F(Xz) = F’(X;)(Xa - Xz) = f (X;)AXS

F (b) -F (Xn—l) =F !(X:)(b - Xn—l) = f (X:)Axn
Adding up these equations we get

F)-F(@) = f(X)Ax,

Now increase n in such a way that
max Ax, =0

Since f is assumed to be continuous, we have the following result

F(b)-F(a) = max'i’llozn: f(X)AX, :T f (x)dx

T
THEOREM 5.6.9(a)
I did not apply the limits on the left because even if I did, the expression does not involve # and
therefore nothing happens.

F(b)—F(a) canalso be written as F (X)]:l so we have
b

J f09dx=F (L,

Example
2
Evaluate J. xdx
1

2
1
J.XdX The function F(X) = ) X’ is and antiderivative of f (X) = X.So we have

1
2

2
J‘xdx=1x2 } :3(4)_1(1) _,_ 1.3

1 2 , 2 2 2 2
Here are a few properties of the bracket notation we just saw.

Prove these yourself
Properties

[cF()] =c[F(X)].
[F)+GX)]. =[FX)]. +[G(X0].
[FO) -G, =[FML, - [GMT,
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These are easy if you remember that this notation and the definite integral are the same thing!!
Relationship between definite and indefinite integrals

In applying the 1st theorem of Calc, it does not matter WHICH anti-derivative of f is used.
If F is any anti-derivative of f then all the others have form

F(x) + C by theorem 5.2.2

Hence we have the following:

[F(x)+C]. =[F(b)+C]-[F(a)+C]

) b (A
=F(b)-F(@)=F()] =] f (x)dx

This shows that all anti-derivatives of / on [a,b] give the same values for the definite integral
Now since

jf(x)dx: F(x)+C
It follows from (A) that

T f(dx=| [ f (x)dx]z

So we can first evaluate the indefinite integral and use the limits as well to evaluate the definite
integral
This relates the definite and the indefinite integrals.

Example
Using the 1st theorem of calculus, find the area under the curve
y = cos(x) over the interval [0, 27]

Since COS(X) >0 for 0<x< 7T, the area is

A=

cos(x)dx = Ucos(x)dx]g

O e V| N

T
. = . T .
=sin(x)]2 =sin(%) —sin(0) =1
2 Figure shows that cosx = 0 for 0 < x < n/2
I deliberately chose C = 0 since we just saw that the value of C=0 doesn’t change the answer.

Example

3
Evaluate I(x3 —4x +1)dx
0
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3

j(x3 —4x +1)dx = U(x3 —4x +1)dx]3
0 0
= U(xadx —J4x.dx + Il.dx]z
4 2 3
XX x| = Blsey 0= E
4 2 0 4 4
Example
p G X <2
Evaluate | f (X)dX if f(X)=
tl() M= 2 w22

From theorem 5.6.6

]i f(x)dx if f(x) :.2[ f (x)dx +j' f (x)dx

= szdx + _T(3x —2)dx
0 2

372 2 6
S I P :(§—oj+(42—2)=@
3 2 3 3

2
Mean Values theorem for Integrals

Consider the picture.

This figure shows a continuous function fon
[a,b].

Let M be the maximum values of / on [a,b],

and m the minimum.

Then if we draw a rectangle of height M and one
of height m, then its clear from the picture that the area under the curve of fis at least as large as the
area of rectangle with height m AND no larger than the area of the rectangle with height M.

So we would like to say that there is some rectangle of a certain height for which the area under f=
area of rectangle.

THEOREM 5.7.2(The Mean-Value Theorem for Integrals)

*
If f is continuous on a closed interval [a, b, then there is at least one number X in [a, bJsuch that

T f(x)dx = f(x")(b —a)
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Proof
By the extreme value theorem (theorem 4.6.4) fassumes a max M and a min m on [a,b]. So for all x
in [a,b]

m< f(x) <M

= .dex < j)‘ f(x)dx < _T Mdx Theorem 5.6.7(b)

:m(b—a)ﬁif(x)deM(b—a)

b
— m< 1 J' f (X) dx <M Evaluating the end integral
a
a

b
The last inequality states that I f (X)dX is a number btw m and M on [a,b]
a

b-a

Since fis continuous and takes on all values in [a,b], we can say using the Intermediate Values

theorem (theorem 2.7.9) that f must assume

b
J. f (X)dX on [a,b] for some point x*
a

b—a
So we have
1 b
— | f(X)dx= f (X
b_al (x)dx = (X')
b
=N j f(x)dx = f(x")(b—a)
Example :

f (X) = Xx? is continuous on [1, 4], the MVT for Integrals guarantees that there exists a

number X in [1, 4] such that

szdx = f(xX)(4-1)=3(x")?

But

4 37?
J'xzdx=x—} =21
1 4 1

So

3(X ) =21=x =7
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Average Values of of a function
Definition 5.7.3

If f is integrable on [a, b] then the average value (or mean value) of f on [a, b] is defined to be
1 b
f =— j f (x)dx
avg
b-a-

Ity= f (X) , then favg is also called the average value of y with respect to x over [a, b].
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