MTH101 Practice Questions/ Solutions

Lecture No. 1 to 22

Lecture No. 1: Coordinates, Graphs, Lines

Q 1: Solve the inequalityx;2 >—1.
X+1

Solution:
X;Z >— 1
X+1
:>X—_2+1> 0
X+1

X—2+Xx+1
= >
X+1

2x-1
= >0
X+1

0

Now there are two possibilities. Either 2x —1>0and x+1>0 or 2x—-1<0and x+1<0

Consider,
2x—=1>0and x+1>0

:>x>%and Xx>-1

= (%,+ooj M (=1, +o0)

Taking intersection of both intervals, we have

(% | +oo) ............... o)

Similarly, if we consider,
2x—-1<0and x+1<0

:>x<%and x<-1

= (—oo, lj N (—o0,-1)
2
Takingintersection of both intervals, we have

(—o,-) (2)

Combining (1) and (2), we have the required solution set. That is:

[%,+oo) U (—o0,-1)



Q 2: Solve the inequality and find the solution set of 3—1 < %

X
Solution:
3_1<£
X 2
1 1 1 5 1 5 2
>-—<—--3=2>-——<-——=>—>—=>X<—
X 2 X 2 X 2

So, solutionset= 0< x < % i.e. (O%J

Q 3: List the elements in the following sets:

(i) {x:x* +4x+4=0} (ii) {x:x is an integer satisfying —1< x <5}
Solution:
(i) Consider x> +4x+4=0
= X +2X+2x+4=0
= X(X+2)+2(x+2)=0
= X+2)(x+2)=0
= (x+2)*=0
=>x+2=0
=>X=-2
Solution set: {-2}

(ii) Solution set: {0,1,2,3,4}

Q 4: Find the solution set for the inequality: 9+ x >—2+3x
Solution:
9+x>-2+3x

=904+2>3x—X :>11>2x:>1—21>x or x<1—21

Hence,
Solution set: [—oo, %J

Q 5: Solve the inequality 2<—-1+3x<5.
Solution:

2<-1+3x<5

=2+1<3x<5+1

=3<3x<6

:>§<x<E =l<x<?
3 3



Lecture No. 2: Absolute Value

Q 1: Solve for x, x+7 =
4-x
Solution:
X+
"l4-x
ﬂzg or ﬂ:_8
4—X 4-X
= x+7=8(4-x) or = X+7=-8(4-x)
= X+7=32-8x or = X+7=-32+8X
= X+8x=32-7 or = X—8x=-32-7
= 9x =25 or = —-7x=-39
25 39
= X=— or = X=—
9 7

Q 2: Is the equality \/b_“zb2 valid for all values of b ? Justify your answer with appropriate
reasoning.

Solution:

As we know that

\/X_Z:X if x is positive or zero i.e x>0,
Jo* =b?,
= (b?) =b?,

but b’ is always positive , because if b <0 then b? is always positive.
So the given equality always holds.



Q 3: Find the solution for: |x* —25/= x5 .

Solution:

|x* —25/=x-5
=x*-25=x-5 or —(x* =25) =x-5,
= (x=5)(x+4)=0 or (x+6)(—x+5) =0,
= Xx=5-4 or X=-6, 5.

For x=-4 in |x*-25=x-5,
= 9=-9 whichisnot possible.
For x=-6 in ‘xz —25‘ =X-5,
= 11=-11 whichisnot possible.

. If x=5, thenthe givenequationis clearlysatisfied.
= Solutionis x =5.

Q 4: Solve for x: |6x—8—10=8.

Solution:
|6x—8|—10 =8
= |6x—8|:8+10:18
= (6x—8)=18 or —(6x-8)=18
= 6Xx =26 or -6x=10
13 5
= X="—= or X=——
3 3

.. Solution is x=— § E
3 3

Q 5: Solve for x: [x+4|<7.

Solution:

Since |x + 4| < 7, so this inequality can also be written as
-7<x+4<7,

-7 -4 <x+4—4<7—4 (bysubtracting 4 from the inequality),
11 <x <3,

So the solution set is (=11, 3).



Lecture No. 3: Coordinate Planes and Graphs

Q 1: Find the x and y intercepts for x> +6x+8=y

Solution:
X- Intercept can be obtained by putting y =0 in the given equation i.e .,

X* +6x+8=0
its roots can be found by factorization.
X +4X+2x+8=0
X(x+4)+2(x+4)=0
(x+2)(x+4)=0
either x+2=0 or x+4=0
this implies
x=-2and x=-4
so0, the x-intercepts will be (-2,0)and (—4,0)

y-Intercept can be obtained by putting x =0 in the given equation i.e.,
y=38
So, the y-intercept will be (0,8).

Q 2: Find the x and y intercepts for 16x* + 49y* = 36

Solution:
x- Intercept can be obtained by putting y =0 in the given equation i.e.,

16x* +0=36

So, the x-intercept will be (E’Oj and (—%,O].

y-Intercept can be obtained by putting x=0in the given equation i.e.,
49y* +0=36
» 36
49
6

:i—
y 7

So, the y-intercept will be (OSJ and(o,—gj

y



Q 3: Check whether the graph of the function y = x* —2x*> —8 is symmetric about x-axis and y-
axis or not. (Do all necessary steps).
Solution:
Symmetric about x-axis:
If we replace y to —y, and the new equation will be equivalent to the original equation, the
graph is symmetric about x-axis otherwise it is not.
Replacing y to —y, it becomes
—y=x"-2x"-8
Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about x-
axis.
Symmetric about y-axis:
If we replace x by —x and the new equation is equivalent to the original equation, the graph is
symmetric about y-axis, otherwise it is not.
Replacing x by —X, it becomes
y=(-x)"~2(-x)" -8
=x*-2x*-8
Since the substitution made no difference to the equation, therefore, the graph will be symmetric
about y-axis.

Q 4: Check whether the graph of the function 9x* + 4xy =6 is symmetric about x-axis, y-axis
and origin or not. (Do all necessary steps).

Solution:

Symmetric about x-axis:

If we replace y to —y, it becomes

9x* +4x(~y) =6

9x*> —4xy =6

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about x-
axis.

Symmetric about y-axis:

Replacing x by —X, it becomes

9(—x)* +4(-x)y =6

9x* —4xy =6

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about y-
axis.

Symmetric about origin:

Replacing x by —x and y to -y, it becomes

9(=X)* +4(-x)(-y) =6

9x* +4xy=6

Since the substitution made no difference to the equation, therefore, the graph will be symmetric
about origin.



x> —4

X2 +1

Q 5: Check whether the graph of the function y = IS symmetric about y-axis and origin

or not. (Do all necessary steps).
Solution:
Symmetric about y-axis:
Replacing x by —x, it becomes
(-x)* -4
(-x)* +1
_x-4
X2 +1
Since the substitution made no difference to the equation, therefore, the graph will be symmetric
about y-axis.
Symmetric about origin:
Replacing x by —x and y to -y, it becomes
(-x)* -4
(—x)* +1
_x-4

-y x2+1

Clearly, it is not equivalent to original equation, therefore, the graph is not symmetric about
origin.



Lecture No. 4: Lines

Q 1: Find the slopes of the sides of the triangle with vertices (-1, 3), (5, 4) and (2, 8).
Solution: Let A(-1,3), B(5,4) and C(2,8) be the given points, then

Slope of side AB = 4-3_1
541 6

Slope of side BC = 8-4 _4
2-5 3

Slope of side AC = 3-8 _5
-1-2 3

Q 2: Find equation of the line passing through the point (1,2) and having slope 3.
Solution:
Point-slope form of the line passing through P (xl, yl) and having slope m is given by the

equation:

Y=-¥%.= m(x—xl)
= y-2=3(x-1)
= y-2=3x-3
= y=3x-1

Q 3: Find the slope-intercept form of the equation of the line that passes through the point (5,-3)
and perpendicular to line y =2x+1 .

Solution:
The slope-intercept form of the line with y-intercept b and slope m is given by the equation:
y=mx+b

The given line has slope 2, so the line to be determined will have slope m = —%

Substituting this slope and the given point in the point-slope form: y—y, = m(x—x1) , yields

Y- (-3 =—2(x-5)

= y+3=—%(x—5)



Q 4: Find the slope and angle of inclination of the line joining the points (2, 3) and

Solution:

If m is the slope of line joining the points (2, 3) and (-1, 2) then
m = Y=Y — 2-3

X, =% —1-2

== is the slope
3 p

Now angle of inclination is:
tand=m

tan @ = }
3

0= tan‘l(%) =18.43°

Q 5: By means of slopes, Show that the points lie on the same line

A(-3,4); B(@3,2); C(6,1)
Solution:

Slope of line through A(-3, 4) ; B(3, 2) ~2-4_2_1

3+3 6 3

. 1-2 1

Slope of line through B(3,2);C(6,1) = ﬁ=_§
. 4-1 3 1
Slope of line through C(6,1) ; A(-3,4) = ——=——=—-=
p gh C(6.1);A(3,4) = ——=—-=—1

Since all slopes are same, so the given points lie on the same line.

(-1, 2).



Lecture No. 5: Distance, Circles, Equations

Q 1: Find the distance between the points (5,6) and (2,4) using the distance formula.
Solution:
The formula to find the distance between any two points (x;,y,) and (X,,Y,) in the coordinate

plane is given as

d =06 - X,) +(¥; - W)’
The given points are (5,6) and (2,4), so the distance between these two points will be

d=4/(2-5)* +(4-6)’

37+ (27
_ /i3

Q. 2: Find radius of the circle if the point (-2,-4) lies on the circle with center (1,3) .
Solution:
It is given that center of the circle is (1,3). We are also given a point on the circle that is (-2,-4)

as shown below.

N

PRCY:4 >

' 4
The radius of the circle will be the distance between the points (1,3) and (-2,-4). That is

Radius = d = \/[1- (-2)]° +[3- (-4)’

=)+ (7
=49+49= \/@




Q 3: Find the coordinates of center and radius of the circle described by the following equation.
4x% + 4y? —16x — 24y + 51= 0

Solution:

The general form of the equation of circle is given as

AX* +4y* —16x—24y+51=0
It can be re-written as
(4x* —16x%) + (4y* —24y) =51
(2X)* -2(8X)+(2y)* —2(12y) =-51
In order to complete the squares on the left hand side, we have to add 16 and 36 on both sides, it
will then become

(2X)2 —2(8X)+16 + (2y)? —2(12Yy) + 36 = 51 +16+ 36
(2X)* =2(2X)(4) +(4°) + (2y)* —2(2y)(6) +(6)* =1
(2x-4)*+(2y-6)* =1

-2 4937 =(§

Comparing it with the standard form of the equation, the center of the circle will be (2,3) and
the radius will be%.

Q 4: Find the coordinates of center and radius of the circle described by the following equation.
2x2+2y*+ 6x—8y+12= 0

Solution:

The general form of the equation of circle is given as

2X° +2y? +6x—-8y+12=0
It can be re-written as
(2x* +6X) +(2y* —8y) =-12
(x> +3x)+ (y> —4y) =6
In order to complete the squares on the left hand side, we have to add % and 4 on both sides, it
will then become

(x? +3x+%)+(y2—4y+4):_6+%+4

(xﬁﬂx)@}@ L) —20)() + (2)° =%

NG

(x+§j +(y—2)2 =
2
Comparing it with the standard form of the equation, the center of the circle will be (—%,2} and

radius will be % )

Q 5: Find the coordinates of center and radius of the circle described by the following equation.



x4+ y2—4x— 6y+ 8= 10
Solution:

The general form of the equation of circle is given as
X* +y?—4x—6y+8=0
This can be re-written as
(x> —4x)+(y* —6y)=-8
In order to complete the squares on the left hand side, we have to add 4 and 9 on both sides, it
will then become

(X* —4x+4)+(y* —6y+9)=-8+4+9

() =2()(2)+(2)* +(¥)* ~2()(3) +(3)* =5

(x-2)* +(y-3)* =5
Comparing it with the standard form of the equation, the center of the circle will be (2,3) and the
radius will be /5.

Q 6: Find the coordinates of the center and radius of the circle whose equation is
3x2+ 6x +3y2+ 18y —6 = 0.
Solution:
v 32 +6x+3y*+18y-6=0,
=3(x*+2x+y’+6y-2)=0, (- taking 3 ascommon)
= X’ +2x+Yy?+6y-2=0, (- dividing by 3 on both sides)
=X+ 2X+1+y? +6y+9=2+9+1,
= (x+1)° +(y+3)* =12,
= (x+1)? +(y+3)? = (V12)?,
= (X=(-1)* +(y - (-3))* = (J12)*,
. Centre of the circle is (-1,-3) and radius is v12.

Q 7: Find the coordinates of the center and radius of the circle described by the following



Equation
x>+ y?—6x—8y=0.
Solution:

x> —6x+Yy>—-8y=0, (. rearranging the term)
x> —6x+Yy* -8y +(3)* =(3), ( adding (3)* on both sides)
(X* —6x+9)+y* -8y =9,
(x> —6x+9)+y> -8y +(4)* =9+ (4)*, ( adding (4)* on both sides)
(x> —6x+9)+(y* -8y +16) =9+16,
(x—3)2 +(y—4)2 =9+16 ,
(x-3)"+(y-4) =(25)%, ____ eq.Q)
(x—xo)2 +(y—y0)2 =r’*. ___ eq(2

The eq.(1) is now in the standard form of eq.(2). This equation represents a
circle with the center at (3, 4) and with a radius equal to J25 .

Q 8: Find the equation of circle with center (3, — 2) and radius 4.
Solution:

The standard form of equation of circle is
(x=h)* + (y=k)* =r*,
Here h=3,k=-2 ,r=4,
(x=3)* + (y-(-2)* =4,
X —6Xx+9+Yy*+4+4y=16,
X*+y’—6x+4y=16-9-4 ,
x> +y’ —6x+4y=3.
Q 9: Find the distance between A(2, 4) and B (8, 6)

using the distance formula.
Solution:

The distance formula between two points ( x;, y,) and (X,, Y, ) in a coordinate plane is given by
d= \/(xz —xl)2 +(y, - yl)2 ,
d=(8-2) +(6-4) ,

~ (o + (2

=+/36+4

=40,
=24/10.




Q 10: If the point A(—1, —3)lies on the circle with center B (3,-2), then find the radius of the
circle.

Solution:

The radius is the distance between the center and any point on the circle, so find the distance:

r= 0%+ (v~ %)
r=J(3- (DY +(-2-(3))
= J(3+1) +(-2+3) |
=4+

-\16+1 |

SN

~4.123.
Then the radius is ~/17 , or about 4.123, rounded to three decimal places.




Lecture No. 6: Functions

Q 1: Find the natural domain and the range of the given function
h(x) = cos?(+/X) .
Solution:
As we know that the +/x is defined on non-negative real numbers x>0. This means that the
natural domain of h(x) is the set of positive real numbers.

Therefore, the natural domain of h(x) =[0, +).
As we also know that the range of trigonometric function cos x is[—l , 1].

The function cos?v/x always gives positive real values within the range 0 and 1 both inclusive.

From this we conclude that the range of h(x)=[0,1].

Q 2: Find the domain and range of function f defined by f(x)=x*-2.
Solution:
f(x)=x>-2

The domain of this function is the set of all real numbers.
The range is the set of values that f(x) takes as x varies. If X is a real number, x” is either

positive or zero. Hence we can write the following:
2
X= >0,
Subtract —2 on both sides to obtain
X°-2>-2.
The last inequality indicates that x> —2 takes all values greater than or equal to —2. The range
of function f is the set of all values of f(x) in the interval [—2, +oo).

Q 3: Determine whether y = +/x+3 is afunction or not? Justify your answer.
Solution:

Y= +x+3 , this is not a function because each value that is assigned to ‘X’ gives two values
of y . So this is not a function. For example, if x=1 then

Il
-+

i3,
G,
2.

< < <
(1
H



Q 4: Determine whether y = XL? is a function or not? Justify your answer.
X+

Solution:
_X+2

X+3
This is a function because each value that is assigned to ‘X’ gives only one value of y
So this is a function. For example if x=1 then

y_L+2
1+3
_3
y 1
y =0.75.
Q5:
. ) . x* —16
(a) Find the natural domain of the function f(x)= 7
X —
(b) Find the domain of function f defined by f(x)= -1 .
(x+5)
Solution:
(@)
x> —16
f(x)= ,
(x) 4
S F(x)= (x+4)(x—-4) ,
(x—4)

=(x+4) D Xz4.
This function is defined at all real numbers X, exceptx=4.

(b)

-1
f0=rs)
This function consists of all real numbers x, exceptx = — 5. Since x =— 5 would make the
denominator equal to zero and the division by zero is not allowed in mathematics.
Hence the domain in interval notation is given by (—oo,—5)u(—5,+oo).



Lecture No. 7: Operations on Functions

Q 1: Consider the functions f(x)=(x-2)® and g(x)=i2. Find the composite function
X

(fog)(x) and also find the domain of this composite function.

Solution:

Domainof f(x)=—oo<Xx<o0=(—00,+m).
Domainof g(x)=x<0 or x>0=(-,0)uU(0,+).
fog(x) = T(9(x)),

- 1),
X
)

X

The domain fog consists of the numbers x in the domain of g such that g(x) lies in the domain of f.
.. Domain of fog(x) = (—o0,0)u (0,+x).

Q2: Let f(x)=x+1and g(x)=x—2. Find (f +9)(2).
Solution: From the definition,
(f+9)()=f(x)+9(x),

=X+1+X-2,

=2x-1.
Hence, if we put x =2, weget
(f+9)(2)=2(2)-1=3.

Q3: Let f(x)=x*+5 and g(x) =2+v/x. Find (gof )(x). Also find the domain of (gof )(X).
Solution:

By definition,

(gof )(x)=g(f(x)),
=g (x2 +5),
=2x* +5.

Domainof f(x)=—o0< X <00 =(—,+).

Domainof g(x)=x>0=[0,+).

The domain of gof is the set of numbers x in the domain of f such that f(x) lies in the domain
of g.

Therefore, the domain of g( f(x))=(-o,+»).



Q 4: Given f(x)=iz, and g(x)z\/i. Find the domain of these functions. Also find the
X— X

intersection of their domains.
Solution:

Here f(x):i,so
X—2

domainof f(x)=x<2 or x>2=(-0,2)U(2,+x).

: 1 1
Now consider g(x) = \/:: —.
X x

Domainof g(x)=x>0=(0,+x).
Also, intersection of domains:
domainof f(x) ndomainof g(x)=(0,2)u(2,+).

Q 5: Given f(x):x—l2 and g(x):%z, find (f —g)@3).

X
Solution:
(f=9)0) = f(x)-g(x),
12
x> x=2'
1 2 1-18 -17
(f—g)(3)=§—I=T=T-



Lecture No. 8-9
Lecture No.8: Graphs of Functions
Lecture No.9: Limits

Choose the correct option for the following questions:
1) If a vertical line intersects the graph of the equation y = f(x) at two points, then
which of the following is true?
I.  Itrepresents a function.
Il.  Itrepresents a parabola.
1. Itrepresents a straight line.
IV. It does not represent a function. Correct option

2) Which of the following is the reflection of the graph of y = f(x) about y-axis?

. y=-f(x)

1. y=f(-x) Correct option
.  -y=-1(x)
IV. -—-y=1(-x)

3) Given the graph of a function y=f(x) and a constant c, the graph of
y = f(X)+ccan be obtained by
I.  Translating the graph of y = f(X) up by c units. Correct option
Il.  Translating the graph of y = f(X) down by c units.
I11.  Translating the graph of y = f(X) right by c units.
IV. Translating the graph of y = f(x) left by c units.

4) Given the graph of a function y=f(x) and a constant c, the graph of
y = f(X—c) can be obtained by

I.  Translating the graph of y = f(x) up by c units.
Il.  Translating the graph of y = f(x) down by c units.
I11.  Translating the graph of y = f(x) right by c units. Correct option
IV.  Translating the graph of y = f(x) left by c units.
5) Which of the following is the reflection of the graph of y = f(x) about x-axis?
l. y =—1f(x) Correct option

1. y=f(-x)
.  -y=-1(x)
IvV. -y=1f(-x)

Q6: If limh(x)=18+c and lim h(x) =7 then find the value of ‘c’ so that limh(x) exists.
x—8"

X—8~ X—8



Solution:
For the existence of Iirrg h(x) we must have Iirg] h(x) = Iirg h(x),
X—> X—> X—>

By placing the values we get
18+c=7,

=Cc=7-18=-11.

Q 7: Find the limit by using the definition of absolute value lim X

x— 0" |2X|
Solution:
lim —,
x— 0" |2X|
2X x>0,
where |2x|=
—2X x<0.
So |2x|—>2x as x—>0",
. X . X .11
Solim —=1lim —=Ilim ===,
x> 0* 2x| x>0" 2X x>0 2 2
: - : - | x+5|
Q 8: Find the limit by using the definition of absolute value lim 5
x—>0" X+
Solution:
| x+5|
lim——
x>0" X+5
X+5 (x+5)>0,
where |x+5|=
—(x+5) (x+5)<0.

. | x+5 .= .
o lim 8Ly 208 lim (~1) = -1.
x—>0" X+5 x—>0"  X+5 x—0~

2
Q 9: Evaluate: lim 3X 23X+1 .
xom X7 4+2X° —5X+3

Solution:



1 3 N 1
2 _ IV
lim — X2 23)(;1 3=1i£1;10 X2 X 5 X3 , ( taking x° as common)
X° +2Xx° —5X + 1+2.5,3
X X X
1 3 1
- 72-1— 73 - - -
= 002 ® E °°3 , (. on applying limit )
1+ ———+—
[00) 0 o0
=% (. any number divided by infinity is zero )
(00
3 2
Q 10: Evaluate: lim z +222 52+3.
oo 7°-3z+1
Solution:
1+2 5 N 3
3 2 D
lim = ;22 iszi21+3:!Lw 3 1 (~taking x* as common )
PR S
7 7" 1
1+£_%+i3
= 1°° 300 1°° , (~+ on applying limit )
o o oo
21, (. any number divided by infinity is zero )

.



Lecture No. 10: Limits (Computational Techniques)

. X—-5
1: Evaluate lim
Q x5 x? — 25

Solution:
First we cancel out the zero in denominator by factorization:

. X-=5 . X—5 . 1
lim— =i =lim ,
x>5 X°—25 x5 (X—5)(X+5) *5x+5
Now apply limit, we get:

1 1
im———=—
x5 x+5 10

2 J—
Q 2: Evaluate IimLXJFlO.
x—2 X—2
Solution:

Factorize the numerator in the expression:
. X*=7x+10 . x*-5x-2x+10
lim =lim
X—2 X—2 X—2 X—2
_lim X(Xx—=5)—-2(x-5)
x—2 X—2
:“m(x—S)(x—Z)
X—2 X—2
:Iirr;(x—5):2—5:—3

3 -9x*+x-3
x? -9

Q 3: Evaluate Iirr31

Solution:
First we factorize the numerator and denominator and then apply its limit:
3 -9x°+x-3 . 3x*(x—3)+1(x-3)
lim > =lim
x—>3 X° -9 >3 (X=3)(x+3)
2
lim (Bx* +1)(x-3)
-8 (x—3)(X+3)
2
lim (3x“ +1)
-8 (X+3)
_3(3)*+1_28 14
3+3 6 3




3-X, x<?2
4: Let f(X)=
Q ) §+1, X>2

Determine whether Iirr21 f (x) exist or not?

Solution:
For limit to exist, we must determine whether left-hand limit and right-hand limit at x = 2 exist
or not. So here we will find right hand and left hand limit.

Right-hand limitat x=2: lim f(x) = lim (Llj =§+1=1+1= 2

x—2" x—2*

Left-hand limitat x=2:  lim f(x) = lim(3—x)=3-2=1
X—2~

x—2"

Clearly lim f(x)= lim f(x), so limit does not exist.
x—2* x—2"

3x+7, 0O0<x<3
Q5: If f(x) =416, x=3 ,then show that Iim3 f(x)=1(3).
x?+7, 3<x<6

Solution:
Here f(3)=16. To find limit at x=3, we have to find the left-hand and right-hand limit at

x=3,50: lim f(x)=lim(x*+7)=9+7=16

x—3" x—3"
And lim f(x) = lim (3x+7)=9+7=16
X—3" X—>3"

Clearly Iirg f(x)=16= Iin;_ f(x), so Iirr; f(x)=16



Lecture No. 11-12
Lecture 11: Limits (Rigorous Approach)
Lecture 12: Continuity
1) If IX'EJ\ g(x) =L exists, then it means that for any £>0 g(x) isintheinterval .

l. (a-L,a+L)
1. (a—d,a+9)
I"l.  (L-6,L+0)

IV. (L-gL+e) Correct option is 1V

2) Using epsilon-delta definition, |irr41 f (X) =6 can be written as
X—>

I. | f(X)—6|<e& whenever 0<|x—4|<& Correct option is |
1. | f(x)—4|<& whenever 0<|x—6|<5
. |x—6|<e& whenever 0<| f(x)—4|<&
IV. | f(x)—x|<& whenever 0<|6—-4|<&5

3) Using epsilon-delta definition, our task is to find & which will work for any .

l.
1.
1.
V.

e<0
>0
>0
<0

Correct option is Il

4) Using epsilon-delta definition, Iin} f(X) =2 can be written as
X—>

l.  |x—2|<e& whenever 0<| f(x)-1|<&
1. | f(x)—x|<& whenever 0<|2-1|<&
. | f(x)—2|<e& whenever 0<|x-1|<& Correct option is 111

IV. | f(x)—2|<e whenever 0<|x—2|<&
5) Which of the following must hold in the definition of limit of a function?

I. & greater than zero
Il. o greater than zero
I11.  both &£ and & greater than zero Correct option is Il

IVV. none of these



Q 6: Show that h(x) = 2x* —5x+3 is a continuous function for all real numbers.

Solution:

To show that h(x) =2x* —5x+3is continuous for all real numbers, let’s consider an arbitrary
real number c. Now, we are to show that LILTCI f(x)=f(c)

limh(x) = lim(2x* —5x +3)
=2¢*-5c+3
— f(c)

Since, it is continuous on an arbitrary real number we can safely say that the given polynomial is
continuous on all the real numbers.

Q 7: Discuss the continuity of the following function at x=4

-2Xx+8 for x<4

f(x)= .
) %x—z for x>4

Solution:
Given function is
-2x+8 for x<4

f(x)=
) %x—z for x> 4

First of all, we will see if the function is defined at x=4. Clearly,
f(4)=-2(4)+8
=-8+8=0
So, yes the function is defined at x =4.
Now, let’s check the limit of the function at x =4
lim f(X) = lim(-2x+8)
X—4" X—4"
=0
. . (1
lim f(x)=lim (—x—Zj
Xx—4* x4\ 2
=0
Since the left hand side limit and the right hand side limits exist and are equal so, the limit of the

given function exist at x =4. Also,
IinJ f(x)=1(4)

Hence, the function is continuous on the given point.



Q 8: Check the continuity of the following function at x=4

X+4 if x<1
g(x)=4 2 if 1<x<4
S5+x if x=4

Solution:
Given function is

X+4 if x<1
g(x)=4 2 if 1<x<4
S5+x if x=4

First of all, we will see if the function is defined at x=4. Clearly,
g(4)=-5+4

=-1
So the function is defined at x =4.
Now, let’s check the limit of the function at x =4.

limg(x)=1lim(2)
X—4" X—4"
=2
lim g(x) = lim(-5+X)
x—4" x—4"
=-1

Since the left hand side limit is not equal to the right hand side limit, therefore, the limit of the
given function does not exist at x =4 and so the function is not continuous on the given point.

Q 9: Check the continuity of the function at x=3: f(x) =|x+3.

Solution:
The given function is

f(x) =|x+3|
Using the method of finding the limit of composite functions, we can write it as
lim f (x) = Iirr;|x+3|

= lem (x+ 3)‘
=6
Also,
f(3)= |3+3|
=[6|=6
Since,

lim f (x) = (3)

Therefore, the given function is continuous at x=3.



Q 10: State why the following function fails to be continuous at x=3.

9-x* .
— if x#3
f(x)=1 3-x
4 if x=3
Solution:
The given function is
9-x> .
— if x#3
f(x)=1 3-x
4 if x=3
2
lim £ (x) = lim 2=
x—3 x=3 3
:“m(3—x)(3+x)
x—3 3-X
=Iirr;(3+x)=6

f(3)=4
Clearly,
Ixiirsy f(x)= f(3)

Therefore, the given function is not continuous at x=3.



Lecture No. 13: Limits and Continuity of Trigonometric Functions

Q 1: Determine whether Iingl_r%existsor not?
X—> X
Solution:
We shall find the limit as x — 0 from the left and as x — 0 from the right.
For left limit,
1—cos x 1-cosx

1-cosx 1-cosx

lim = lim =—1lim 0 “ by corollary lim 0
X0~ | x| x50~ —X x>0 —X x>0 X
For right limit,

. 1-cosx . 1-cosx . 1-cosx

lim = lim =0 ~by corollary lim =0.

x—0" |X| x—0" X x—0 X

. . 1-cosx . 1-cosx . 1-cosx .
Since lim =0=lim , hence lim exist.

x>0~ | x| x—0* | x| X0 | x|

Q 2: Find the interval on which the given function is continuous:
X+3
Y= . 1n
X —3x-10
Solution:
X+3

X2 -3x-10

itisdiscontinuous only where denominator is'0'so

x> -3x-10=0

X’ —5x+2x-10=0

X(x—=5)+2(x-5)=0

(x=5)(x+2)=0

X=5-2

Points where the function is discontinuous are 5and — 2so interval in which it is continous
(—00,-2) U (-2,5) U (5,+x0)

Given functionisy =



Q 3: Find the interval on which the given function is continuous:

1

= +4
Y (x+2)°
Solution:
Givenfunctionisy = ————+4
(x+2)
itisdiscontinuous only where denominator is'0'so
(x+2)*=0
X+2=0
X=-2

Point where the functionisdiscontinuous is-2sointerval in which itis continous is
(=00, -2) U (-2, +x)

Q4: Compute "msm3x.
x—0  4X

Solution:

. . sin
Here we will use the result that Iglrrg % .

..sin3x 1,. sin3x 1, sin3x 3 3,. sin3x 3 3
lim ==1lim ==1lim x—=—lim =—@Q)=—
x=0  4X 4 x>0 X 4 x>0 X 3 4x0 3x 4 4

. Cc0s20+1
5: Compute lim——.
Q P 6-0 Cc0S@
Solution: As we know €0s26 =2cos?6—1, so

29 2
"m%:“mZCOS 4 1+1="mZCOS Q:Iim2cos¢9=20050=2(1)=2
60 coS{ 6—0 cos @ 60 CcOoS ¢ 6—0




Lecture No. 14: Rate of Change

Q 1: Find the instantaneous rate of change of f(x) = x? + 1 at x,.
Solution:
Since f(x) = x* + 1 at x,,
_ 2 (a2
lim f(xo+h)=f(x0) — lim ((xo+h)?+1) (x0+1),
h—-0 h h—0 h

x3+h?+2xgh+1-x3—-1

= lim(h + 2x,),

= 2x, by applying limit, (Answer).

Q 2: Find the instantaneous rate of change of f(x) = vx + 2 at an arbitrary point of the domain
of f.

Solution:

Let a be any arbitrary point of the domain of f. The instantaneous rate of change of f(x) at
xX=alis

f)-fla) _ lim Vx+2—vVa+2

lim ,
x—-a xX—a xX—-a X—a

Vx+2—+vVa+2 Vx+2++vVa+2

=1i X i iZi
xl)lcrln — Nz AT by rationalizing,
— lim x+2—a-2
Txoa (x—a)Vx+z+vVa+z'

X—a

:xlgn (x—a) Vx+2+vVa+2'

. 1
_xl}cr;n Vx+2++a+2'

=——" by applying limit
_m_i_m y ppy g y

1
2vVa+2

(Answer).



Q 3: The distance traveled by an object at time t is = f(t) = t2. Find the instantaneous velocity
of the object at t, = 4 sec.
Solution:

. f(t)=f(to)

Vinep =M = lim
inst tan t1-to t,—to

t?—42

= lim ,
t1-tg ta—to
t?-16
t1—>to t1—to’

. (1 t4)(t1-4)

lim ——————=

t1—-tg ti—to ’

li (t1+4)(t1=4) because t, = 4 sec,
t1—4 (t1_4’)

= 4 + 4 by applying limit,
= 8 (Answer).

Q 4: Find the instantaneous rate of change of f(x) = x3 + 1 atx, = 2.
Solution:

lim f(xo+h)—f(x0) = lim f(2+h)—-f(2)
h—-0 h h-0 h

3 (23
— lim ((2+h)3+1)-(23+1)
h—0 h

— lim (23+3(2)2h+3(2)h%+h3+1)—(23+1)
~ h50 h

. 84+12h+6h%+h3+1—-(8+1)
= lim
h—0 h

. 94+12h+6h%+h3-9
= lim ,
h—-0 h

. 12h+6h2%+h3
= lim ———,
h—-0 h
. h(12+6h+h?
= |im 222+6tRT)
h—0 h

= lim(12 + 6h + h?),
h—0

= 12 (Answer).



Q5:
(a) The distance traveled by an object at time t is s = f(t) = t2. Find the average
velocity of the object between t = 2 sec. and t = 4 sec.

(b) Let f(x) = ﬁ Find the average rate of change of f over the interval [5,7].

Solution:
(a) Avergae Velocity =

Distance travelled during interval

TIme Elapsed
f(t1)—f(£o)
_f@-fr@
T a2

ave

_ 42_22
2

=6 (Answer).

Distance travelled during interval

(b) Avergae Velocity =

TIme Elapsed
_ flx1)—f(x0)

m =
sec X1—%o

_ f(M-f(5)
- 7-s5

= - m/sec. (Answer).



Lecture No. 15: The Derivative
Q 1: Find the derivative of the following function by definition of derivative.

f(x)=2x* -16x+35
Solution:
Given functionis  f (x) = 2x* —16x+35

By definition, the derivative of a function f(x) will be f'(x) = ng

For the given function, f (x+h) will be as given below.

f (x+h) =2(x+h)* —16(x+h) +35

= 2x% +4hx + 2h? =16x —16h +35

And so, the derivative will be

f'(x) = lim

f(x+h)— f(x)
h

2X% +4hx +2h* 16X —16h + 35— (2x* —16X +35)

h—0 h

. 4hx+2h?—16h
=lim

h—0

=lim
h—0

= Ling(4x+2h —16) =4x-16
Which is the required derivative of the given function.

h(4x+2h—16)
h

Q 2: Find the derivative of the following function by definition of derivative.

2 1
f(X)==—+=x
()=c+7

Solution:
Given function is

2 1
f(X)==+=x
() =2+

By definition, the derivative of a function f(x) will be
f(x+h)—f(x)
h

=i

For the given function, f (x-+h) will be as given below.

f(x+h)=§+%(x+h)

And so, the derivative will be

2+1(x+h)—(2+;x)

en 1 2 5
100 =i ;
. h 1
=lim—==
h-02h 2

Which is the required derivative of the given function.



Q 3: Find the derivative of the following function by definition of derivative
t
t)=—
9t t+1
Solution:

Given function is g(t) -t
t+1

By definition, the derivative of a function g(t) will be
iy — i 3N — 9 ()
g'(®=lim B
For the given function, g(t+h) will be as given below.
g(t+h) = t+h

+h+1
And so, the derivative will be

9'(t) = lim 1[ t+h _L}

h>0h|t+h+1 t+1

1| (t+h)(t+2) —t(t+h+1)
'HO h (t+h+1)(t+1)

t? +t+th+h—t*>—th—t
h—>0 h (t+h+1)(t+2)

h—>0 h (t+h +1)(t+1)}

(t+1)
Q 4: Find the equation of tangent line to the following curve at x=1
H@—
2x% — X
Solution:
Given function is
1
f(x)=
0 2x* =X

By definition, the derivative of a function f(x) will be
F1(x) = f(x+hr)]—f(x)

h*)O

Given that x =1, it becomes

f’(x) = L”Tgw

For the given function, f (1+h) will be as given below.

f(l+h)= !
~21+h)?—(1+h)

And so, the derivative at x=1 will be




f’(l)=|im1{ . S }
o h| 2+h) —(1+h)  2(1)*-(1)

1 1
=lim= > -1
h-0h| 2(1+h*+2h)—(1+h)

.1 1
=lim=| ———-1
PHOh{Zh +3h+1 }
1[ h(2h-23) }
= m— _—
-0 h| 2h* +3h+1

Since the derivative at a point represents the slope of the tangent line at that point. So, we have m
= -3. Thus, the equation of the tangent line with slope -3 will be

Y= Yo =m(X=X,)
y—-1=-3(x-1)
y=-3x+4

Which is the required equation of tangent line.

Q 5: Find the equation of tangent line to the following curve at x =2

X+2
f(x)=——
(x) 1
Solution:
Given function is
X+2
f(x)=——
(x) 1

By definition, the derivative of a function f(x) will be
£1(x) = lim f(x+hr:— f(x)

h—0

Given that x =2, it becomes

00 = lim f(2+hg— f(2)

And so, the derivative at x=2 will be

f’(x):liml[4+h +4}
ns0h| —1-h

=0 h| —1—h

Since the derivative at a point represents the slope of the tangent line at that point. So, we have m
= 3. Thus, the equation of the tangent line with slope 3 will be

Y= Yo =M(X=X,)
y+4=3(x-2)
y=3x-10

Which is the required equation of tangent line.




Lecture No. 16: Techniques of Differentiation

t*+4

Q 1: Differentiate g(t) =

Solution:
t?+4
... t — ,
g(t) 51

ZtQ(t2 +4)—(t? +4)Q(2t)
(2t)

_2t(2t) - (12 +4)(2)
- 4t
4t* —2t* -8
4t?
_2t*-8
4P
t* -4

. (~~ quotient rule)

2t2

Q 2: Evaluate i((x+1)(1+\/§) ) at x=9.
dx
Solution:
i((x+1)(1+&) )=(x+1)i(1+ )+ 1+ ) L (x+1), (- product rule)
dx dx dx

=(X+1)(ﬁj+(l+ﬁ)(l)1

(x+1)
= +(L+/x),
2x X

L (9+2) 10 10+24 34 17
by substituting x =9, = +(1+49)="—+4= =— =
Y J 29 (1+9) 6 6 6 3



Q 3: Differentiate the following functions:
i, h(X)=@2x+D(x+/x).
i, g(x)=x2(GBx" +3).

x*+1

4% +1

Solution (i): h(x) = (2x+1)(x+/X).

i(h(x)) = (2x+1)i(x+&)+(x+&)i(2x+1), (- product rule)
dx dx dx

i.  f(x)=

— (2x+1)(1+ ZL) +(x+X)(2),
X

Ix

B 2x +1
_(2x+l)( ik J+(2x+2&),
=2x+1+\/§+i+2x+2\/§,

24/x

:4x+3\/;+i+1.

2x

Solution (ii): g(x) = x*(5x™ +3).
g(x) =x3(5x*+3)=5x" +3x7°,
. i _ i -7 d
: dX(g(X))_SdX(X )+3d (x™),
=5(-7x?)+3(-3x™),

dx
=-35x% —9x™*.

x3+1

Solution (iii): f(x)= )
(ii): () 4x% +1

x*+1
4% +1'
2 d 3 3 d 2
d (4x +1)d—(x +1) —(x +1)d—(4x +1)
_(f (X)) = X 2 2 X
dx (4x° +1)
_(4x2+D(3%%) - (X +1)(8x)
(4x% +1)?
_12x* +3x% - (8x" +8x)
(4x% +1)?
_Ax*+3x% -8x
(AX2+1)?

f(x)=

. (*+ quotientrule)




Lecture No. 17: Derivatives of Trigonometric Function

‘Find & if v = 3 _3
Q1l: I?md - it y=x"cotx ——.
Solution:

. .3 3
Given y=x cotx ——,

a _ L x3) 443 L _i(i)
= cotxdx(x )+ x — (cotx) —(=):
_ 2 30_ 2,y _ 2.4 i)
= cotx (3x“) + x°(—cosec“x) de (x3 ,

9
= 3x2 cotx — x3cosec?x + —  (Answer).

Q 2: Find Z—Z if y=x*sinxatx =m.
Solution:
= (f-9) =f-=(9) +g.=(f)
dx -9 “dx 9 g'dx !
y =x*sinxatx = m,
L = sinx < (x*) + x* < (sinx)
dx dx dx !
=sinx (4x3) + x*(cosx),
= 4x3sinx + x* cos x,
= 4r3sinm + n* cosm, atx = m,
= 413(0) + *(—1),
= —n*  (Answer).

2—-8t+t?
sint

Q 3: Find f'(t) if f(t) =

Solution:

L e (f(x)) _ 9 2 (F N~ () a=(g (1))
dx \g(x) [g(01? ’

2-8t+t?
f(t) T sint )
, __ [(sint)(=8+2t)]-[(2—8t+t*)(cost)]
f = (sint)? !
— i —[(t2—
_ [(2t—8)(sint)] .[(z 8t+2)(cost)] (Answer).
sin? t

siny+3tany

Q4:Find f'(y) if (y) =
Solution:

d (f(x)) _ 9D~ g9
dx \g(x) [g(x)]? ’

__siny+3tany
f(y) - y3_2 .
f,(y) _ [(¥3-2)(cosy+3sec? y)]-[(siny+3tany )+(3 y?)]
(y3-2)2 '
[(¥3-2)(cosy+3sec? y)|-[(siny+3tany )+(3 y?)]

= e iyiia (Answer).

y3-2




Q5:(a) Find Z—z if y=(5x%+ 3x + 3)(sinx) .
(b) Find f'(t) if (t) = 5tsint.

Solution:
(@ v =(f.9)=f.o= () + 9.+ (),
y = (5x% 4+ 3x + 3)(sinx) ,
;—x [(5x% 4+ 3x + 3)(sinx)] = (5x2 + 3x + 3)(cosx) + sinx (10x + 3)  (Answer).

(b) v —(f.9)=f.=(9)+g.= (),
f(t) =5tsint,
%(5 tsint) = 5tcost + (sint)(5),
=5tcost+5sint  (Answer).



Lecture No. 18: The Chain Rule

Q 1: Differentiate y =+/5x> —3x* + x with respect to “X” using the chain rule.
Solution:

Given function is y =+/5x> —3x* +X.

Let u=5x>-3x*+x.
Then y—J_
Using chain rule, d_y %y du.
dx du dx

Here,

dy 1.5 1

du 2 2Ju

d—u:15x2—6x+1.

dx
Then,

dy 1 2

— =——(15x" —-6x+1),

dx 2\/5( )

Cdy 1

=L = (15x* —6x +1.
dx  24/5x3 —3x% +x

Q 2: Differentiate y = tan \/; +COS \/; with respect to “X” using the chain rule.
Solution:
Given function is y =tan JX +cos/x.

Let u=\/§.
Then y = tan(u) + cos(u).
. . dy dy du
Using chain rule, —=—.—
dx du dx
Here,
ﬂ:seczu—sinu,
du
du 1. -1 1
—==X2=—=,
dx 2 2%
Then,
dy = (sec’u —sinu).
dx 2\/_

=g et fisin ).



Q 3: Differentiate y =3sin® x> +4co0s” x> with respect to “X” using the chain rule.
Solution:
Given function is y =3sin® x*> + 4cos’ x°.

Let u=x°.
Then y =3sin’u+4cos”u.
Using chain rule, d_y:d_yd_u
dx du dx
Here,
dy . .
d—:3><23|nucosu+4><2cosu(—smu),
u
=6sinucosu—8cosusinu,
=-2sinucosu,
d—u:5x“.
dx
Then,
Q:SX“(—Zcosusin u),
dx
dy

. ——=-10x"(cos X’ sin x°).
dx

Q 4: Find g—y if y=+/sec4x using chain rule.
X

Solution:

Given function is y = v/sec4x.

Let u=sec4x.

Then y= Ju.

Using chain rule, dy = d_y.d_u_
dx du dx

Here,

dy 1 -2 1

du 2 20’

d_u =4sec4xtan4x.

dx

Then,

g—i = %(4sec4xtan 4x),
Jdy

(4sec4xtan 4x),

1
dx 24/sec4x
=2+/sec4x tan4x.



2
Q 5: Find 3—¥ if y=tant® using chain rule.
Solution:

2
Given function is y =tant?3.

2

Let u=t2,
Then y =tanu.
Using chain rule, ﬂ:d_y.d_u_
dt du dt
Here,
ﬂ:seczu,
du
d_u:gt_%.
d 3
Then,
1
ﬂ:seczu gt 3 |
dt 3
2
3—yzilseczt3.

3t3



Lecture No. 19' Implicit Differentiation
Q 1: Use implicit differentiation to find == |f 2xy = x+y -y

Solution:

Here2xy = x +y -y

Differentiate both sidesw.r.t x :

d d

o W)= (x+ y-y?)

= 2(x—+ y@))=1+—= dy -2y — dy

dx dx

dy d_y_d_y=1_2y

=2X—+2Yy
dx dx dx

:>d—y(2x+2y—1)=1—2y
dx

dy  1-2y
dx 2x+2y-1

Q 2: Use implicit differentiation to find g—y if xX°+3y*—y*+x’y=4.
X

Solution:
Herex® +3y* - y* + X’y = 4.
Differentiate bothsidesw.r.t x :

= 5x* +12y3dy 3y° = dy (33—2(/+y(3x2))=0

dx
3 dy 3)/2 dy dy — _5x* —3x%y
dx

=12y
= d—y(12y3 -3y” +x%) =-5x* -3x’y
dx

dy  -5x'-3x%y

dx 12y®—3y*+x°

Q 3: Use implicit differentiation to find &Y Y if y?—2x=1-2y.
dx

Solution:
Here y? —2x=1-2y
Differentiate bothsidesw.r.t X :
dy o oy dy
dx dx
d_y + 2d_y =2
dx dx

=2y—

=2y

= yd_y+d_y=1
dx dx

dy
et 1) =
:>dx(y+ )

dy 1
=>—==—
dx y+1



Q 4: Find 9y X>+y* =4
dx
Solution:
here x>+ y* =4

Differentiate both sides, we get

2X + 2yd—y =0
dx
= 2yd—y =-2X
dx
dy _—2x
dx 2y
Oy —x
dx vy
Q5: If x®=yP then find j—y in terms of variable “ x .
X
Solution:
Here x=y"* .. eq.(1)
Differentiate bothsidesw.r.t x :
g = py»t &
dx
dy gx**
—=— . eq.(2
=& oy a.(2)

q
Fromeq.(1),wehavey = XA, put thisvalueineg.(2) in place of y, we will have:

! q

d_y 3 qxqfl B qxq—l _ ﬂxq—l—[q—E] _ EX—HE

e p(x%]pl ' P i
Hence,
dy_ a0

dx p



Lecture No. 20: Derivatives of Logarithmic and Exponential Functions

Q 1: Differentiate: y:(5—x)‘ﬁ.

Solution:
y=(5-x)",
taking log on both sides ,
=Iny=VxIn(5-x) (= Inm"=ninm),

1dy 1 1
——==——=In(5-X%)+ =1)X
:ydx 2x (5-%) (5—x)( )l
dy (In(5-x) Jx y
dx 2x  (5-x))7 7
dy In(5—x) Ix &
=L - 5-X
= dx ( 2dx  (5-x) (5=x)
Q 2: Differentiate y=(cos X)8X with respect to 'x'.
Solution:
8x
y=(cosx)
taking log onboth sides,
= Iny=(8x)In(cosx), ( Inm" =nln m),
:%%=8.In(cosx)+(colsx).(—sin x).(8x), ( %(In x)=% ;%(cosx):—sinx ]
dy 8xsin x
— =8l - Y,
:>dx ( n(cosx) COS X )y
gy

=

gx = (8 In(cos x) - 8xsin Xj(cos x)gx .



in5
Q 3: Differentiate Y = X with respect to 'x'.

Solution:
y Xsm5x
Taking log on both sides ,
= Iny=(sin5x)In(x), (~+Inm"=ninm),
:%%:5(c035x).ln(x)+%.(sin5x) , ( %(In x):i : %(sin X) =C0S X j ,
dy sin5x
—=|5 5x).1 .
S ( (cosbx).In(x)+ . jy
dy sin5x sin5x
=5 (5(cossx) In(x)+ " j(x 5 )
3
Q 4: Differentiate Y =X € e
Solution:
y =X e3><+4 ’
T (3x+4)
dx
:)ﬂ 3x+4+ 3xe 3x+4 ]
dx

Q 5: Find the derivative of the function y =In(2+ x>) with respect to 'x'.
Solution:
=In(2+x%),
now taking the derivative of the function on both sides ,

dy _ —{In(2 X6},

dx

dy 1 ( XY |
dx (2+X°) dx

dy 1 4

—= 0+5x"),
dx (2+x5)( +5x)

dy  5x*

dx (2+x°)



Lecture No. 21: Applications of Differentiation
Q1Ll:If f(x) =x?—6x + 10 then find the intervals where the given function is concave up
and concave down respectively.

Solution:

Given function is f(x)=x*—-6x+10
f'(x)=2x-6
f'(x)=2>0

Since the second derivative is greater than zero for all values of X, so the given function is
concave up on the interval (—oo,o0) and it is concave down nowhere.

Q2:If f (x) = x®+ 3x? then find the intervals where the given function is concave up and
concave down respectively.

Solution:_The given function is f (x) = x* +3x?
f'(x) =3x% + 6X
f"(X)=6x+6

For concave up
f"(x)=6x+6>0

6Xx >—6
x>-1
So, the given function is concave up on (—1,0)
For concave down
f"(x)=6x+6<0
=6X<—-6
=x<-1
So, the given function is concave down on (—oo,-1).

Q3:If f'(x) =1+ 4x then find the intervals on which the given function is increasing or
decreasing respectively.
Solution: It is given that f’(x) =1+ 4x. The function will be increasing on all the values of x

where first derivative is greater than zero. That is
f'(x)=1+4x>0
4x>-1

1
X>—=
4
Thus, the given function is increasing on (_1 .
4

The function will be decreasing on all the values of x where the first derivative is less than zero.

That is
f'(x)=1+4x<0
Ix < -1

1
X<—=
4

Thus, the given function is decreasing on (_o,—1y.
4



Q4: If f'(x) = 2t — 2 then find the intervals on which the given function is increasing or
decreasing respectively.

Solution:

Itis given that f'(t) = 2t —2. The function will be increasing on all the points where the first

derivative is greater than zero. That is
f')=2t-2>0

2t>2

t>1
Thus, the given function is increasing on (1,)

The given function will be decreasing on all the points where the first derivative is less than zero.
That is
f't)=2t-2<0

2t<2
t<1
Thus, the given function is decreasing on (—w,1).

Q 5: Discuss the concavity of the function f(x) = (4 — x)(x + 4) on any interval using second
derivative test.

Solution:
The given function is f (x) = (4—x)(x+4)
f(X)=(4-x)(x+4)
=4x+16—x* —4x
=16—x’
f'(x) =-2x
f"(x)=-2<0
Since the second derivative is less than zero for all the values of x therefore, the given function is
concave down on (—oo,0) and it is not concave up anywhere.



Lecture No. 22: Relative Extrema

Q 1: Find the vertical asymptotes for the function f (x)= x)z( - 35.

Solution:
The vertical asymptotes occur at the points where f (x) — to0i.e X*=25=0

x*-25=0

= X=15
Thus vertical asymptotes at x = £5

Q 2: Find the horizontal asymptotes for the function f (x) = %

Solution:
Horizontal asymptote can be found by evaluate lim f (x)
. . X+4
lim f(x)=lim
X—>+00 ( ) X—>+00 X2 -25

Divide numerator and denominator by x°,

1 4
) . xw y2 040
lim f(x)= lim2X-X ==""-90
X—>+o0 ( ) X—>+00 1_§ 1_0
XZ

Hence horizontal asymptotes at y =0

Q3:If f (x) =2x" —16x*, determine all relative extrema for the function using First derivative

test.

Solution:

First we will find critical points by putting f’(x)=0
=8x>-32x=0

:>8x(x2—4):0:>x:0, X =42

Because f’(x) changes from negative to positive around —2 and 2, f has a relative
minimum at x = —2 and x =2, . Also, f’(x) changes from positive to negative
around 0, and hence, f has a relative maximum at x = 0.



Q 4: Find the relative extrema of f(x) =sinx—cosxon[0,27] using 2" derivative test.
Solution: First we will find critical points by putting f'(x) =0,
= CcosXx+sinx=0
= COS X =—Sin X
sin x 37 r

=>—=-I=tanx=-1=>x=—, X=—
COoS X 4 4

. . 7 .
Because f’(x) changes from negative to positive around x = Tﬁ f has a relative

.. 7 . .
minimum at X = Tﬂ . Also, f’(x) changes from positive to negative around x = Tﬁ

and hence, f has a relative maximum at x = 377[

] ; 3z . . 1z
Answer. relative maximum at X = T’ relative minimum at x = T

Q 5: Find the critical points of f(x)= x% —4x%.
Solution:
For critical point put

f’(x):Ojﬂx%—ﬂxf%:O
3 3
4 % 4

=—x" -
3 3X%

4[x—1]
= | =7 |70
W%
:>x—1
7

critical pointsoccur where numerator and denominator iszero.i.e

=0

x-1=0 x5 =0
=x=1 x=0



