16-Techinques of Differentiation \'AY)

Lecture # 16
Techniques Of Differentiation

* In the lectures so far, we obtained some detivatives directly by definition.

* In this sections, we develop theorems which will give us short cuts for calculation derivatives
of special functions

*  Derivatives of Constant Functions

*  Derivatives of Power functions

*  Derivative of a constant multiple of a function Etc!!

Derivatives of Constant Functions
Theorem 3.3.1
If “f” is a constant function f(x)=c for all x, then

=l = D=

foo= - L)1 = -] =0

Proof

F(x +h)— F(x)
h

Sincef(x})=c so imf(x +th)=¢
Fi—

F(x)y=1im

_Iim&—¢ _fim_0O

h—s0 h F—a0 h
= fﬂ O
=0

This result is also obvious geometrically since the function y = c is a horizontal line with slope 0.
And we saw eatrlier that a line function has tangent line slope equal to its own slope which is O.

Example
fx)=5 so f'(x)=0

Theorem 3.3.2 (Power Rule)
If n is a positive integer, then

d
—[x"]=nx""
dx

Proof

Let f(X)=X",nisa positive integer. Then

f(x+h)—f(x)
h

T
1= =lim

:“m(x+h) —X

h—0
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Using the binomial theorem on (x + h)"

| - 1 n=2, - U
x"nx "k n(ﬂz' D™t T B | X
lim - ' )
fi—00 h
L U Y A
—lim 2
-0 h

Take h common from numerator and cancel with
the denominator to get

= Mim [y D=1 2, Lok H

h—

Distributing the limit over the sum give all the terms equal to zero except the first one.

So
f(x) =nx"*

Example
d 5 4 d 1-1 0
—[x°]=5x", —[x]=1x"=1x"=1.1=1
dx dx

Theorem 3.3.3

Let c be a constant and f be a function differentiable at x, then so is the function c.f and

d d
Lot Gl =c 1T ()]

Proof

cf(x+h)—-cf(x)

d .
E[Cf{x}]mhn{}

s h
_ Hmc[ f(x+h)— f{x}w
a0 ) h R
= clim{ fFix+h)—f (xq
d
—c 11 ()

Example
d
—[3x°
o X

© Copyright Virtual University of Pakistan

124



16-Techinques of Differentiation

vU

d s
=3—[X
dx[ ]
=38x") IX'=11=1
n-
—oaax ™

Derivative of Sums and Differences of Functions
If fand g are differentiable functions at x, then so is f+g, and

d d d
5 LT+ 9001 =1 C0l+ g ()]

Proof
111+ g(9] - lim L)+ 90T 9]
_im L) = £ 0]+ [g(x + h) — g (¥)]
h—0 h
:|hng f(X+hr)]_ f(x)-i-Lil’ng(X—i_h)_g(X)

== —[f (0] + —[Q(X)]

Similarly for Difference. Le)f(t as an exerc1se
Example
d s s
—IX +X
! ]

d s d 3
=—[x*]+—[x

il Arm Y
=4x%+3x°
In general

900+ £+t £,(30]
dx

d d d
—&[ f,(x)]+&{ fz(X)}+---+& [,(x)]

Derivative of a Product
Theorem 3.3.5
If f and g are differentiable functions at x, then so is f.g and

di[f ().9001= £ (0-[g ()] + 9 (x)]
X dx dx
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Proof

diif(x)gﬁx)}ﬂiﬁ] f{x+h)a{x+h)-f(x)g(x)
X st h

If we add and subtract f(x + h)g(x) in the numerator

f(xhg(x+h) — F(x+h)g(¥) + f(x+Mg(x) - T (x)g(x)

=lim
s h
B ||rl-J f(x+h) Q("”:—Q{x} + (%) fx+ h;— f{x)
—lim f (x+ h) lim 8% M —9(x)
h-s0 h-0 h

+limg(x).lim
img(x)

h-»0

f(x+h)— f(x)
h

=i { (x+ )£ [9(] + limg ()5 11 ()

h h-0
Since lim g(x) = g(x) becasue there is no h invoived
h—0

and lim f{x + h) = f(x), we have the desired result
[ )

0L a0+ gL
= £(0- 94+ 900 =1 (4
(f.g)=fg+a.f

Example

d
Lo
d d..
= 4}? a {3.1} —ra){a {41 :|
= 433 (3) + 3x(Bx) =1 2¢" + 24x* = 36°

Derivative of Quotient
Theorem 3.3.6
If f and g are differentiable functions at x, and g(X) # 0. Then f/g is differentiable at x and

§ 100, 9005 T 100 [900]
g0 (90T

Prove Yourself!
Li),_ g.f—f.g'
g 9
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Example
df 3]
dx\ 5% J
5x* — (3x) - a9 (5x%)
—_ dx dx
(5x°)°
~ 5x%(3)—3x(10x)
25x*
15x° -30x* _ -15x2 _ -3
- 25 25x*  5x2
Derivative of a Reciprocal
Theorem 3.3.7
If g is differentiable at x, and g(X) # 0 ,the is differentiable at x and
d
— X
o1 g low
dx"g(x) [9()F
Student can prove this using the quotient rulel!
Using the Reciprocal Theorem we can generalize Power Rule (Theorem3.3.1) for all integers
(negative or non-negative)
Theorem 3.3.8
d
If n is any integer, then —[X"] = X"
dx
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